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Abstract— Safety-critical applications (SCA), such as civil avi-
ation and autonomous driving, and liability critical applications
(LCA), such as precision agriculture, require a robust positioning
system in demanding signal environments with coherent multi-
path while ensuring reasonably low complexity. In this context,
antenna array based Global Navigation Satellite Systems (GNSS)
receivers with array signal processing schemes allow the spatial
separation of line-of-sight (LOS) from multipath components.

In this paper, we propose a three step tensor-based approach
applying direction of arrival (DoA) estimation and Khatri-Rao
factorization (KRF) to separate the code for each impinging
component. Our scheme outperforms the Higher-Order Singular
Value Decomposition (HOSVD) based eigenfilter, which is the
state-of-the-art tensor based scheme for delay estimation.

I. INTRODUCTION

Originally Global Navigation Satellite Systems (GNSS)
such as Global Positioning System (GPS) were intended for
military applications, such as missile guiding-systems, and for
takeoff and landing of civilian airplanes. In case of civilian avi-
ation, Ground-Based Augmentation System (GBAS) supports
local augmentation for safety-critical systems. In the last years,
the amount of GNSS applications has increased dramatically.
For instance, GNSS systems can be used for automatic toll
systems [1] and for autonomous vehicles that require high
standards of security and precision [2]. In precision farming,
the GNSS system is employed to improve, for instance,
precision application of fertilization and also to allow the
usage of expensive agriculture machinery 24 hours a day [3].

In order to compute the position on the earth, the GNSS re-
ceiver uses the time-delays of line-of-sight (LOS) components
from at least four satellites. However, due to the geometry of
the propagation environment, caused, for instance, by trees,
poles, lamps and buildings, reflections from the LOS compo-
nent can occur creating multipath components, which are non-
line-of-sight (NLOS) components. As a consequence, the mul-
tipath components interfere with the received LOS component.
In practice, the quality of the ranging data provided by a GNSS
receiver largely depends on the synchronization error, that

is, on the accuracy of the propagation time-delay estimation
of the LOS signal. In case the LOS signal is corrupted by
several superimposed delayed replicas (reflective, diffractive,
or refractive multipath), the estimation of the propagation
time-delay and thus the position can be severely degraded
using state-of-the-art GNSS receivers [4], [5], [6].

Several techniques have been proposed in the literature for
solving the multipath problem in GNSS using one single-
polarization antenna, e.g. [7], [8], but their capabilities are
not sufficient for safety-critical applications (SCA) or liability
critical applications (LCA). Thus, multi-antenna systems be-
came the focus of research and technological development of
multipath mitigation for SCA and LCA [9], [10]. The current
state-of-the-art tensor-based multipath mitigation techniques
applied to time-delay estimation [11] is based on HOSVD [12]
eigenfiltering with Forward-Backward Averaging (FBA) [13],
[14], and Expanded Spatial Smoothing (ESPS) [15], [16].

In this paper we propose a new tensor-based time-delay es-
timation approach robust against multipath components. First,
our approach utilizes a direction of arrival (DoA) estimation
technique on the post-correlated received tensor signals in
order to reconstruct the DoA related factor matrix. Next, the
remaining factor matrices can be estimated by using Khatri-
Rao factorization (KRF). Given the estimated factor matrix
corresponding to the post-correlated pseudo-random (PR) se-
quences, the time-delay estimation can be performed for each
LOS and NLOS component. Therefore, we also incorporate
two proposed selection schemes in our framework in order
to estimate the time-delay of the LOS component: one based
on the signal power and another one selecting the smallest
estimated time-delay.

This paper is structured as follows: this section includes the
introduction along with the notation used in the paper. Section
II presents the pre- and post-correlation data model, along
with the decomposition into canonical components. Section III
reviews the state-of-the-art HOSVD eigenfilter-based approach
with FBA and ESPS. In section IV, we propose our time-



delay estimation approach based on the direction of arrival
estimation and Khatri-Rao factorization. Section V presents
the results of the Monte Carlo (MC) simulation. Section VI
draws the conclusions.

A. Notation

Scalars are represented by italic letters (a, b, A,B), vectors
by lowercase bold letters (a,b), matrices by uppercase bold
letters (A,B), and tensors by uppercase bold calligraphic
letters (A,B).

The superscripts T, ∗, H, −1, and + denote the trans-
pose, conjugate, conjugate transpose (Hermitian), inverse, and
pseudo-inverse of a matrix, respectively.

For a matrix A ∈ CM×N , its m-th row is denoted by (A)m,·
and its n-th column is denoted by (A)·,n.

The Kronecker product is represented by ⊗ and the Khatri-
Rao product (also known as column-wise Kronecker product)
by �. The Khatri-Rao product between two matrices A =
[a1, . . . ,aR] ∈ CI×R,ar ∈ CI , r ∈ {1, . . . , R} and B =
[b1, . . . ,bR] ∈ CJ×R,br ∈ CJ , r ∈ {1, . . . , R} is defined as

A �B ,
[
a1 ⊗ b1 · · · aR ⊗ bR

]
∈ CIJ×R. (1)

The n-th mode unfolding of the tensor A is denoted by
[A](n). The n-mode product between a tensor A and a matrix
B is denoted by A×n B.

II. DATA MODEL

This section introduces the pre-correlation data model in
Subsection II-A, which explains how the signal tensor is
formed, and the post-correlation model in Subsection II-B,
which is the result of the signal tensor being multiplied by
the compressed correlator bank. The data model used in this
paper is based on [11].

A. Pre-correlation data model

Assuming an antenna array based GNSS receiver with M
elements and assuming D GNSS satellites, where the d-th
satellite has 1 LOS component and Ld−1 NLOS components,
the received signal can be modeled as follows

x(t) =

D∑
d=1

Ld∑
ld=1

sd,ld(t) + n(t), (2)

with L =
∑D
d=1 Ld, and sd,ld ∈ CM contains the desired LOS

for ld = 1 along with the NLOS multipath signal components
for ld = 2, . . . , Ld, and

sd,ld(t) = a(φd,ld)γldcd(t− τd,ld), (3)

is a signal replica with its own steering vector a(φd,ld),
complex amplitude γd,ld , and pseudo-random (PR) sequence
cd(t− τd,ld) with delay τd,ld . The time index t = 1, . . . , N .

Each PR sequence with N samples is spatially observed in
the M receive antennas and are temporally grouped into K
epochs. Therefore, the spatially observed matrix of the k-th
epoch, for k = 1, . . . ,K, is given by

X[k] =
[
x[(k − 1)N + 1] · · · x[(k − 1)N +N ]

]
, (4)

where X[k] ∈ CM×N .
Concatenating all the steering vectors of the k-th period into

a matrix Ad[k] = [a(φd,1), . . . ,a(φd,Ld
)] ∈ CM×Ld , the com-

plex amplitudes γd = [γd,1, . . . , γd,Ld
]T into a diagonal matrix

Γd[k] = diag{γd} ∈ CLd×Ld and the sampled and shifted PR
sequences into a matrix Cd[k] =

[
cd[τd,1], . . . , cd[τd,Ld

]
]T ∈

RLd×N where each cd[κ] is a sampled PR sequence (of the d-
th satellite) with delay κ, the signal can be written in a matrix
notation:

X[k] =

D∑
d=1

Ad[k]Γd[k]Cd[k] + N[k]

= A[k]Γ[k]C[k] + N[k], (5)

with A[k] ∈ CM×L, Γ[k] ∈ CL×L, C[k] ∈ RL×N , and
N[k] ∈ CM×N .

Applying the vec{·} operator on X[k] to reshape it into a
vector x̃[k], we obtain the following expression in terms of
Khatri-Rao product:

x̃[k] = vec{X[k]} = vec{A[k]Γ[k]C[k] + N[k]}
= (C[k]T �A[k])γ[k] + ñ[k]. (6)

Concatenating all K epochs along several columns, the in-
dex k can be dropped and the following matrix representation
can be obtained:

X̃ = (CT �A)Γ̃ + Ñ

= X̃0 + Ñ, (7)

where X̃0 ∈ CMN×K is the noiseless received signal matrix
and Γ̃ =

[
γ[1], . . . ,γ[K]

]
∈ CL×K stacks the complex

amplitudes of each epoch. Note that the transpose of X̃0

follows the same structure as the first-mode unfolding of a
noiseless received signal tensor X 0:

X̃T
0 = Γ̃T(CT �A)T = [X 0](1). (8)

By folding the matrix X̃0 into the tensor form, we obtain

X 0 = I3,L ×1 Γ̃T ×2 CT ×3 A, (9)

where I3,L ∈ RL×L×L is the third-order identity tensor and
X 0 ∈ CK×N×M is the noiseless received signal in a tensor
fashion.

Therefore, the matrix representation in (7) is equivalent to
the following tensor expression:

X = I3,L ×1 Γ̃T ×2 CT ×3 A + N
= X 0 + N . (10)



Note that the tensor in (10) has three dimensions, being
two temporal dimensions and one spatial dimension. The first
dimension of size K is associated with each epoch, the second
dimension of size N corresponds to the collected samples in
each epoch, and the third dimension of size M is related to
the spatial diversity of the receive antenna array.

B. Post-correlation data model

As shown in [11], the received signal X is multiplied by a
correlator bank Qd of the d-th satellite to calculate the cross-
correlation vector used to estimate the time-delay of the LOS
component, since each satellite has its own PR sequence. In
practice, the correlator bank Qd is a collection of Q shifted
signal replicas, or taps, of the PR sequence cd ∈ RN with
delay κq, q = 1, . . . , Q:

Qd =
[
cd[κ1] · · · cd[κQ]

]
∈ RN×Q. (11)

Hence, the received signal of each k-th epoch according to
(5) multiplied by the correlator bank Qd is given by

Yd[k] = X[k]Qd

= AdΓd[k]CdQd +
∑
i 6=d

AiΓi[k]CiQd + N[k]Qd

≈ AdΓd[k]CdQd + N[k]Qd ∈ CM×Q, (12)

since the signal components from other satellites are nearly
removed [17]. However, the noise in (12) becomes colored.
In order to overcome this, a Fisher information-preserving
compression [18] is applied to the d-th correlator bank by
using the economy-size Singular Value Decomposition (SVD):

Qd = UΣVH, (13)

with U ∈ CN×Q, Σ ∈ CQ×Q, and V ∈ CQ×Q. By defining
the compressed correlator bank as Qω,d = U, since U is
an orthogonal and unitary matrix, preserves the statistical
properties of the noise (see Appendix).

Therefore, the improved post-correlation model is given by

Ȳd[k] = AdΓd[k]CdQω,d + N[k]Qω,d

= AdΓd[k]CdQω,d + Nω[k], (14)

where Nω[k] is white Gaussian noise.
Similarly as performed from (7) to (10), we can also rewrite

(14) into the following tensor fashion by using the n-mode
product operator:

Yd = X ×2 QT
ω,d ∈ CK×Q×M , (15)

or, equivalently,

Yd = I3,L ×1 Γ̃d ×2 (CdQω,d)
T ×3 Ad + N ω

= Y0,d + N ω, (16)

and the noise tensor N ω is white Gaussian.

The tensor formulation in (16) is composed of the first
dimension of size K associated each epoch, the second di-
mension of size Q corresponds to each tap of correlator bank,
and the third dimension of size M is related to the spatial
diversity of the receive antenna array.

III. STATE-OF-THE-ART TENSOR-BASED TIME-DELAY
ESTIMATION

In this section, we summarize the state-of-the-art tensor-
based time-delay estimation approach, which is an HOSVD
based eigenfilter with Forward Backward Averaging (FBA)
and Expanded Spatial Smoothing (ESPS). We should mention
that in order to use FBA and ESPS the array steering matrix
needs to be Vandermonde and left-centro hermitian. If the
array steering matrix is not Vandermonde or left centro-
hermitian array, we refer the reader to the interpolation scheme
in [19].

This section is divided into three subsections which are also
the steps of the state-of-the-art approach according to Figure
1. First a pre-processing step is applied to incorporate the
FBA and the ESPS as illustrated in Figure 1 and detailed in
Subsection III-A. Next the HOSVD based rank-one filters are
computed for three dimensions of the tensor and an improved
output of the correlator bank is obtained as shown in Figure
1 and also according to Subsection III-B. Finally, the amount
of points is increased via a cubic spline interpolation and one
dimension peak search is performed in order to locate the
time-delay of the greatest power component as presented in
Subsection III-C.

A. Forward-Backward Averaging and Expanded Spatial
Smoothing

Similarly to matrix-based FBA [13], flipped identity matri-
ces are used to duplicate the number of samples. The left-
hand multiplication matrix ΠM ∈ RM×M is an identity
matrix of size M flipped along its vertical axis and the right-
hand multiplication matrix ΠKQ ∈ RKQ×KQ likewise. These
matrices are applied to the spatial (third-mode) unfolding of
the signal tensor in the following manner:

Z =
[
[Yd](3) ΠM [Yd]

∗
(3)ΠKQ

]
∈ CM×2KQ. (17)

In a similar fashion to matrix-based SPS [15], selection
matrices that divide the array into LS subarrays with MS =
M − LS + 1 elements are used. The selection matrices are
defined as

JlS =
[
0MS×lS−1 IMS

0MS×LS−lS
]
∈ RMS×M , (18)

for lS = 1, . . . , LS .
Using the selection matrices, spatial smoothing is applied to

the forward-backward averaged spatial unfolding of the signal
tensor

W =
[
J1Z · · · JLS

Z
]
∈ CMS×2LSKQ, (19)
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Fig. 1. Block diagram of the state-of-the-art HOSVD eigenfilter-based time-
delay estimation approach

and W is third-mode folded back into a forward-backward
averaged spatially-smoothed fourth-order tensor ZESPS ∈
C2K×Q×MS×LS .

B. Higher-Order SVD eigenfiltering

For time-delay estimation the HOSVD is applied to ZESPS

ZESPS = R×1 U(1) ×2 U(2) ×3 U(3) ×4 U(4), (20)

where R ∈ C2K×Q×MS×LS is the core tensor, and U(1) ∈
C2K×2K , U(2) ∈ CQ×Q, U(3) ∈ CMS×MS , and U(4) ∈
CLS×LS are unitary matrices collecting singular vectors of
each mode’s respective unfolding [12].

By assuming the LOS component has the greatest power
compared with NLOS components, the dominant singular
vectors of the first, third and fourth dimensions of ZESPS in
(20) are mostly correlated to the LOS component. Therefore,
[11] has proposed the following HOSVD based eigenfilter:

qESPS =
(
ZESPS ×1 (u

(1)
1 )H

×3 (u
(3)
1 )H ×4 (u

(4)
1 )H

)
ΣVH. (21)

Note that ΣVH is computed in (13).

C. Time-Delay Estimation

In order to obtain the time-delay estimation from qESPS, a
cubic spline interpolation based on |qESPS| is used to generate
a cost function F (τ). The τ variable that maximizes the cost
function is computed as follows

τ̂LOS = arg max
τ
{F (τ)}. (22)

IV. PROPOSED DOA ESTIMATION AND KHATRI-RAO
FACTORIZATION APPROACH

In this section, we propose a three step approach based
on the direction of arrival (DoA) estimation, the Khatri-Rao
factorization (KRF) and the selection of the estimated LOS
time delay. Note that to estimate the DoA of the LOS and
NLOS components, the model order Ld should be known.

Therefore, we refer to the reader the tensor based model order
selection schemes in [20], [21], [22].

This section is divided into three subsections. After a pre-
processing step via FBA and ESPS is applied as illustrated
in Figure 2, DoA estimation is utilized to rebuild the factor
matrix A as described in Subsection IV-A. Then Khatri-Rao
factorization is applied to the product of Â+

d and [Yd](3)

to estimate the factor matrices ˆ̃Γd and ĈdQω,d according to
Subsection IV-B. Finally, the LOS component of the estimated
signal is found the time delay is estimated as described in
Subsection IV-C.

A. Estimation of DoA factor matrix

Since Qω,d has been applied to the received signals as
shown in (14), there are only Ld signal components and we
desire to estimate the DoA of all Ld components. Note that
L̂d can be estimated by using the tensor based model order
selection schemes cited in [20], [21], [22].

As shown in Figure 2, DoA estimation is applied to the
forward-backward averaged spatially smoothed signal matrix
W calculated in (19).

Although there are several DoA schemes in the literature,
due to the simplicity, good accuracy and low computational
complexity, we use in our work the Estimation of Signal
Parameter via Rotational Invariance Technique (ESPRIT) [23]
to estimate Âd. We assume the GNSS receiver is equipped
with an antenna array, whose geometry is Vandermonde left
centro-hermitian.

B. PR code and complex amplitude estimation via Least
Squares Khatri-Rao Factorization

By rewriting the spatial unfolding of the noiseless signal
model from (16), the following expression is obtained:

[Y0,d](3) = Ad

(
Γ̃T
d � (CdQω,d)

T
)T
∈ CM×KQ. (23)

Once Âd has been estimated, its pseudo-inverse can be
applied to (23) such that

Â+
d [Y0,d](3) = Â+

d Ad

(
Γ̃T
d � (CdQω,d)

T
)T

≈
(
Γ̃T
d � (CdQω,d)

T
)T
∈ CLd×KQ, (24)

where the factor matrices Γ̃d and CdQω,d can be estimated
by Least Squares Khatri-Rao factorization (LSKRF) [24].

Given (Γ̃T
d �(CdQω,d)

T), and considering it’s ld-th column
can be calculated as the Khatri-Rao product of the ld-th
column of Γ̃T

d and (CdQω,d)
T:(

Γ̃T
d � (CdQω,d)

T
)
·,ld

= (Γ̃T
d )·,ld � (CdQω,d)

T
·,ld , (25)

with each column (Γ̃T
d � (CdQω,d)

T)·,ld ∈ CKQ.



To solve for estimates of Γ̃d and CdQω,d, we reshape (25)
into a matrix of size Q×K:

unvec
Q×K

{(
Γ̃T
d � (CdQω,d)

T
)
·,ld

}
= (CdQω,d)

T
·,ld(Γ̃T

d )T·,ld .

(26)

Since (26) is a rank-one matrix, we can use a SVD-based
rank-one approximation:

unvec
Q×K

{(
Γ̃T
d � (CdQω,d)

T
)
·,ld

}
= UldΣldVld . (27)

The estimates for (Γ̃T
d )·,ld and ((CdQω,d)

T)·,ld are√
σld,1v

∗
ld,1

and √σld,1uld,1, respectively, where σld,1 is the
dominant singular value of Σld , uld,1 is the dominant left
singular vector of Uld , and v∗ld,1 is the conjugate of the
dominant right singular vector of Vld . This is repeated for
ld = 1, . . . , Ld.

Once ĈdQω,d is estimated using LSKRF, the next step is
to find which row corresponds to the LOS component due to
possible permutation ambiguities in Âd estimated in IV-A.

C. LOS Time-Delay Estimation

In order to find the time delay of the LOS component, two
schemes are proposed, namely, greatest power based scheme
and smallest delay based scheme.

For the greatest power based scheme, we assume that the
LOS component is not blocked. Therefore, the LOS compo-
nent has the greatest power in comparison with the multipath
components. In this case, the following expression can be used
to locate the estimated LOS component, ĉLOS:

lLOS = max
ld
‖ ˆ̃Γd,ld·‖2, (28)

where ˆ̃Γd,ld· is the ld-th row of the matrix ˆ̃Γd and ‖ · ‖2 is the
vector norm operator. Note that in the greatest power based
scheme, we just compute the delay of the selected component
using the following expression

qDoA/KRF = ĉLOSQω,dΣVH, (29)

followed by a cubic spline interpolation to obtain a cost
function and estimate the time-delay as in (22).

For the smallest time-delay based scheme, we compute the
Ld time delays of ĉld for ld = 1, . . . , Ld. Using the resulting
time-delay estimation vector τ̂ = [τ̂1, . . . , τ̂Ld

]T ∈ RLd , the
LOS time-delay is found by solving

τ̂LOS = min
τ
{τ̂}. (30)

Yd • FBA and ESPS

pre-processing

Estimation of DoA

factor matrix

×

Khatri-Rao

factorization
× ΣVH

ˆ̃Γ time-delay

estimation
τ̂LOS

[Yd](3) W

Â+

Â+[Yd](3)

ĈdQω,d

Fig. 2. Block Diagram of the proposed DoA/KRF time-delay estimation
approach

V. SIMULATIONS

Similarly to [11], we consider the following scenario with
a left centro-hermitian uniform linear array with M = 8
elements and half-wavelength (∆ = λ/2) spacing. The GNSS
signal is a GPS course acquisition PR code from D = 1
satellite at a carrier frequency fc = 1575.42 MHz, bandwidth
B = 1.023 MHz and chip time TC = 1/B = 977.52 ns with
N = 2046 samples collected every k-th observation period
during K = 30 epochs. Each epoch has duration ∆t = 1 ms.

Aside from the LOS signal, there is one NLOS multipath
component (L = 2) with τNLOS = τLOS+∆τ , with an azimuth
angle difference ∆φ. For SPS/ESPS the array is divided into
LS = 5 subarrays with MS = 4 elements each. Signal phases
arg{γ} are independent and identically distributed ∼ U[0, 2π[.
The number of correlators in the bank is Q = 11 equally
spaced between −TC and TC . The LOS signal is selected
using Equation (28).

The carrier-to-noise ratio is C/N0 = 48 dB-Hz, resulting
in a pre-correlation SNRpre = C/N0 − 10 log10(2B) ≈
−15.11 dB. Given the processing gain G = 10 log10(B∆t) ≈
30.1 dB, post-correlation SNRpost = SNRpre + G ≈ 15 dB
and signal to multipath ratio (SMR) of 5 dB. To compare
results, the root mean squared error (RMSE) of the time-delay
multiplied by the speed of light, c = 299.792.458 m/s, is used,
expressed in meters. For each ∆τ/TC an MC simulation with
P iterations the RMSE is calculated by

RMSE (m) = c ·

√√√√ 1

P

P∑
p=1

(τp − τ̂p)2. (31)

1000 MC simulations were performed to plot the RMSE (m)
curves of time-delay estimation utilizing HOSVD with
FBA+ESPS explained in Section III, filtering supposing known
A and Γ̃, direct noiseless correlation (cLOSQ) and the
proposed DoA/KRF approach using the spatially-smoothed
forward-backward averaged signal data in (19) to estimate the
DoAs and rebuild Â.

In Figure 3 the MC simulation is executed with the pa-
rameters described above and azimuth angle difference of
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Fig. 3. Simulation results for D = 1, ∆φ = π/3
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Fig. 4. Simulation results for D = 1, ∆φ = π/4

∆φ = π/3 radians. The HOSVD+FBA+ESPS eigenfiltering
approach achieves its best results when the NLOS signal is
either very strongly correlated, ∆τ/TC ≈ [0−0.1], or weakly
correlated, ∆τ/TC ≈ [0.8 − 1], to the LOS signal, with its
error peaking at approximately 2.1 m at ∆τ/TC ≈ 0.5. The
proposed DoA/KRF approach is consistent with the results
provided by filtering a priori knowledge of A and Γ̃.

In Figure 4 the MC simulation is executed with the pa-
rameters described above and azimuth angle difference of
∆φ = π/4 radians. The HOSVD+FBA+ESPS eigenfiltering
approach achieves its best results when the NLOS signal is
strongly correlated, ∆τ/TC ≈ [0 − 0.1], with similar results
for ∆τ/TC ≈ [0.1 − 2] or ∆τ/TC ≈ [0.75 − 1], and its
error peaking at approximately 4.3 m at ∆τ/TC ≈ 0.45. The
proposed DoA/KRF approach obtains an optimal performance,
since its curve practically superposes the curve with filtering
with a priori knowledge of A and Γ̃.

In Figure 5 the MC simulation is executed with the pa-
rameters described above and azimuth angle difference of
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Fig. 6. Simulation results for D = 2, ∆φ = π/3

∆φ = π/6 radians. The HOSVD+FBA+ESPS eigenfiltering
approach achieves its best results when the NLOS signal is
strongly correlated, ∆τ/TC ≈ [0− 0.1], or weakly correlated,
∆τ/TC ≈ [0.65− 1], with its error peaking at approximately
1.35 m at ∆τ/TC ≈ 0.4. Similarly to Figures 3 and 4, the
curve of DoA/KRF almost superposes the curve of the a priori
A and Γ̃ filtering.

A. Simulation with multiple satellites

To compare the results above where only one satellite and
a single multipath component are simulated, simulations with
D = 2 and D = 3 satellites were performed. The scenario
is similar to the proposed previously but only ∆φ = π/3
is considered and aside from the desired satellite the other
satellites do not have multipath components.

In Figure 6 the MC simulation was performed with D = 2,
L1 = 2, L2 = 1 and ∆φ = π/3. While the results were
worse than for D = 1 the proposed DoA/KRF scheme
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Fig. 7. Simulation results for D = 3, ∆φ = π/3

performs similarly to filtering with prior channel information
and outperforms the state-of-the-art HOSVD+FBA+ESPS.

In Figure 7 the MC simulation was performed with D = 3,
L1 = 2, L2, L3 = 1 and ∆φ = π/3. The results were similar
to those in Figure 6.

VI. CONCLUSION

In this paper we propose a three step technique for multipath
mitigation that significantly outperforms the state-of-the-art
HOSVD eigenfiltering [11]. The proposed scheme achieves
an accuracy close to the optimal case, which is defined
as filtering when information about two factor matrices are
known. Our scheme completely mitigates the effect of the
multipath components being, therefore, very attractive for SCA
and LCA.

ACKNOWLEDGMENTS

The authors would like to thank the Coordenação de
Aperfeiçoamento de Pessoal de Nı́vel Superior (CAPES) under
the PVE grant number 88881.030392/2013-01, the produc-
tivity grant number 303905/2014-0, the postdoctoral scholar-
ship abroad (PDE) number 207644/2015-2 and the Program
Science without Borders-Aerospace Technology supported by
CNPq and CAPES for the postdoctoral scholarship abroad
(PDE) number 207644/2015-2.

REFERENCES

[1] M. Antonini, M. Ruggieri, R. Prasad, U. Guida, and G. F. Corini,
“Vehicular remote tolling services using EGNOS,” IEEE Aerospace and
Electronic Systems Magazine, vol. 20, no. 10, pp. 3–8, Oct 2005.

[2] C. Kang, S. H. Lee, and C. C. Chung, “On-Road Vehicle Localization
with GPS under Long Term Failure of a Vision Sensor,” in 2015 IEEE
18th International Conference on Intelligent Transportation Systems,
Sept 2015, pp. 1638–1643.

[3] T. Esau, Q. Zaman, D. Groulx, K. Corscadden, Y. Chang, A. Schumann,
and P. Havard, “Economic analysis for smart sprayer application in wild
blueberry fields,” Precision Agriculture, vol. 17, no. 6, pp. 753–765,
2016.

[4] M. S. Braasch and A. J. van Dierendonck, “GPS Receiver Architecture
and Measurements,” Proceedings of the IEEE, vol. 87, no. 1, pp. 48–64,
January 1999.

[5] R. D. J. van Nee, “Spread-spectrum code and carrier synchronization
errors caused by multipath and interference,” IEEE Transactions on
Aerospace and Electronic Systems, vol. 29, no. 4, pp. 1359–1365,
October 1993.

[6] J. J. Spilker Jr. and B. W. Parkinson, Eds., Global Positioning System:
Theory and Applications, ser. Progress in Astronautics and Aeronautics.
American Institute of Aeronautics and Astronautics (AIAA), 1996,
vol. I.

[7] R. D. J. van Nee, J. Siereveld, P. C. Fenton, and B. R. Townsend, “The
multipath estimating delay lock loop: approaching theoretical accuracy
limits,” in Position Location and Navigation Symposium, 1994., IEEE,
April 1994, pp. 246–251.

[8] J. Soubielle, I. Fijalkow, P. Duvaut, and A. Bibaut, “GPS positioning
in a multipath environment,” IEEE Transactions on Signal Processing,
vol. 50, no. 1, pp. 141–150, January 2002.

[9] G. Siegert, G. Del Galdo, F. Klier, J. Mahr, G. Rohmer, and
A. Ruegamer, “Multi-directional Over The Air testbed for robustness
testing of GNSS receivers against Jammers and Spoofers,” in 31st
AIAA International Communications Satellite Systems Conference, In-
ternational Communications Satellite Systems Conferences (ICSSC).
Florence, Italy: American Institute of Aeronautics and Astronautics
(AIAA), October 2013.

[10] A. Konovaltsev, M. Cuntz, C. Haettich, and M. Meurer, “Performance
Analysis of Joint Multi-Antenna Spoofing Detection and Attitude Esti-
mation,” in Proceedings of the 2013 International Technical Meeting of
The Institute of Navigation, San Diego, California, January 2013, pp.
864–872.

[11] B. Hammoud, F. Antreich, J. A. Nossek, J. P. C. L. da Costa, and A. L. F.
de Almeida, “Tensor-Based Approach for Time-Delay Estimation,” in
WSA 2016; 20th International ITG Workshop on Smart Antennas, March
2016, pp. 1–7.

[12] L. De Lathauwer, B. De Moor, and J. Vandewalle, “A Multilinear
Singular Value Decomposition,” SIAM Journal on Matrix Analysis and
Applications, vol. 21, no. 4, pp. 1253–1278, 2000.

[13] S. U. Pillai and B. H. Kwon, “Forward/backward spatial smoothing
techniques for coherent signal identification,” IEEE Transactions on
Acoustics, Speech, and Signal Processing, vol. 37, no. 1, pp. 8–15,
January 1989.

[14] M. Haardt, F. Roemer, and G. Del Galdo, “Higher-Order SVD-Based
Subspace Estimation to Improve the Parameter Estimation Accuracy in
Multidimensional Harmonic Retrieval Problems,” IEEE Transactions on
Signal Processing, vol. 56, no. 7, pp. 3198–3213, July 2008.

[15] T.-J. Shan, M. Wax, and T. Kailath, “On spatial smoothing for direction-
of-arrival estimation of coherent signals,” IEEE Transactions on Acous-
tics, Speech, and Signal Processing, vol. 33, no. 4, pp. 806–811, August
1985.

[16] P. R. B. Gomes, A. L. F. de Almeida, and J. P. C. L. da Costa, “Tensor-
based methods for blind spatial signature estimation under arbitrary and
unknown source covariance structure,” Digital Signal Processing, 2016,
scheduled to appear.

[17] K. Borre, D. Akos, N. Bertelsen, P. Rinder, and S. Jensen, A Software-
Defined GPS and Galileo Receiver: A Single-Frequency Approach, ser.
Applied and Numerical Harmonic Analysis. Birkhäuser Boston, 2007.
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APPENDIX
CORRELATION AND NOISE

Given the compression matrix Qω,d is orthogonal and
unitary, the post-correlation noise at the k-th period Nω[k] =
N[k]Qω,d ∈ CM×Q preserves the statistical properties of the
input noise at the output of the bank of correlators.

Proof:

E{NH
ω [k]Nω[k]} = E{(N[k]Qω,d)

HN[k]Qω,d}
= E{QH

ω,d NH[k]N[k]︸ ︷︷ ︸
=σ2

NIN

Qω,d}

= QH
ω,dσ

2
NINQω,d

= σ2
NQH

ω,dQω,d

= σ2
NIQ.


