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Abstract—In wireless communications, increased spectral ef-
ficiency and low error rates can be achieved by means of space-
time-frequency coded MIMO-OFDM systems. In this work, we
consider a MIMO-OFDM transmit signal design combining
space-frequency modulation with a time-varying linear precoding
technique which allows spreading and multiplexing the trans-
mitted symbols, in both space, time and frequency domains. For
this system, we propose two closed-form semi-blind receivers that
exploit differently the multilinear structure of the received signal,
which is formulated as a nested PARAllel FACtor (PARAFAC)
model. First, we devise a least squares Khatri-Rao factorization
(LS-KRF) based receiver for joint channel and symbol estimation
by making an efficient use of a short frame of pilot symbols. The
LS-KRF receiver provides the same performance at a lower com-
putational complexity compared to the alternating least squares
(ALS) based receiver. For further reducing pilot overhead, we
develop a simplified closed-form PARAFAC (S-CFP) receiver
coupled with a pairing algorithm that yields an unambiguous esti-
mation of the transmitted symbolswithout the need of a pilot frame.
The uniqueness conditions, spectral efficiency and computational
complexity of the LS-KRF and S-CFP with pairing receivers are
analyzed and compared with the ALS receiver. It is shown that the
S-CFP with pairing receiver has the same order of computational
complexity as the ALS receiver. Meanwhile, simulation results
show that our S-CFP with pairing receiver achieves the same or
very similar performance of the competing receivers with extra
pilot overhead at sufficiently high signal-to-noise ratio (SNR) con-
ditions. On the other hand, it is slightly inferior to them in terms
of channel estimation accuracy and bit error rate at lower SNRs.

Index Terms—Closed-form PARAFAC, least squares Khatri-
Rao factorization, MIMO-OFDM, nested PARAFAC, semi-blind
receiver.

I. INTRODUCTION

T HE combination of multiple-input multiple-output
(MIMO) systems and orthogonal frequency division

multiplexing (OFDM) has been an important research topic [1].
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In MIMO-OFDM, multiple transmit and receive antennas are
employed to achieve high data rates via spatial multiplexing as
well as improved link reliability in frequency-selective channels
through space-time/space-frequency or space-time-frequency
coding [2]–[7]. Matrix-based space-time/space-frequency
coding methods for OFDM systems with blind or semi-blind
detection have been proposed in the past few years in a number
of works (See, e.g., [8], [9] and the references therein). The
existing matrix-based solutions rely either on computationally
demanding maximum likelihood detection strategies or on
lower complexity detection strategies.
Multidimensional signaling schemes that utilize several

signal dimensions such as space, time, frequency and constel-
lation, are good candidates for increasing the data rate and/or
improving the link reliability in future communication systems
[10]–[20]. In a number of recent works, tensor decompositions
are exploited in space-time coding/precoding based MIMO
systems for blind channel identification. In [10], a linear
space-time coding based on the Khatri-Rao matrix product
has been suggested in an effort to achieve a flexible tradeoff
between error performance in terms of bit or symbol error
rate and transmission efficiency, for arbitrary transmit-receive
antenna configuration or signal constellation. A joint blind
channel estimation and symbol detection scheme is designed
based on the parallel factor (PARAFAC) modeling [21], [22]
of the received data. In [11], the idea of [10] for flat fading
channels is extended to frequency selective channels. In [12],
a three-dimensional (3-D) scheme that combines spatial multi-
plexing and space-time coding has been designed. The received
signals obey a 3-D Tucker-2 tensor model [23]. Unlike [10],
the number of data streams of [12] can be different from the
number of transmit antennas. Moreover, by using a 3-D tensor
coding instead of two matrix codings, the symbol detection at
the receiver is appreciably simplified.
More general space-time codings include resource allocation

[14]–[16], leading to 3-D constrained tensor models for the re-
ceived signals. In the constrained tensor model, the constraint or
allocationmatrices define the allocation of user data streams and
spreading codes to the transmit antennas, allowing variations in
degree of spatial spreading and multiplexing. In [14], two allo-
cation matrices are employed to control the spatial spreading of
the data streams and the spatial reuse of the spreading codes. The
received signals satisfy a 3-D constrained Tucker tensor model
[23] whose core tensor is defined in terms of the two alloca-
tion matrices. The approach of [15] is a generalization of [14]
in that the transceiver is defined as a joint stream-code-antenna
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multiplexer that is decomposable into three allocation matrices.
In [16], the received signals are formulated as a PARATUCK-2
tensor model [24]. The core tensor of this decomposition, which
is composed of a precoding matrix and two allocation matrices,
is exploited to control space-time multiplexing and diversity at
the transmitter, while at the receiver the multilinear algebraic
structure of the resultant PARATUCK-2 model is employed for
joint blind symbol and channel estimation. The work of [16] has
been generalized to space-time-frequency (STF) coding [19].
However, the common feature of these works is the use of it-
erative estimation algorithms at the receiver, which are compu-
tationally demanding, even for a moderate number of transmit
antennas and/or data streams.Moreover, transmission efficiency
and processing delay are key issues which are not addressed in
the literature. Herein, we are particularly interested in non-iter-
ative closed-form solutions for joint symbol and channel esti-
mation in MIMO-OFDM systems that are more attractive from
a practical viewpoint.
In this work, we consider a new STF coded MIMO-OFDM

system where the transmit signal design combines frequency-
domain modulation with a time-varying linear constellation
precoding. This STF coding allows spreading and multiplexing
the transmitted symbols, in both space, time and frequency
domains, through the use of a fourth-order code tensor incorpo-
rating transmit antenna, time-slot, symbol period and subcarrier
as modes. Assuming flat fading propagation channels, the
received data are formulated as a three-way nested PARAFAC
model. In [20], we have developed a closed-form receiver
algorithm for joint channel and symbol estimation based on
the least squares Khatri-Rao factorization (LS-KRF) [25]. It
is shown that the LS-KRF receiver is computationally simpler
than the traditional alternating least squares (ALS) solution
[17] in solving the same problem.
This paper extends [20] in two new aspects. First, we present a

parallelway to implement theLS-KRF receiver. The parallelized
LS-KRF (P-LS-KRF) receiver remarkably saves the processing
time required in LS-KRFvia parallel computing [26], which ren-
ders it suitable for systems where processing delay is a key con-
cern. Both the ALS and (P-) LS-KRF assume that the first row in
the symbol matrix is known. This implies that a time-slot in each
frame is dedicated to pilot symbol transmission, which results
in a loss of transmission efficiency. As a second contribution,
we relax this assumption and propose a simplified closed-form
PARAFAC (S-CFP) receiver coupled with a pairing algorithm
in an effort to improve the transmission efficiency. Compared
with the CFP decomposition [27] that needs at least two simul-
taneous matrix diagonalizations (SMDs), S-CFP only requires
one SMD to calculate the third factor matrix, while the other two
factor matrices are estimated based on LS-KRF. Since the SMD
is the most computationally expensive part in CFP, a significant
reduction of complexity is achieved in our proposal. In order to
correctly extract the symbol matrix, we devise a novel algorithm
to remove the permutation and scaling ambiguities in the factor
matrix estimates obtained by S-CFP. The S-CFPwith pairing re-
ceiver effectively avoids the loss in transmission efficiency, and
meanwhile it attains almost the same performance as the ALS
andLS-KRF receiverwith pilot overhead in termsof bit error rate
(BER) and channel estimation accuracy for high signal-to-noise
ratio (SNR) regimes.

The remainder of this paper is organized as follows. In
Section II, the transmit and receive signal models of the system
are described. In particular, the received data are formulated
as a nested PARAFAC model. This model is exploited for the
joint symbol and channel estimation in Section III, where we
briefly review the ALS receiver. In Section IV, we describe our
proposed LS-KRF and simplified CFP with pairing receivers.
In Section V, the uniqueness conditions, spectral efficiency and
computational complexity of the proposed receivers are ana-
lyzed and compared with those of the ALS receiver. Simulation
results are provided in Section VI, and conclusion is drawn in
Section VII.

Notation

The superscripts , , , and represent transpose, Hermitian
transpose, pseudo-inverse and complex conjugate, respectively.
The -th column of is denoted by .
The operator forms a diagonal matrix based on . The
operator converts to a vector by stacking its columns
on top of each other, while denotes the inverse
vectorization operation that converts back to a
matrix. The operator forms a vector
from the diagonal elements of matrix , while
is a diagonal matrix constructed from the -th row of . The
denotes the Euclidean norm of a vector, while represents
the Frobenius norm of a matrix or tensor, which is defined as the
square root of the sum of the squared amplitudes of its elements.
Moreover, the Kronecker product and outer product operators

are denoted by and , respectively. The Khatri-Rao product
between two matrices and

, denoted by , is their column-wise Kronecker product

(1)

In this paper, the following property of the Khatri-Rao product
is used

(2)

where is an -D column vector.
The tensor operations are consistent with [28]: The -mode

unfolding of a tensor , symbolized by
, represents the matrix

containing the -mode vectors of . The order of the columns
is chosen in accordance with [28]. The -mode product of
and a matrix along the -th mode is denoted
as , which is obtained by mul-
tiplying the -mode unfolding of from the left hand side
(LHS) by .

II. SYSTEM MODEL

Consider a MIMO-OFDM wireless communication system
employing transmit antennas and receive antennas. The
transmission time-frame is composed of a collection of short
time-slots of symbol periods each. The block diagram of the
transceiver system is shown in Fig. 1.

A. Transmit Signal Model

The transmit signal design combines the time-varying linear
constellation precoding with the frequency-domain Vander-
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Fig. 1. System model block diagram.

monde spreading. The information symbol stream is first
divided into blocks of symbols ,
each of which is linearly precoded across symbol periods
by means of a set of unitary space-time modulation
matrices . During the -th symbol period
of the -th time-slot, rotates the components of the symbol
vector and loads a linear combination of these components
into the transmit antennas.
Following [17], [20], we have

(3)

where is the discrete Fourier transform (DFT)
matrix, and is a phase
rotation vector, where denotes the random initial phase of
the -th symbol period at the transmitter. Consequently, all
are unknown at the receiver except for , which is the reference
phase whose value equals 0. As noticed in [17], [20], this model
is a generalization of [29], [30] in the sense that the rotation
vectors are time varying across different symbol periods. This
feature allows channel reuse over symbol periods and hence
realizes time-domain modulation diversity.
The information symbol vector is then spread across a group

of neighboring frequency bins (subcarriers) over which the
channel is considered to be invariant. Such a spreading opera-
tion is performed by a semi-unitary matrix with a Vandermonde
structure, of which the entry is given by [10], [17]

(4)

The above space-frequency coding operation is summarized
as [10]

(5)

where is the space-frequency code matrix transmitted
during the -th symbol period of the -th time-slot. This
space-frequency coding operation has the same structure as
that proposed in [10] for space-time coding.

B. Receive Signal Model

Assuming that the channel is constant over a time-frame, the
discrete-time baseband equivalent model for the received signal
is given by

(6)

where , denotes
the complex received signal matrix during the -th symbol pe-
riod of the -th time-slot, and contains the zero-mean cir-
cularly symmetric complex Gaussian (ZMCSCG) white noise.
The channel matrix has uncorrelated ZMCSCG
random entries with variance of 1, and represents the SNR at
each receive antenna.
Substituting (3) into (6), the receiver signal is expressed as

(7)

where denotes the symbol ma-
trix which contains the symbol vectors in a time-frame, and

collects all phase rotation vectors throughout the
symbol periods, namely,

... ...
...

. . .
...

(8)

Let . According to (2),
it holds that

(9)

Likewise, letting to col-
lect the received data of all time-slots yields

(10a)

where

(10b)

The is an unfolded representation of a fourth-order re-
ceived signal tensor of size , where the four di-
mensions correspond to space, frequency, time-slot and symbol
period, respectively. Note that this tensor can be expressed in
terms of -mode product as

(11)

where is the noise tensor. Hereafter, the constant is
neglected for ease of presentation.
The tensor form of (10b) can also be written as

(12)

where represents the identity tensor of size .
It is now clear that the signal in (10) corresponds to the

nested PARAFAC decomposition: (10a) is the outer PARAFAC
part while (10b) is the inner PARAFAC part. According to
the -mode unfolding definition [28], we have and

.
Given the noisy measurement , our objective is to estimate

the symbol matrix and channel matrix . Note that here we
consider a semi-blind model since the frequency block-coding
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TABLE I
ALS RECEIVER ALGORITHM

matrix and the DFT matrix are known. As in [17], we
focus on two system configurations:

(13a)

(13b)

III. STATE-OF-THE-ART ALGORITHM: ALS RECEIVER

In the ALS receiver [17], it is assumed that prior to data trans-
mission, a pilot symbol per transmit antenna is inserted at each
time-slot, namely, the first row of is known. The ALS algo-
rithm is described in Table I. It consists in two iterative least
squares (LS) based estimation stages: one is applied in the outer
PARAFAC part of the nested PARAFAC model, and the other
one is applied in the inner PARAFAC part.
Note that after the first stage the estimates of and ,

namely, and , are column scaled versions of their true
values. This scaling ambiguity in must be resolved before
proceeding into the inner PARAFAC so that and can be
correctly estimated. To this end, the ALS solution [17] assumes
that one time-slot in each time-frame is dedicated to pilot
symbol transmission, namely, the first row of is known as a
vector of all ones. Together with the fact that the first row of
is also available, we know the first row of according to

(10b). Then the scaling ambiguity in can be removed.

IV. PROPOSED ALGORITHMS

In this section, we propose two closed-form receivers: one is
the P-LS-KRF receiver and the other is the S-CFP receiver cou-
pled with a pairing algorithm. Similar to ALS, the P-LS-KRF
receiver needs the knowledge of the first row of , while in
the S-CFP with pairing receiver, this requirement is relaxed to
avoid the extra pilot overhead and to improve the transmission
efficiency.

A. Parallelized LS-KRF Receiver

1) Parallelized LS-KRF Receiver: Assume , the
closed-form LS-KRF solution [20] can be used for semi-blind
symbol and channel recovery. Note that this assumption is rel-
evant in a wide range of scenarios of small to moderate number
of transmit antennas . Here, we introduce a parallel way to
implement the LS-KRF solution, which is referred to as P-LS-
KRF.
First, and are estimated via the outer PARAFAC model.

The 2-mode unfolding of gives

(14)

Multiplying both sides of (14) by the pseudo-inverse of from
the LHS and then taking the transpose, we obtain

(15)

The unvectorization of the -th column of ,
, yields a matrix . According to

(1), in the absence of noise, is a rank-1 matrix

(16)

Hence we can apply the truncated singular value decomposition
(SVD) on to find and .
Based on the rank-1 property, we have

(17)

where is the largest singular value of the -th unvectorized
matrix, and and are the corresponding left and right sin-
gular vectors. The estimates of and are given
by

(18a)

and

(18b)

Analogous to the ALS solution, the scaling ambiguity in
can be removed provided that the first row in is known.
The flow chart of the LS-KRF for the outer PARAFAC es-

timation is shown in Fig. 2. Note that in (16)–(18), the -th,
, columns of and are computed from the

-th column of , and different columns operate indepen-
dently and have no overlap in operands. This allows us to re-
cover the columns of and in a parallel way using
processors, which can reduce the processing time by a factor of
. Therefore, the parallelized LS-KRF is attractive in situations

where low processing delay is needed and multiple processors
are available.
With the newly obtained , we apply the LS-KRF solution

to the inner PARAFAC model in a similar way. By multiplying
both sides of (10b) by from the right hand side (RHS), we
get

(19)
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Fig. 2. Flow chart of LS-KRF for outer PARAFAC.

After unvectorizing the -th column of into a rank-1

matrix , , the truncated SVD is ex-
ploited to find the dominant vectors ,
and the largest singular value . Consequently, we have

(20)

(21)

The scaling ambiguity in and can be resolved by exploiting
the knowledge of the first row of or .
Similar to the outer PARAFAC part of the LS-KRF algorithm,

the columns in and can also be computed in parallel.
2) Accelerated ALS Receiver: In case of , (14) is an

underdetermined system of linear equations and cannot
be uniquely recovered via (15). Therefore, the LS-KRF algo-
rithm fails to work for the outer PARAFAC part. Nevertheless,
the ALS algorithm may operate in this case. Here, we propose
a fast ALS algorithm with lower complexity.
Since , the rank- truncated SVD of

is given by

(22)

where and are (truncated) uni-
tary matrices that respectively collect the left and right singular
vectors corresponding to the largest singular values in the

diagonal matrix .
In the absence of noise, we have

(23)

Comparing (23) with (22) and noticing that is a tall matrix
with full column rank, it follows that the columns of and
span the same subspace in the noiseless case. Therefore, there
exists an non-singular transform matrix such that

(24)

TABLE II
ACCELERATED ALS RECEIVER ALGORITHM

Substituting (24) into (23) and then multiplying both sides of
the resultant equation from the LHS by , we obtain

(25)

Defining a three-way tensor such that

(26)

it follows from (25) that in the absence of noise

(27)

We can apply the ALS algorithm on (27) for joint estimation
of and . Since the number of unknowns in is
much smaller than that in , the new ALS receiver
enjoys faster convergence and lower computational complexity
than [17]. The accelerated ALS receiver algorithm is described
in Table II.
Once is obtained, and are estimated using the

LS-KRF algorithm presented in Section IV-A.1.

B. Simplified Closed-Form PARAFAC With Pairing Receiver

In this subsection, a tilde over a matrix is used to denote an
estimate of the matrix which is obtained in the absence of noise
and may be subject to permutation and/or scaling ambiguities.
After applying the ALS or LS-KRF to the outer PARAFAC part,
we get

(28)

(29)

where , are diagonal matrices which contain
the column scaling ambiguities in the corresponding factor ma-
trix estimates and satisfy .
In the ALS and LS-KRF receivers, before proceeding into

the inner PARAFAC, must be estimated so that the column
scaling ambiguities in can be removed by multiplying the
inverse of by its RHS. Otherwise, the RHS of (19), namely,

(30)

loses the Khatri-Rao structure, because it is no longer equal
to the Khatri-Rao product of two factor matrices, and conse-
quently, and cannot be extracted unambiguously by em-
ploying the ALS or LS-KRF. To estimate , both ALS and
P-LS-KRF receivers need the knowledge of the first row in the
symbol matrix . However, this implies that one of time-slots
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in each time-frame is used to transmit pilot symbols, which re-
sults in a loss in the transmission efficiency.
In the sequel, we relax the assumption on the knowledge of

the first row of so that the transmission efficiency can be im-
proved. Substituting (10b) into (29) yields

(31)

Note that the tensor form of (31) is given by

(32)

The estimation of is divided into two steps: estimation of
as well as factor matrices and via an S-CFP

decomposition, and estimation of from the estimate of .
1) Estimation of via Simplified Closed-Form PARAFAC

Decomposition: An efficient way to estimate , and is
to apply the CFP decomposition [27] to the inner PARAFAC
part. In CFP, estimation of the factors of the PARAFAC
model is based on the higher-order SVD (HOSVD) low-rank
approximation and SMD. Compared with the conventional
methods for PARAFAC decomposition which is often con-
ducted iteratively and computationally expensive, the CFP
provides a relatively efficient implementation of the PARAFAC
decomposition.
The HOSVD low-rank approximation of is given by [28]

(33)

where is the core tensor with
, , and ,

and represent the 1-mode,
2-mode and 3-mode singular vector matrices truncated to
columns, respectively.
From the -mode unfolding of (32) and (33), it follows that

the columns of , , and those of , or ,
span the same space in the noiseless case. Therefore, there exist

non-singular transform matrices [27] such that
when or has full column rank,

for , and .
In addition to that has full column rank, for the system

configurations of our interest, either the factor matrix or
has full column rank according to (13). Hereafter, we consider
the first system configuration in (13a), namely, ,
where has full column rank while does not. For the second
system configuration of , it is only required to
swap the roles of and . Therefore, we have
and .
In order to estimate and , it only remains to estimate

and . Defining the tensors and as

(34)

(35)

it follows from (32) and (33) that

(36)

Letting , , to represent
the -th slices of and , respectively, we have

(37)

Note that the slices of along the 2-mode are all diagonal
matrices. Hence (37) means that the transform matrices and
jointly diagonalize all the slices of .
In order to express (37) in a symmetric form, we multiply

for all , by the inverse of from the
LHS:

(38)

where the constant index is chosen such that is
best-conditioned and easily invertible. Note that is
also a diagonal matrix for each , which implies that for

, are jointly diagonalized by . Consequently,
the transform matrix can be estimated by joint diagonaliza-
tion of the set of matrices .
As remarked in [31], determination of from only one matrix
in is not satisfactory because it amounts to discarding the
information contained in the other matrices of . Moreover,
it may happen that individual is defective but that the
whole set has well determined common eigenvectors. Hence,
joint diagonalization of instead of the eigenvalue decomposi-
tion of its individual member yields a more accurate and robust
estimate of .
Once and are estimated, and are recovered based

on the LS-KRF in Section IV-A.1. Note that in CFP [27], two
SMDs are needed, one for estimating , and the other for .
Here we simplify this process by solving only one SMD to esti-
mate . Inorder to further reduce thecomputational complexity,
bynoting that thematrices in arenon-defective,weuse thecom-
putationallymore efficientmethod in [32] for joint matrix diago-
nalization instead of that used in [27], namely, the one proposed
in [33]. As shown in [32], by utilizing both the shear and uni-
tary transformations for SMD instead of using only the unitary
transformation for simultaneous Schur decomposition, themod-
ified SMD method enjoys a quadratic convergence rate and re-
quiresmuch fewer iterations than the one in [33]. Since the SMD
is the primary computationally intensive part in CFP, the sim-
plified CFP significantly reduces the computational complexity
while empirically showsnonoticeable performancedegradation.
Note that the obtained factor matrices suffer from column

scaling and permutation ambiguities, which is an inherent char-
acteristic of the PARAFAC decomposition. In other words, the
factor estimates are column scaled and permutated versions of
their corresponding true factor matrices, namely

(39)

(40)

(41)
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where is an permutation matrix that contains the
column permutation ambiguities in the inner PARAFAC, while
, and are diagonal matrices which represent the

column scaling ambiguities in the corresponding estimates and
satisfy

(42)

2) Estimation of and via Pairing Algorithm: To unam-
biguously extract , we need to estimate and . Since the
first row in is known, can be readily obtained. According
to (42), can be found once we have the estimate of .
First, we determine by exploiting the Vandermonde struc-

ture of in (8). To this end, we observe that there is a one-to-one
correspondence (bijective mapping) between the permutation
matrix and the following permutation function:

(43)

which can be expressed in two-line form by

(44)

For an arbitrary permutation function , a permutation matrix
is constructed as

(45)

where denotes a column vector of length with 1 in the
-th position and 0 elsewhere. Thereby, estimation of is

equivalent to determination of .
Since the first row in is known, the column scaling ambi-

guity of can be readily removed. Therefore, hereafter we as-
sume that only suffers from permutation ambiguity, namely,

. First of all, is determined as

(46)

where is the first column of which is a length- column
vector of all ones.
Next, we determine , . For each candi-

date value of , we first reconstruct
from as

...
...

. . .
...

(47)

and then find the associated estimate of , ,
by pairing up the columns of and :

...

(48)

where is a permutation of
. The pairing up can be accomplished with the greedy al-

gorithm [34] or by successive comparison.
Denoting and

is determined as

(49)

Once is determined, , , will also be
known.
We then proceed to estimate . Note in (39) that the

column scaling ambiguity in has been converted into the row
scaling ambiguity in . Consequently, the obtained after
applying CFP to inner PARAFAC is subject to both column and
row scaling ambiguities. Hereafter, we propose an algorithm to
jointly estimate and .
Let and

be vectors that collect the diagonal elements in and ,
respectively. From (39), it follows that

(50)

where denotes entrywise division of two matrices with the
same dimensions. Note that the RHS of (50) is a rank-1 matrix.
Therefore, we can apply the rank-1 truncated SVD on (50) to
find and . Suppose after SVD, the largest singular value
is and the corresponding left and right singular vectors are
denoted as and , respectively, then the estimates of and
are given by

(51)

V. IDENTIFIABILITY, SPECTRAL EFFICIENCY AND

COMPUTATIONAL COMPLEXITY

A. Identifiability Conditions

We investigate the necessary and sufficient conditions under
which the symbol matrix and channel matrix can be
uniquely and correctly recovered in the absence of noise.
1) ALS Receiver: Consider

(52)

or its equivalent matrix form, e.g., (14) or (23), as a system of
complex-valued nonlinear equations where the entries in and
are unknown variables. The following proposition connects

the conditions under which the estimates of and gener-
ated by the ALS algorithm converge to the true values and the
conditions for the uniqueness of the solutions to the system of
nonlinear equations of (52).
Proposition 1: Assume that in the absence of noise both
and have full rank, and the sequence of and gen-

erated by the ALS algorithm has limit point. The and con-
verge to the true values if and only if the solution to the system of
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complex-valued nonlinear equations in (52) is unique
under the constraint of , where is the
first row of defined in (10b), which is known as explained in
Section III.
The proof is given as follows.
Necessity: Assume there exist two different solutions

and . It can be verified that
both and are the critical points of the residual error func-
tion such that

. According to [35], both and are possible
points of convergence of the ALS estimate sequence.

Sufficiency: Since both and have full rank,
according to Theorem 3.8 of [35], and converge to the
critical point. On the other hand, is convex and hence the
solution to the system of nonlinear equations is the only critical
point.
This completes the proof.
For unique determination of and , (52) must be (over-

)determined, which means that the number of unknowns is less
than or equal to that of equations. By taking into account the
constraint , the number of unknown complex
variables is equal to . On the other hand,
there are equations in the system of complex-valued
nonlinear equations. The necessary uniqueness condition of the
ALS algorithm is now ready.
Corollary 1: For the ALS estimates of and to converge

to their true values, it must satisfy

(53)

Note that for , the second matrix unfolding of (52),
namely, (14), can be considered as a determined or an overdeter-
mined system of linear equations when the Khatri-Rao structure
in is ignored. Therefore, the sufficient condition in Propo-
sition 1 is satisfied.
Corollary 2: The estimates of and in the ALS algorithm

converge to the true value, if

(54)

For the inner PARAFAC part, since is an square
matrix of full rank, the system of complex-valued linear equa-
tions of (12) is always (over-)determined, in which case the con-
vergence of the ALS algorithm is not an issue.
To sum up, the identifiability condition for the ALS receiver

is stipulated by (53).
2) Accelerated ALS Receiver: By applying similar analysis

to Section V-A.1, a necessary condition for the accelerated ALS
algorithm is given by

(55)

Regarding the sufficient condition, the condition established
in (54) applies in the accelerated ALS receiver as well.
3) (Parallelized) LS-KRF Receiver: The necessary and suf-

ficient uniqueness condition of the (parallelized) LS-KRF re-
ceiver algorithm is given by

(56)

Remark 1: Both conditions (55) and (56) are special cases
of (53), which indicate that in exchange for the reduction in
computational cost, the accelerated ALS and LS-KRF receiver
algorithms require more strict uniqueness conditions.
4) S-CFP with Pairing Receiver: In the outer PARAFAC

part, the (accelerated) ALS or LS-KRF algorithm is exploited.
The necessary and sufficient uniqueness conditions stipulated
by (53)–(56) apply.
In the inner PARAFAC part, the S-CFP algorithm is

exploited, and the conditions under which the three-way
PARAFAC decomposition is essentially unique, namely,
unique up to permutation and scaling of the columns of the
factor matrices, apply. According to [36], a sufficient condition
for the essential uniqueness of the inner PARAFAC decompo-
sition of (12) is given by

(57)

where denotes the Kruskal-rank of , which is defined as the
largest integer such that any set of columns of are linearly
independent.
Note that in our system design, the DFT matrix has full
-rank that is equal to its size . Moreover, since the rows of
and columns of are drawn independently from a continuous
distribution, according to [37] they also have full -rank with
probability one. Applying the uniqueness condition of (57) to
the inner PARAFAC part of (12) yields

(58)

Under the system configurations of our interest in (13), (58)
simplifies to . We see that compared with the
ALS and LS-KRF receivers that rely on the knowledge of
the first row of , the S-CFP with pairing receiver algorithm
without such knowledge requires almost no extra constraints
on the signal dimensions for unique recovery of the symbol and
channel parameters.

B. Spectral Efficiency

In the MIMO-OFDM system with the ALS/LS-KRF and
S-CFP with pairing receiver algorithms, and
symbols in each time frame are respectively sent over
subcarriers and time-slots each with symbol periods.
The resultant spectral efficiency is and

symbol/symbol-period/subcarrier, respectively.
Compared with the ALS and LS-KRF receivers, the S-CFP

with pairing algorithm increases the spectral efficiency by
. This improvement is nontrivial particularly for a

small . For example, when , , and
, the spectral efficiency of the former receiver is 1/3

symbol/symbol-period/subcarrier, whereas the spectral effi-
ciency of the latter is 4/9, which has an improvement by 33.3%.

C. Computational Complexity

In Table III, the numbers of flops required in each computa-
tional steps of the (accelerated) ALS, LS-KRF and S-CFP with
pairing receivers are tabulated. We see that that the complexity
of both the ALS and S-CFP with pairing receivers is polyno-
mial in terms of the data size. The ratio of the number of flops
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TABLE III
NUMBER OF FLOPS REQUIRED IN THE (ACCELERATED) ALS, LS-KRF AND S-CFP WITH PAIRING RECEIVERS

required in the S-CFP with pairing receiver to that required in
the first stage of the ALS receiver is given by

(59)

We see that the S-CFP with pairing receiver has the same order
of computational complexity as the ALS receiver.
Notes in Table III:

Since the SVD of an ( ) matrix takes
flops, calculation of , , from

the SVD of the -mode matrix unfoldings of costs
flops. Calculation of the core

tensor via the -mode products of and the Her-
mitian transpose (inverse) of , costs

flops. Therefore, the overall
HOSVD costs flops.
Each iteration of the SMD [32] requires a shear trans-

formation, which involves flops, and a unitary
transformation, corresponding to flops. Since the al-
gorithm converges at a quadratic rate and typically within
a couple of sweeps [32], the total number of flops required
is , where

is the number of iterations in a sweep.
In case of the second system configuration in (13a), the
total number of flops required is .
i) Determination of via (46) costs flops;

ii) Determination of , : For each
candidate value of , (47) takes flops,
the pairing step in (48) using the successive compar-
ison method takes flops, and cal-
culation of the residual error in (49) takes flops.
Therefore, to determine , , it costs

flops.
In total, it costs to determine .

VI. SIMULATION RESULTS

The BER, the normalized mean square error (NMSE) of the
estimated channel defined as

(60)

and the mean processing time are used as the performance mea-
suresof theproposedP-LS-KRFandS-CFPsemi-blindreceivers.
TheSNR isdefinedas .The additivenoise
power is scaled to produce different SNRs. For each SNR, the
result represents an average of 20000 independent Monte Carlo
runs. At each run, the transmitted symbols are drawn from a
quadraturephase-shift keying (QPSK) sequence, and the channel
coefficients are white ZMCSCG distributed with unit power.
In the ALS algorithm, the outer PARAFAC iteration stops

when the relative square reconstruction change (RSRC) be-
tween two successive iterations given by

(61)

is smaller than a predefined threshold . In a similar manner,
the inner PARAFAC iteration stops when the RSRC between
two successive iterations given by

(62)

is smaller than another threshold .
Unless stated otherwise we consider only one case of the first

system configuration in (13a), namely,
, and . For such a system, the spectral effi-

ciency is for the LS-KRF/ALS re-
ceivers and symbol/symbol period/subcarrier
for the S-CFP with pairing receiver. Note that the transmission
system is flexible in the sense that , and/or can be ad-
justed (provided that the identifiability conditions established in
Section V-A are satisfied) to realize a tradeoff between perfor-
mance and spectral efficiency. In particular, with the increase of
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Fig. 3. Comparison of ALS and (P-)LS-KRF receivers in terms of BER and NMSE versus SNR. (a) BER versus SNR. (b) Channel NMSE versus SNR.

Fig. 4. Processing time of ALS, LS-KRF and P-LS-KRF receivers as well as number of iterations required in ALS for various SNRs. (a) Mean processing time
versus SNR. (b) Number of iterations required in ALS versus SNR.

and decrease of and/or , the spectral efficiency increases,
but meanwhile a performance degradation is expected.

A. ALS Versus (P-)LS-KRF and Accelerated ALS Receivers:
With Transmission Overhead

First, we evaluate the proposed (P-)LS-KRF receiver with the
knowledge of the first row in the symbol matrix . In Fig. 3
(a) and 3 (b), the ALS and (P-)LS-KRF receivers are compared
in terms of BER and NMSE for different SNRs. For the ALS
receiver, the convergence thresholds vary from
to 0.1. We see that the ALS with is inferior to
the (P-)LS-KRF receiver. However, its performance improves
as , decreases and converges to that of the LS-KRF
receiver when , .
In Fig. 4 (a), the mean processing times in seconds of the

ALS, LS-KRF and P-LS-KRF receivers are shown. We see
that the mean processing times required in both LS-KRF ver-

sions do not change with SNR since they are non-iterative,
whereas that of the ALS receiver decreases with SNR since
it is an iterative algorithm and the number of iterations re-
quired decreases with SNR, as shown in Fig. 4 (b). As ,

, increases, the mean processing time required by the
ALS algorithm decreases, but is still greater than that of the
LS-KRF even for . When ,
depending on the SNR, 70%–90% of the processing time is
saved by the LS-KRF. Note also that the P-LS-KRF receiver
that computes the columns of the factor matrices in par-
allel further reduces the processing time of the LS-KRF by a
factor of approximately 4.3. Here is due to the
non-parallelized part of (15) and (19) in LS-KRF.
We then proceed to evaluate the performance of the acceler-

ated ALS receiver. The parameter settings are the same as those
in Fig. 3 except that . Simulation results show that, the ac-
celerated ALS receiver has the same performance as the ALS in
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Fig. 5. Comparison of ALS and accelerated ALS receivers in terms of required number of iterations and processing time for various SNRs. (a) Number of iterations
required in outer PARAFAC part. (b) Mean processing time in outer PARAFAC part.

Fig. 6. Comparison of ALS and S-CFP with pairing receivers in terms of BER and NMSE versus SNR. (a) BER versus SNR. (b) Channel NMSE versus SNR.

terms of BER and NMSE for the same . In Fig. 5, we see that
the accelerated ALS algorithm applied in the outer PARAFAC
part requires less iterations and processing time than its non-ac-
celerated counterpart, with the mean processing time being re-
duced by 19.2%–41.8% depending on the SNRs. This together
with the use of the LS-KRF algorithm in the inner PARAFAC
part jointly contribute to the reduction of the whole mean pro-
cessing time by 39.4%–59.5%. For a larger data size, the time
saving is more significant but the results are not included here
due to space limitation.

B. ALS Receiver Versus S-CFP with Pairing Receiver: Without
Transmission Overhead

For , in the S-CFP with pairing receiver, the LS-KRF
and S-CFPwith pairing algorithms are respectively employed in
the outer and inner PARAFAC parts. For comparison, the ALS
receiver which needs knowledge of the first row in is used as
the performance benchmark.

In Fig. 6, we see that for low-to-medium SNRs less than
10 dB, the S-CFP with pairing receiver is inferior to the ALS
receiver. However, the performance gap decreases with SNR,
and for high SNRs, their performance is very close to each other.
In terms of computational complexity, the comparison in Fig. 8
shows that the mean processing time required in the S-CFP with
pairing receiver is no more than 3 to 5 times of that required in
the ALS receiver. This corroborates the analysis in Section V-C,
which shows that the S-CFP with pairing and ALS receivers re-
quire the same order of computational complexity. Considering
that the former achieves a gain of 12.5% in transmission effi-
ciency, it is preferred for high SNRs.

C. Comparison with Training-Based Receiver

In the training based receiver, the symbol matrix
consists of two parts:

collects the training symbols that are known to the receiver,
while contains unknown data symbols to be



LIU et al.: SEMI-BLIND RECEIVERS FOR JOINT SYMBOL 5455

Fig. 7. Comparison of ALS, S-CFP with pairing and training based receivers in terms of BER and NMSE versus SNR. (a) BER versus SNR. (b) Channel NMSE
versus SNR.

Fig. 8. Comparison of ALS, S-CFP with pairing and training based receivers
in terms of processing time versus SNR.

decoded, with . A popular approach consists
in first estimating the channel matrix using and then
decoding using the estimated channel matrix . For our
nested PARAFAC receiver model, the training based receiver
algorithm for estimating and is summarized in Table IV.
The spectral efficiency is symbol/

symbol-period/subcarrier. To establish the uniqueness condi-
tion for the training-based receiver, we consider

(63)

as a system of complex-valued equations. By ap-
plying similar analysis to Section V-A.1, the necessary unique-
ness condition is stipulated by

(64)

or equivalently, by

(65)

TABLE IV
TRAINING BASED RECEIVER ALGORITHM

For unique recovery of and , the required minimum
number of time-slots in each time-frame is according
to (65). In Fig. 7, the proposed S-CFP with pairing, ALS and
training based receivers with , are compared in
terms of BER and channel NMSE. We see that as increases,
the training based receiver consistently improves in both BER
and channel estimation accuracy. For low-to-medium SNRs
less than 10 dB, the performance improvement is significant
even , namely, only one time-slot in each time-frame is
used as training data. Therefore, the training based receiver is
preferred for low-to-medium SNRs. However, with the increase
of the SNR the performance gap becomes smaller and when
the SNR rises above 20 dB, their performance is very close to
each other. Moreover, Fig. 8 shows that the mean processing
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time required in the training based receiver is comparable to
that in the ALS receiver, although the former slightly varies
with and reaches its maximum when is equal to .
Therefore, the S-CFP with pairing receiver needs the same
order of processing time as the training based receivers as
well. In particular, for high SNRs, the mean processing time
of the former is no more than 1.2–2 times that in the latter.
Considering that the latter suffers from a loss in transmission
efficiency to various degrees, our proposed S-CFP with pairing
receiver is a preferred choice for high SNRs.

VII. CONCLUSION

We have proposed two semi-blind receivers, namely, the
least squares Khatri-Rao factorization (LS-KRF) and simplified
closed-form PARAFAC decomposition (S-CFP) coupled with
a pairing algorithm, for joint symbol and channel estimation.
The LS-KRF receiver is a closed-form solution that provides
performance stability as well as lower computational com-
plexity compared to the alternating least squares (ALS) based
algorithm, while the S-CFP with pairing receiver allows for
higher transmission efficiency since it does not require the
use of pilot symbols for symbol detection. The uniqueness
conditions, spectral efficiency and computational complexity
of the LS-KRF and S-CFP with pairing receivers are analyzed
and compared with the ALS receiver algorithm. It is shown
that the S-CFP with pairing receiver has the same order of
computational complexity as the ALS receiver. Moreover,
simulation results show that our S-CFP with pairing receiver
attains nearly the same performance as the ALS and training
based receivers with extra pilot overhead at sufficiently high
signal-to-noise ratio conditions.
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