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a b s t r a c t

Parameter estimation of multidimensional data in the presence of colored noise or
interference with a Kronecker product covariance structure, which appears in electro-
encephalogram/magnetoencephalogram and multiple-input multiple-output applications,
is addressed. In order to improve the accuracy of the multidimensional subspace-based
estimation techniques designed for white noise, prewhitening algorithms are devised by
exploiting the Kronecker structure of the noise covariance matrix. We first contribute to
the development of the multidimensional prewhitening (MD-PWT) scheme which
assumes that noise-only measurements are available. By applying prewhitening sequen-
tially along various dimensions using the corresponding correlation factors estimated
from the noise-only measurements, the MD-PWT significantly improves the performance
of the closed-form parallel factor decomposition based parameter estimator (CFP-PE) with
a small number of noise-only snapshots. When noise-only measurements are unavailable,
an iterative joint estimation of noise and signal parameters and prewhitening algorithm is
proposed by iteratively applying the MD-PWT and CFP-PE. Adaptive convergence thresh-
olds are designed as the stopping conditions such that the optimal number of iterations is
automatically determined. Simulation results show that the iterative scheme performs
nearly the same as the MD-PWT with noise statistics, in all scenarios except for a special
one of intermediate signal-to-noise ratios and high noise correlation levels.

Crown Copyright & 2013 Published by Elsevier B.V. All rights reserved.
1. Introduction

Accurate parameter estimation from R-dimensional
(R-D) noisy measurements, where R≥2, is a task required
013 Published by Elsevier B

: +852 3442 0562.
osta),
for a variety of applications including radar, sonar, mobile
communications, medical imaging, and seismology. The
dimensions of the measured data can correspond to time,
frequency, polarization, as well as the spatial dimensions such
as one- or two-dimensional arrays at the transmitter and
receiver. Correspondingly, the extracted parameters such as
direction-of-arrival (DOA), direction-of-departure (DOD),
time-of-arrival (TOA), and Doppler frequency, are of geome-
trical and physical nature. R-D subspace approaches to para-
meter estimation include 2-D MODE [1,2], 2-D unitary ESPRIT
[3], unitary tensor-ESPRIT [4–6], R-D MUSIC [7], multidimen-
sional folding (MDF) [8], improved MDF [9], and R-D rank
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reduction estimator (RARE) [10]. By taking into account the
rich multidimensional structure, these methods provide
superior estimation performance over their 1-D counterparts
in terms of resolution, accuracy, robustness and identifiability.

In many applications, parameter estimation in the pre-
sence of colored noise or interference is required. Since
signal information is extracted based on its correlation and
colored noise samples are correlated, their presence seriously
affects the signal parameter estimation performance. In
particular, for strongly correlated noise, most of the noise
energy is contained in the noise subspace spanned by a few
eigenvectors associated with the largest noise eigenvalues. In
case the dominant noise eigenvalues exceed the signal ones,
the noise subspace is detected instead of the signal subspace.
Prewhitening decorrelates the noise samples, so that the
noise power is uniformly distributed over the whole noise
subspace. Therefore, the disturbance between the noise and
signal subspaces can be minimized and performance degra-
dation will be avoided.

This paper covers multidimensional prewhitening techni-
ques that exploit the Kronecker structure of the noise correla-
tion matrix. Colored noise or interference with a Kronecker
structure appears in a number of applications. For example, in
electroencephalogram (EEG) and magnetoencephalogram
(MEG) applications [11–14], the noise is correlated in both
space and time dimensions, and a noise model which
combines these two correlation matrices using the Kronecker
product can well fit the noise measurements. In multiple-
input multiple-output (MIMO) systems, the covariance matrix
of the channel coefficients are often modeled as the Kronecker
product of the receive and transmit covariance matrices
[15,16]. The intentional interference signals, under certain
correlation conditions, e.g., they are independent across space
and correlated across time, have a covariance matrix with a
Kronecker structure [17]. Moreover, the Kronecker structured
noise model [18], as a form of parametric noise model [19–27],
has practical and potential applications in other fields parti-
cularly in sensor array processing [28] due to its efficiency in
noise characterization and computation [29]. In the nonpara-
metric noise model, the noise is characterized by numerous
parameters. This means that a large number of samples are
required to estimate the noise features (e.g., noise covariance),
which entails a heavy computational load and renders it
difficult to distinguish the noise from the useful signals.
By imposing the parametric structure on the noise, it allows
to reduce the number of parameters needed to characterize
the noise, leading to more robust and accurate signal and
noise estimation as well as a reduced algorithm complexity.

Tensor basedmultidimensional parameter estimation tech-
niques are distinguished by the tensor decompositions, which
can be a higher-order singular value decomposition (HOSVD)
or a PARAllel FACtor analysis (PARAFAC) decomposition.
Sprawling from these newly found tensor based parameter
estimation techniques, we have proposed a multidimensional
prewhitening scheme called sequential generalized singular
value decomposition (S-GSVD) for the case with noise-only
snapshots in [30] and the iterative S-GSVD (I-S-GSVD) in [31]
when noise-only snapshots are unavailable. Both works show
that, the combination of R-D standard tensor-ESPRIT with the
S-GSVD and I-S-GSVD results in an improved estimation
accuracy over matrix based prewhitening schemes.
The contributions of this paper are summarized as
follows. First, the S-GSVD assumes that the colored noise
is uncorrelated in the temporal dimension. In this paper, we
relax this assumption and generalize the multidimensional
prewhitening technique to the case where the noise corre-
lation can also be present in the temporal dimension.
Moreover, the generalized multidimensional prewhitening
(MD-PWT) simplifies the prewhitening process of S-GSVD
by removing the generalized SVD (GSVD) step and hence is
computationally more efficient. The computational effi-
ciency of MD-PWT is mathematically demonstrated by
comparing its required number of floating-point operations
(flops) with that required in matrix based prewhitening.
The MD-PWT can be integrated with both HOSVD and
PARAFAC decomposition based parameter estimation
schemes. In particular, the closed-form PARAFAC (CFP)
[32] based parameter estimator (CFP-PE) is considered in
this paper due to its applicability to arbitrary outer product
based arrays (OPAs) and robustness to array spacing errors
(ASEs) as well as its computational efficiency relative to the
traditional alternating least squares (ALS) algorithm for the
PARAFAC decomposition. Simulation results show that the
MD-PWT with only a small number of noise snapshots
improves remarkably the estimation accuracy of the CFP-PE,
while retaining its advantage, namely, its applicability to
OPA geometries and robustness to arrays with spacing
errors. Second, to tackle the case when noise-only snap-
shots are unavailable, we propose the iterative multidimen-
sional prewhitening (I-MD-PWT) scheme where estimation
of noise and signal parameters and prewhitening are jointly
performed by implementing the MD-PWT and CFP-PE in an
iterative way. To reduce the computational complexity,
adaptive convergence thresholds are designed as the stop-
ping conditions for the iterative algorithm, and they change
adaptively with the number of sources, estimated signal
and noise powers, such that the optimal number of itera-
tions can be automatically determined. The I-MD-PWT
achieves an accurate estimation of the signal parameters
and noise variance. It attains the same performance as MD-
PWT, which utilizes an equal number of noise-only and
signal-bearing snapshots, at low and high signal-to-noise
ratios (SNRs). Nevertheless, when the noise power is
comparable to the signal powers and there exists a fairly
strong correlation between noise samples, the I-MD-PWT is
inferior to its non-iterative counterpart.

The remainder of the paper is organized as follows. In
Section 2, after introducing the notation used in this paper,
the R-D parameter estimation problem is formulated using
the PARAFAC data contaminated by Kronecker structured
colored noise model. In Section 3, classical matrix and vector
based techniques for prewhitening R-D noisy measurements
are reviewed. In Section 4, we propose the MD-PWT techni-
que and its iterative version, namely I-MD-PWT. In Section 6,
extensive simulation results are presented to evaluate the
performance of the proposed multidimensional prewhitening
techniques. Finally, conclusions are drawn in Section 7.

2. Data model

In order to facilitate the distinction between scalars,
matrices, and tensors, the following notation is used: Scalars
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are denoted as italic letters (a; b;…;A;B;…; α; β;…), column
vectors as lower-case bold-face letters (a;b;…), matrices as
bold-face capitals (A;B;…), and tensors are written as bold-
face calligraphic letters (A;B;…). The superscripts T;H;−1;†,
and n stand for transposition, Hermitian transposition,
matrix inversion, Moore–Penrose pseudoinverse, and com-
plex conjugation, respectively. The trace of a matrix A is
represented by tr½A�, and its (i,j)-th element is denoted by
Aði; jÞ. Moreover, the Kronecker product and outer product
operators are denoted by ⊗ and ○, respectively.

The tensor operations we use are consistent with
[33,34]. The r-mode vectors of a tensor T ∈CI1�⋯�IR are
obtained by varying the r-th index within its range
(1;…; Ir) and keeping all the other indices fixed. The
operator vecð�Þ converts a matrix or tensor to a vector by
stacking its columns or 1-mode vectors on top of each
other. The r-mode unfolding of T , symbolized by
½T �ðrÞ∈CIr�ðI1…Ir−1 Irþ1…IRÞ, represents the matrix of its r-mode
vectors. The columns in the unfolded matrix are arranged
in reverse lexicographical order of their indices ði1;…;

ir−1; irþ1;…; iRÞ, in the same order as done in vecð�Þ. That
is, the first index i1 varies the fastest, then i2, and the last
index iR varies the slowest [33]. The r-mode product of T
and a matrix U∈CJr�Ir along the r-th mode is denoted as
T �rU∈CI1�⋯�Jr⋯�IR . It is obtained by multiplying the
r-mode unfolding of T from the left-hand side by U .

The HOSVD of a tensor T ∈CI1�⋯�IR is given by

T ¼S�1U1⋯�RUR; ð1Þ

where S∈CI1�⋯�IR is the core tensor of which the slices
Sir ¼ a obtained by fixing the index of r-th mode as a,
satisfy the property of all-orthogonality, i.e., any two
different slices along the same mode are mutually ortho-
gonal, and Ur∈CIr�Ir ; r¼ 1;…;R, are the unitary matrices
of r-mode singular vectors [34].

In applications such as EEG/MEG and MIMO systems,
where the colored noise or interference with a Kronecker
structure is present [11–14,17], the noise-free data often
follow a PARAFAC model of the form [35–37]:

X0 ¼ ∑
d

i ¼ 1
f ð1Þi ○⋯○f ðRÞi ○sTi ; ð2Þ

where f ðrÞi ∈CMr�1 is the i-th factor of the r-th mode,
i¼ 1;…; d, r¼ 1;…;R, and si∈C1�MRþ1 is the sample vector
of the i-th signal withMRþ1 ¼N standing for the number of
snapshots. The X0∈CM1�⋯�MR�N is composed of the sum of
d rank one tensors. Therefore, the tensor rank of X0

coincides with the number of components d.
Define the factor matrix F ðrÞ ¼ ½f ðrÞ1 ;…; f ðrÞd �∈CMr�d;

r¼ 1;…;R. In tensor form, (2) can be rewritten in terms
of r-mode products as

X0 ¼ IRþ1;d�1F
ð1Þ⋯�RF

ðRÞ�Rþ1S
T ; ð3Þ

where IRþ1;d represents the R-D identity tensor of size
d�⋯� d, whose elements are equal to one when the
indices i1 ¼⋯¼ iRþ1 and zero otherwise, and ST ¼ F ðRþ1Þ

¼ ½s1;…; sd�∈CN�d collects the source samples.
In the context of uniform R-D harmonic retrieval (HR)

[38,36], F ðrÞ, r¼1,…,R, is the array steering matrix with the
following Vandermonde structure:

F ðrÞ ¼ AðrÞ ¼

1 1 ⋯ 1
ejμ

ðrÞ
1 ejμ

ðrÞ
2 ⋯ ejμ

ðrÞ
d

⋮ ⋮ ⋱ ⋮
ejðMr−1ÞμðrÞ1 ejðMr−1ÞμðrÞ2 ⋯ ejðMr−1ÞμðrÞd

0
BBB@

1
CCCA; ð4Þ

where fμðrÞi g are the spatial frequencies. Denoting the array
steering tensor as

A ¼ IRþ1;d�1A
ð1Þ⋯�RA

ðRÞ; ð5Þ
we can express (3) in a more compact form as

X0 ¼A�Rþ1S
T : ð6Þ

The uniqueness conditions for the general PARAFAC
decomposition are established in [39–41], while the
uniqueness conditions for the PARAFAC decomposition
with a Vandermonde structure on some or all factor
matrices are developed in [8,9,42,43]. In this paper, we
assume that the uniqueness conditions for both types of
PARAFAC decomposition are satisfied. Such a uniqueness
condition is essential for the iterative prewhitening algo-
rithm, namely, I-MD-PWT, which requires the estimation
of noise-only components from noisy observations, and
the uniqueness of the PARAFAC decomposition is a pre-
requisite for guaranteeing its global convergence.

In the presence of colored noise, the multidimensional
data are represented by

X ¼X0 þN ðcÞ
; ð7Þ

where N ðcÞ∈CM1�⋯�MR�N is the additive colored noise
tensor, whose elements, unlike white noise, are typically
correlated with each other in several dimensions.

In this paper, we focus on the multidimensional colored
noise with a Kronecker structure, which exists in applica-
tions such as EEG/MEG [11–14] and MIMO systems [17].
For example, the multichannel EEG signals recorded at
multiple scalp sensors (electrodes) are typically contami-
nated by strong background noise. Often, the noise com-
ponents are correlated in both time and across the
channels. Furthermore, it has been found in [11–14] that
the noise covariance matrix in the joint spatio-temporal
dimensions can be modeled as the Kronecker product of
the spatial and temporal covariance matrices. More speci-
fically, defining the noise covariance matrices in the
spatial, temporal, and joint spatio-temporal dimensions,
respectively, by

C1≜
1
α1

Ef½NðcÞ� � ½NðcÞ�Hg∈CM�M ; ð8Þ

C2≜
1
α2

Ef½NðcÞ�T � ½NðcÞ�ng∈CN�N ; ð9Þ

C≜
1
s2n

EfvecðNðcÞÞ � vecðNðcÞÞHg∈CMN�MN ; ð10Þ

where Ef�g is the expectation operator, αr , r¼1,2, are the
scaling coefficients, s2n is the noise power after prewhiten-
ing, and M is the number of channels and N is the number
of samples, we have

C ¼ C2⊗C1: ð11Þ
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The extension of the 1-D to the general R-D case is
straightforward. Formally, the Kronecker colored noise is a
form of multidimensional noise that is characterized by
the following correlation structure:

C ¼ CRþ1⊗⋯⊗C1; ð12Þ
where C∈CMN�MN with M¼∏R

r ¼ 1Mr and Cr∈CMr�Mr ,
r¼ 1;…;Rþ 1, respectively, denote the noise covariance
matrix in all dimensions and in the r-th dimension, and
they are defined as

C≜
1
s2n

EfvecðN ðcÞÞ � vecðN ðcÞÞHg; ð13Þ

Cr≜
1
αr

Ef½N ðcÞ�ðrÞ � ½N ðcÞ�HðrÞg: ð14Þ

Note that here we consider a more general model for the
colored noise in comparison to our previous works
[30,31,44], where the noise correlation is only present in
the first R dimensions, whereas in the general model here
the noise correlation in the ðRþ 1Þ�th temporal dimen-
sion is also examined.

Applying the Cholesky decomposition to C and Cr ,
r¼ 1;…;Rþ 1, yields

C ¼ L � LH; Cr ¼ Lr � LHr ; r¼ 1;…;Rþ 1; ð15Þ
where L∈CM�M is the correlation factor in the joint
dimensions, and Lr∈CMr�Mr , r¼ 1;…;Rþ 1, is the correla-
tion factor in the r-th dimension.

It can be verified that (12) is equivalent to

L¼ LRþ1⊗⋯⊗L1: ð16Þ
The multidimensional colored noise, which is assumed

to have a Kronecker correlation structure, can be
expressed as

N ðcÞ ¼N�1L1⋯�Rþ1LRþ1; ð17Þ
where N∈CM1�⋯�MR�N is a tensor collecting i.i.d. zero-
mean circularly symmetric complex Gaussian (ZMCSCG)
noise samples with variance s2n. After applying vectoriza-
tion to the tensors on both sides of (17), we obtain

vecðN ðcÞÞ ¼ ðLRþ1⊗⋯⊗L1Þ � vecðN Þ: ð18Þ
The equivalence between (12), (16), (17), and (18) is

proved in Appendix A. The scaling coefficients αr ,
r¼ 1;…;Rþ 1, in (14) are (See Appendix B)

αr ¼ tr½ðLr−1⊗⋯⊗L1⊗LRþ1⋯⊗Lrþ1Þ�ðLr−1⊗⋯⊗L1⊗LRþ1⋯⊗Lrþ1ÞH�:
ð19Þ

The parameter estimation problem in the presence of
colored noise is formulated as follows. Given the measure-
ment tensor X contaminated with colored noise and the
number of components d, the objective is to estimate the
factor matrices F ðrÞ, r¼ 1;…;Rþ 1. In particular, for the

R-D HR model, we desire to estimate μðrÞi , r¼1,…,R, i¼1,…,

d. Once all estimates of fF ðrÞg or fμðrÞi g are obtained, the
estimation of S can be performed via a linear least squares
fit. In the matrix and vector based prewhitening schemes
which will be reviewed in Section 3 and the proposed
MD-PWT scheme in Section 4.1, it is assumed that a

noise-only tensor ~N
ðcÞ
∈CM1�⋯�MR�Nl , where Nl is the
number of noise-only snapshots, is independently
observed, whereas in our I-MD-PWT scheme in Section
4.2, noise-only observations are not required.

3. Matrix and vector based prewhitening

The classical matrix and vector based prewhitening
schemes are widely used in applications where noise-
only measurements can be collected in the absence of
signal components. An example of such applications is
speech processing, where the noise can be recorded in
speechless frames [45,46]. Although originally designed
for prewhitening of single or multi-channel noisy time
series, the matrix and vector based prewhitening algo-
rithms are also applicable to multidimensional measure-
ments and moreover their use do not rely on a specific
multidimensional correlation structure of the colored
noise.

3.1. Matrix based prewhitening for spatially colored,
temporally white noise [45,46]

In case that the colored noise is uncorrelated in the
last temporal dimension, we have LRþ1 ¼ IMRþ1 , and the
ðRþ 1Þ�mode unfolding of ~N

ðcÞ
is

½ ~N ðcÞ�ðRþ1Þ ¼ ½ ~N �ðRþ1Þ � LTmtx; ð20Þ
where ~N is the white noise tensor, and Lmtx is the pre-
whitening matrix. In particular, for Kronecker structured
noise,

Lmtx ¼ LR⊗⋯⊗L1: ð21Þ
The noise covariance matrix in all except the temporal

dimension is defined as

Cmtx≜
1

Nls2n
Ef½ ~N ðcÞ�TðRþ1Þ � ½ ~N

ðcÞ�nðRþ1Þg

¼ Lmtx � E
1

Nls2n
½ ~N �TðRþ1Þ � ½ ~N �nðRþ1Þ

� �
� LHmtx

¼ Lmtx � LHmtx∈C
M�M : ð22Þ

Therefore, we can estimate Lmtx by applying a Cholesky
decomposition or an eigenvalue decomposition (EVD) to
the noise sample covariance matrix (SCM) given by

Ĉmtx ¼
1
β
� ½ ~N ðcÞ�TðRþ1Þ � ½ ~N

ðcÞ�nðRþ1Þ ¼ L̂mtx � L̂
H
mtx; ð23Þ

where β is chosen such that trðĈmtxÞ ¼M. When Nl-∞,
L̂mtx-Lmtx.

Once an estimate of Lmtx is obtained, the prewhitening
step is performed by

½X ′�TðRþ1Þ ¼ L̂
†

mtx � ½X �TðRþ1Þ; ð24Þ

where X ′ represents the prewhitened data tensor.
Note that the matrix based prewhitening for Nl lower

than the number of sensors M leads to a rank-deficient
estimate of Lmtx, in which case it has poor empirical
performance that is even worse than that without pre-
whitening. Therefore, the matrix based prewhitening
should be only used when sufficient noise-only snapshots
are available.
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Employing the HOSVD-based low-rank approximation
ofX ′, also known as truncated HOSVD ofX ′ according to [5],
we obtain the denoised prewhitened tensor X̌ ′. Finally, for
parameter estimation, the original signal subspace of X
should be recovered through dewhitening, which is per-
formed by

½X ̌ �TðRþ1Þ ¼ L̂mtx � ½X ̌ ′�TðRþ1Þ; ð25Þ

where X̌ can be used in the R-D ESPRIT [5] or CFP-PE [32] to
extract the signal parameters.

3.2. Vector based prewhitening for spatio-temporally
colored noise

One drawback of the matrix based prewhitening is that
it cannot remove the temporal correlation of the colored
noise, and therefore performance degradation may occur
when the noise is correlated along the temporal dimen-
sion. To handle this, we propose a solution which is
referred to here as vector based prewhitening. First, the
noise measurements are divided into successive cuboids
along the temporal dimension,

~N
ðcÞ
1 ; ~N

ðcÞ
2 ;…; ~N

ðcÞ
Q ∈CM1�⋯�MR�Mc ; ð26Þ

where Mc is the correlation length measured in samples,
and Q is the number of cuboids. The correlation length is a
measure of the time interval over which the noise samples
are correlated with each other.

The total noise SCM is obtained by averaging these Q
cuboids, namely,

Ĉ ¼ 1
Q

∑
Q

q ¼ 1
vecðN ðcÞ

q Þ � vecðN ðcÞ
q ÞH: ð27Þ

Then an estimate of the prewhitening matrix L̂vec can
be computed by a Cholesky decomposition or an EVD of Ĉ .
In particular, for colored noise with a Kronecker structure,
when Mc ¼N and Q-∞, L̂vec-Lvec ¼ LRþ1⊗⋯⊗L1. Using
L̂vec, the prewhitening can be applied by

vecðX ′Þ ¼ L̂
†

vec � vecðX Þ: ð28Þ
Similarly, after truncated HOSVD of X ′ and dewhiten-

ing, the R-D ESPRIT [5] or CFP-PE [32] can be applied to
extract the signal parameters.

4. Proposed approaches

The matrix and vector based prewhitening schemes
work well when sufficient snapshots are available in the
absence of the desired signal components. However, in
real applications, often the noise-only snapshots are una-
vailable or limited in number. In this case the vector and
matrix based prewhitening schemes either totally fail or
cannot provide accurate enough noise modeling and pre-
whitening to obtain the desired performance improve-
ment in the parameter estimates. In this section, we
propose two multidimensional prewhitening schemes:
one is for the noise sample starved case and the other is
an iterative one for the noise sample unavailable case.
The former, like matrix and vector based prewhitening,
requires noise-only measurements, whereas the latter
does not have such a requirement.

4.1. Multidimensional prewhitening with noise-only
measurements

Using the noise measurement tensor ½ ~N ðcÞ�ðrÞ for
r¼ 1;…;Rþ 1, the noise SCM in the r-th dimension is
calculated according to (14)

Ĉ r ¼
1
βr

� ½ ~N ðcÞ�ðrÞ � ½ ~N
ðcÞ�HðrÞ; r¼ 1;…;Rþ 1; ð29Þ

where βr is chosen such that trðĈ rÞ ¼Mr .
From Ĉ r , an estimate of the noise correlation factor L̂r

can be obtained by applying an EVD or a Cholesky
decomposition. For example, from the EVD of Ĉ r

Ĉ r ¼Q r � Λr � QH
r ; ð30aÞ

Lr can be estimated as

L̂r ¼Q r � Λ1=2
r : ð30bÞ

The prewhitening is then performed by

X ′¼X�1L̂
−1
1 ⋯�Rþ1L̂

−1
Rþ1: ð31Þ

Note that when the colored noise is correlated in the
temporal dimension so that prewhitening is required, the
size of the correlation factor L̂Rþ1 must be equal to N.
In case the number of signal-free snapshots Nl is different
from signal-bearing snapshots N, we can divide the Nl

noise-only temporal snapshots into successive blocks of
correlation length Mc. For each block, we estimate the
Mc �Mc noise SCM in the temporal dimension according
to (29) and then average them over all blocks. Then we
obtain an averaged noise SCM CRþ1∈CMc�Mc , which can be
reduced or expanded to fit the number of signal-bearing
snapshots N. For example, in case of a stationary colored
noise whose correlation coefficients do not change in time
and depend only on the time lag, the temporal covariance
matrix then has a Toeplitz structure, and the desired
correlation matrix for NoMc can be formed from the
N�N leading principal minor of the Mc �Mc noise SCM
CRþ1. For this reason, hereafter we assume without loss of
generality that Nl ¼N≤Mc.

We apply a sequential implementation of (31) along the
dimensions as follows. Let ~X ð0Þ ¼X , and ~X ðr−1Þ

, r¼ 1;…;

Rþ 1, be the tensor which has been prewhitened up to the
ðr−1Þ�th dimension, namely,

~X ðr−1Þ ¼X�1L̂
−1
1 ⋯�r−1L̂

−1
r−1: ð32Þ

To perform the prewhitening in the r-th dimension, we
need to calculate

~X ðrÞ ¼ ~X ðr−1Þ�r L̂
−1
r ; ð33Þ

which is equivalent to

½ ~X ðrÞ�ðrÞ ¼ L̂
−1
r � ½ ~X ðr−1Þ�ðrÞ: ð34Þ

Note from (30b) that the inverse of L̂r , r¼ 1;…;Rþ 1, can
be readily obtained as L̂

−1
r ¼Λ−1=2

r � Q T
r . In case one or more

of the estimated correlation factors L̂r are rank deficient,
their pseudoinverses can be used. Note also in [30,44], the
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GSVD is used to compute L̂
−1
r in order to perform pre-

whitening after Lr has been estimated according to (30).
However, this will increase the computational complexity
since an additional step is required. Moreover, no improve-
ment in prewhitening accuracy is empirically observed
by using GSVD instead of our simplified prewhitening
scheme.

Substituting (7) into (31), we obtain

X ′¼X0�1L̂
−1
1 ⋯�Rþ1L̂

−1
Rþ1 þ N̂ ; ð35Þ

where after prewhitening the multidimensional noise

N̂ ¼N ðcÞ�1L̂
−1
1 ⋯�Rþ1L̂

−1
Rþ1

¼N�1ðL̂
−1
1 L1Þ⋯�Rþ1ðL̂

−1
Rþ1LRþ1Þ

≃N ð36Þ
approximately becomes white.

After applying the HOSVD-based low-rank approxima-
tion to X ′, we have

X ̌′¼S½t��1U
½t�
1 ⋯�Rþ1U

½t�
Rþ1; ð37Þ

where X̌ ′∈CM1�⋯�MRþ1 is the truncated HOSVD, S½t�

∈Cp1�⋯�pRþ1 , and U ½t�
r ∈C

Mr�pr with pr ¼minðMr ;dÞ for
r¼ 1;…;Rþ 1. To recover the signal subspace of X , the
dewhitening step should be applied in X̌ ′, which yields

X ̌¼X ̌′�1L̂1⋯�Rþ1L̂Rþ1

¼S½t��1ðL̂1 � U ½t�
1 Þ⋯�Rþ1ðL̂Rþ1 � U ½t�

Rþ1Þ: ð38Þ

4.1.1. Computational complexity evaluation
The main computational load in a prewhitening

scheme lies in two phases: (i) Estimation of prewhitening
factors from ~N

ðcÞ
∈CM1�⋯�MR�Nl ; (ii) Prewhitening and

dewhitening. The number of flops required in matrix
based prewhitening and MD-PWT are given in Table 1,
where Oð�Þ denotes “on the order of”. The ratio of the
number of flops required in MD-PWT to that required in
its matrix based counterpart is

ratio¼O Mð2N þ NlÞ∑R
r ¼ 1Mr

M2minð2N þ Nl;2N þ N2
l =MÞ

 !

¼O ð2N þ NlÞ∑R
r ¼ 1Mr

M minð2N þ Nl;2N þ N2
l =MÞ

 !

¼O ∑R
r ¼ 1Mr

∏R
r ¼ 1Mr

 !
: ð39Þ
Table 1
Number of flops required in matrix based and multidimensional pre-
whitening.

Matrix based
prewhitening

MD-PWT

Correlation
factor
estimation

OððminðM;NlÞÞ2maxðM;NlÞÞ OðMNl∑R
r ¼ 1MrÞ

Pre/
dewhitening

2M2N 2MN∑R
r ¼ 1Mr

Total OðM2minð2N þ Nl ;

2N þ N2
l =MÞÞ

OðMð2N þ NlÞ∑R
r ¼ 1MrÞ
The last equality in (39) holds when maxð2N;NlÞ≥M.
In particular, when Mr, r¼1,…,R, are equal to each other,
the ratio becomes

ratio ∝
R

MR−1
r

; ð40Þ

where ∝ denotes “proportional to”.
In (40), the ratio decreases subexponentially with the

dimensionality R and ðR−1Þ�degree polynomially with the
array size Mr. Clearly, the MD-PWT is computationally
much more efficient than the matrix based prewhitening,
particularly for large dimensionality R and/or array size
Mr ; r¼ 1;…;R.

4.2. Iterative multidimensional prewhitening without
noise-only measurements

The vector, matrix and multidimensional prewhitening
techniques are based on the assumption that the noise
samples can be collected in the absence of signal compo-
nents. However, in some applications, the noise is always
present with the signal. For instance, in EEG/MEG and
MIMO applications [11–14,17], noise-only snapshots may
not be collected. In this case, only X is available, and we
have no access to ~N

ðcÞ
.

Therefore, we have to extract the noise components
from the signal-plus-noise measurements in order to per-
form prewhitening. To this end, we propose an iterative
multidimensional prewhitening algorithm, namely I-MD-
PWT, where estimation of the noise and signal and
prewhitening are jointly performed in an iterative way.
For multidimensional parameter estimation, the CFP-PE is
employed due to its applicability to arbitrary OPA geome-
tries and robustness to ASEs [47]. Here OPA refers to the
outer product of a number of 1-D uniform or non-uniform
linear arrays (NULAs). Fig. 1 shows an example of a 2-D
OPA formed by the outer product of two NULAs. More
details about OPAs can be found in [44,47].
(2
)

2

(2
)

3
∆

∆

Fig. 1. An example of a 2-D outer product based array (OPA) of size 4�4,
where the distances ΔðrÞ

i for i¼ 1;2;3 and for r¼1, 2 may assume different
values [47,44].



J.P.C.L. da Costa et al. / Signal Processing 93 (2013) 3209–3226 3215
4.2.1. I-MD-PWT for factor estimation and signal
reconstruction

Given the maximum number of iterations K, the itera-
tive prewhitening algorithm for the general PARAFAC
model proceeds in the following steps.
(i)
Fig. 2.
of the
Initialization: k¼0, X̂ 0;0 ¼X , and the prewhitening
factors L̂r;0 ¼ IMr , r¼ 1;…;Rþ 1.
(ii)
 Obtain the pre/de-whitened tensor X̌
0 in 3 steps:

prewhitening of X via (31), truncated HOSVD via
(37), and dewhitening via (38).
(iii)
 Increment k.

(iv)
 With X̌

k−1, the factor matrices of its PARAFAC
decomposition, namely F̌

ðrÞ
; r¼ 1;…;Rþ 1, are

obtained as F̌
ðrÞ ¼ ðL̂r � U ½t�

r Þ � T r , where ðL̂r � U ½t�
r Þ is

given by (38) and T r is a nonsingular transformation
matrix [32]. As will be described in Section 5, T r can
be estimated by means of simultaneous matrix
diagonalizations (SMDs) [32].

ðrÞ

(v)
 From F̂ k ; r¼ 1;…;Rþ 1, compute X̂ 0;k according

to (3). ðcÞ ðcÞ

(vi)
 The noise tensor N̂ k is estimated as N̂ k ¼X−X̂ 0;k.ðcÞ

(vii)
 Given N̂k , the correlation factors L̂r;k; r¼ 1;…;Rþ 1,

are estimated according to (29) and (30).

(viii)
 Compute the pre/de-whitened tensor X̌

k through
sequential prewhitening of X via (31) with L̂r;k,
r¼ 1;…;Rþ 1, truncated HOSVD via (37), and
dewhitening via (38).
(ix)
 If k¼K, stop; Otherwise, go to Step (iii).
Note that the iterative signal parameter and noise
variance estimation procedures described in Steps (iv)–
(vii) have been used for the 1-D case [48–51].

4.2.2. I-MD-PWT for multidimensional harmonic retrieval
For R-D HR, two candidate schemes can be used. In the

first scheme, denoted as I-MD-PWT CFP-PE I, similar to
that proposed in [31], the parameter estimation is incor-
porated in each iteration. In the second scheme, denoted
as I-MD-PWT CFP-PE II, the I-MD-PWT in Section 4.2.1 is
used for factor matrix estimation and the parameter
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The scatter plot of SEs of the parameter estimates versus iteration index
colored noise in the first 3 dimensions are set as ρ1 ¼ 0:9; ρ2 ¼ 0:5; ρ3 ¼
estimation step is applied only after the iterations have
converged.

In Fig. 2, the scatter plots of square errors (SEs) of the
parameter estimates for both I-MD-PWT schemes are
given for various number of iterations k. Here, the para-
meter settings are the same as that in Section 6: R¼3,
M1 ¼M2 ¼M3 ¼ 6, N¼25, and d¼4. The correlation
coefficients of the colored noise, which are defined in
Section 6, in the first 3 dimensions are set as ρ1 ¼ 0:9;
ρ2 ¼ 0:5; ρ3 ¼ 0:75. 100 independent Monte Carlo runs are
conducted. The SNR¼10 dB, where the SNR in dB of noisy
measurements is defined as

SNR¼ 10 � log10
∥X̂ 0∥2F
M � Ns2n

 !
: ð41Þ

Note that a few outliers with abnormally large SEs are
present in both I-MD-PWT versions. This may stem from the
unusual case where inaccurate parameter/factor estimates
are picked up in I-MD-PWT and the subsequent error
accumulation and magnification as iterations proceed. The
outliers are so far deviated from the true parameters that it
improperly reflects the central tendency of the SEs when
their mean values are employed. Indeed, although for k≥4
most SEs are cluttered around 6.5�10−3, their mean values
are far above this value due to the effect of the outliers. On
the other hand, the median value of the SEs is a robust
statistic that can properly reflect the central tendency of the
SEs by ignoring the outliers. Therefore, hereafter, the root
median square error (RMDSE) defined as

RMDSE¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
med

∑R
r ¼ 1∑

d
i ¼ 1ðμ̂

ðrÞ
i −μðrÞi Þ2

R� d

( )Tmc

t ¼ 1

vuut ; ð42Þ

where medf�g denotes the median operator and Tmc is the
number of independent Monte Carlo runs, is used for
evaluation of the proposed algorithm rather than the root
mean SE.

In Fig. 3, the RMDSE versus iteration index k of the two
I-MD-PWT CFP-PE schemes are compared. For a low SNR
of −10 dB, the second scheme converges much more
quickly with more accurate estimation than the first
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k. R¼3, M1 ¼M2 ¼M3 ¼ 6, N¼25, and d¼4. The correlation coefficients
0:75. SNR¼10 dB. (a) I-MD-PWT CFP-PE I. (b) I-MD-PWT CFP-PE II.
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Fig. 3. RMDSE of the parameter estimates versus iteration index k. Other than SNR, other parameter settings are the same as in Fig. 2. (a) SNR¼−10 dB.
(b) SNR¼15 dB.
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Fig. 4. Typical iterative patterns of the I-MD-PWT. R¼ 2, M1 ¼M2 ¼ 6, N¼ 10, d¼3, ρ¼ ½0:75;0:75�; K ¼ 25. (a) Convergence SNR¼2 dB. (b) Non-convergence
with periodic fluctuation. SNR¼10 dB.
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scheme. One explanation is that for low-to-intermediate
SNRs, parameter estimates may contain large errors,
which, when parameter estimation is incorporated in the
iterative process, are propagated to the reconstructed
factor matrices and accumulated and magnified as itera-
tions proceed. In contrast to the first scheme, the second
one is free from such error accumulation and magnifica-
tion. For a high SNR of 15 dB, both schemes converge
rapidly and achieve the same performance as their non-
iterative counterpart after only a couple of iterations,
although it takes 2 more iterations for I-MD-PWT CFP-PE
II to converge. The second scheme is used in this paper.

4.2.3. Estimating optimal number of iterations by using an
adaptive threshold

Simulation results show that, for high SNRs, say, SNR
45 dB, the proposed I-MD-PWT converges quickly to
the true parameters or factor matrices, and typically less
than 5 iterations are required. However, for low-to-
intermediate SNRs, i.e., SNR o5 dB, after a large number
of iterations, the I-MD-PWT may end up in non-conver-
gence, either periodic or non-periodic fluctuations in some
or all parameter estimates.
Fig. 4 shows the typical patterns of convergence and non-
convergence with periodic fluctuation in the I-MD-PWT. We
see that, after a number of iterations, the parameter esti-
mates reach a stable region. The optimal number of itera-
tions, denoted as Kopt, is defined as the minimum number of
iterations required to reach such a stable state. This subsec-
tion is devoted to find the optimal number of iterations Kopt.

For uniform multidimensional HR, the mean square
change (MSC) of the spatial frequency estimates in the k-th
iteration defined as

MSCðkÞ ¼
∑R

r ¼ 1∑
d
i ¼ 1ðμ̂ðrÞ

i;k−μ̂
ðrÞ
i;k−1Þ2

R� d
; ð43Þ

where fμ̂ðrÞ
i;kg and fμ̂ðrÞ

i;k−1g represent the estimated frequen-
cies in the k-th and ðk−1Þ�th iteration, respectively, is used
in the stopping criterion.

To handle the unusual case that the I-MD-PWT CFP-PE
ends in periodic fluctuation in certain/all estimates, which
may occur for intermediate SNRs and a large number of
sources, we use instead the minimum MSC defined as

min MSCðkÞ ¼ min
l ¼ 1;…;k−1

∑R
r ¼ 1∑

d
i ¼ 1ðμ̂ðrÞ

i;k−μ̂
ðrÞ
i;l Þ2

R� d
: ð44Þ
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Moreover, in case that permutation of estimates between
adjacent iterations occurs, frequency pairing is achieved by
the greedy-based algorithm [52]. When

min MSCðkÞoη1; ð45Þ
where η1 the predefined convergence threshold, then the
algorithm stops.

Obviously, a good stopping criterion depends on the
choice of η1. Empirical results show that the threshold
depends on the noise level and other factors such as array
size and number of sources. Inspired by (43), we propose
to set the threshold η1 in the k-th iteration as

η1ðkÞ ¼ c1
∑R

r ¼ 1∑
d
i ¼ 1CRLBðμðrÞi Þ
R� d

; ð46Þ

where CRLBðμðrÞi Þ, i¼1,…,d, r¼1,…,R, is the Cramér-Rao
lower bound (CRLB) for μðrÞi , and c1 is a small constant
coefficient. The motivation of using (46) as the threshold is
that the CRLB is the lower bound on the error variance of
the estimated frequencies from certain central points (the
true frequencies), and for a reasonably small constant c1, e.
g., c1¼0.01, the condition of (45) is hardly satisfied before
the algorithm has converged due to large fluctuation in the
parameter estimates. In other words, the probability that
(45) holds is high only after convergence.

Since the CRLB depends on unknown parameters
including the frequencies μðrÞi , r¼1,…,R, i¼1,…,d, the signal
covariance matrix Rss and the noise power s2n [53], we
employ its approximation which is computed with the use
of the parameter estimates in the algorithm implementa-
tion. The Rss in the k-th iteration is estimated as

R̂ssðkÞ ¼
1
N
ŜkŜ

H
k ; ð47Þ

where Ŝk ¼ ðF̂ ðRþ1Þ
k ÞT � diagð½δ1;…; δd�Þ with δi ¼∏R

r ¼ 1
F̂
ðrÞ
k ð1; iÞ due to the Vandermonde structure of the steering

matrices in (4). The noise power is estimated as

ŝ2
nðkÞ ¼

∥N̂
ðcÞ
k ∥2F

M � N ; ð48Þ

where ∥ � ∥F denotes the higher-order Frobenius norm of a
tensor, which is defined as the square root of the sum of
squared amplitude of its elements.

For the general PARAFAC model, we use the square
reconstruction change (SRC) of recovered signal tensor in
two adjacent iterations

SRCðkÞ ¼ ∥X̂ 0;k−X̂ 0;k−1∥2F
M � N : ð49Þ

The stopping criterion is given by

SRCðkÞoη2ðkÞ ¼ c2ŝ2
nðkÞ; ð50Þ

where c2 is a small positive constant, and empirically
0:0001≤c2 ≤0:01 works well. The motivation of choosing
η2ðkÞ is similar to that of the choice of η1ðkÞ in (46). As there
is large fluctuation in the reconstructed signals due to the
presence of noise before the algorithm reaches a stationary
state, for a small constant c2, the probability that
SRCðkÞoc2ŝ

2
nðkÞ is very low.

Theoretically, for a reasonably chosen threshold coeffi-
cient, our proposed I-MD-PWT can achieve the optimal
estimation performance at the cost of ðKopt þ 1Þ iterations.
5. Integration of multidimensional prewhitening with
CFP-PE

In the closed-form PARAFAC [32], estimation of the
factor matrices is based on the relationship between the
HOSVD-based [34] low-rank approximation of X and
PARAFAC decomposition of X .

After MD-PWT, the HOSVD of the dewhitened tensor X̌

is given by (38). Suppose the PARAFAC decomposition of X̌

has the form of

X ̌¼ IRþ1;d�1F
ð̌1Þ
⋯�Rþ1F ̌

ðRþ1Þ
: ð51Þ

It holds that F̌
ðrÞ ¼ ðL̂r � U ½t�

r Þ � T r for a nonsingular transfor-
mation matrix T r∈Cd�d for all non-degenerate modes
r∈R¼ frjMr≥d; r¼ 1;…;Rþ 1g. Therefore, it only remains
to estimate T r in order to obtain F̌

ðrÞ
. Note that for vector

and matrix based prewhitening, an additional HOSVD of X̌

is required to compute the singular vector matrices.
The estimation of T r is performed via SMDs [32]. As a

result, ðR2 þ 1Þ estimates for each factor matrix F̌
ðrÞ

are
returned and one estimate should be selected. In this
paper, the final estimate for each factor is chosen based
on the smallest diagonalization residuals. According to
[47], such a selection criterion yields more accurate para-
meter estimation than using the smallest reconstruction
error.

For R-D HR, peak search (PS) or shift invariance (SI)
based schemes are used to extract the spatial frequencies
μ̂ðrÞ
i from F̌

ðrÞ
[47]. The PS allows to estimate μðrÞi for

any array structure by maximizing the objective function
given by

μ̂ðrÞ
i ¼ arg max

μðrÞi

jðaðrÞÞHðμðrÞi Þ � f ð̌rÞi j; ð52Þ

where aðrÞðμðrÞi Þ denotes the array manifold of the r-th
dimension.

In case the array is uniform in the r-th mode, the
estimation of the spatial frequencies can also be per-
formed by exploiting the SI equation [54]

μ̂ðrÞ
i ¼∠½ðJðrÞ1 � f ̌ðrÞi ÞH � JðrÞ2 � f ð̌rÞi �; ð53Þ

where the operator ∠½�� returns the phase of its argument,
and JðrÞ1 and JðrÞ2 ∈RðMr−1Þ�Mr are the selection matrices which
select the first and last ðMr−1Þ elements in f̌

ðrÞ
i , respec-

tively [55].

6. Numerical example

We present simulation results demonstrating the per-
formance of the proposed multidimensional prewhitening
schemes. The source samples are i.i.d. ZMCSCG distributed
with power equal to s2s for all the sources. The colored
noise is generated according to (17). As in [56], along each
mode the colored noise is modeled as a first-order auto-
regressive process

nðcÞ
mþ1 ¼ ρr � nðcÞ

m þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−jρr j2

q
� nmþ1; ð54Þ

such that both the correlation factor Lr and noise covar-
iance matrix Cr ¼ Lr � LHr , r¼ 1;…;Rþ 1, are functions of a
single correlation coefficient ρr . For example, Cr for Mr¼3
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has the following structure

Cr ¼
1 ρnr ðρnr Þ2
ρr 1 ρnr
ρ2r ρr 1

2
664

3
775: ð55Þ

Unless specified otherwise, the following parameter
settings are employed: R¼3, M1 ¼M2 ¼M3 ¼ 6, N¼25,
and d¼4. The correlation coefficients of the colored noise
in the first 3 dimensions are set as ρ1 ¼ 0:9; ρ2 ¼ 0:5 and
ρ3 ¼ 0:75. 100 Monte Carlo runs are conducted.

Initially the legends used in the figures are explained.
The suffix Color stands for the case where no prewhitening
is applied. The prefix MP stands for matrix based pre-
whitening, while TP (abbr. for tensor prewhitening) and
I-TP (abbr. for iterative tensor prewhitening) stand respec-
tively for the MD-PWT and its iterative version I-MD-PWT.
The CFP-PE (PS) and CFP-PE (SI) respectively represent
CFP-PE combined with the peak search according to (52)
and the SI equation according to (53). Finally, CI (abbr. for
correlation information) means that the prewhitening
factor matrices are assumed perfectly known.

6.1. Uniform multidimensional harmonic retrieval

In the R-D HR model, the spatial frequencies μðrÞi are
drawn from a uniform distribution in ½−π; π�. In order to
evaluate the prewhitening schemes integrated into CFP-
PE, the RMDSE of the estimated spatial frequencies as
introduced in Section 4.2.2 is employed as the perfor-
mance measure.

6.1.1. When noise-only snapshots are available:
matrix based prewhitening versus multidimensional
prewhitening

First, we assess the applicability of our proposed MD-
PWT in case that the noise correlation is present in all
dimensions. To this end, we add a correlation coefficient of
ρ4 ¼ 0:8 in the last temporal dimension, and compare the
MD-PWT applied only in the first 3 dimensions and that
applied in all dimensions. For the sake of simplicity, we
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Fig. 5. Prewhitening performance when noise correlation is present in all dimen
the colored noise in all dimensions are ρ1 ¼ 0:9, ρ2 ¼ 0:5, ρ3 ¼ 0:75, ρ3 ¼ 0:8. For
only snapshots Nl ¼N¼ 25. 100 independent Monte Carlo runs are conducted.
versus ρr . SNR¼10 dB.
assume that the number of available noise-only snapshots
is equal to that of the signal-bearing snapshots, and is less
than the correlation length, namely Nl ¼N¼ 25≤Mc. From
Fig. 5(a) and (b), we see that by applying the MD-PWT in
all dimensions, the parameter estimation accuracy is
improved which indicates an enhanced prewhitening effect.
Note that the performance of MD-PWT is inferior to the ideal
prewhitening schemeMD-PWT(CI) by a small margin, which
we believe is caused by the small number of noise-only
snapshots used. Note also that the matrix based prewhiten-
ing completely fails due to its failure to remove the temporal
correlation and to a small number of noise-only snapshots.
As shown in Section 3, the matrix based prewhitening
requires at least M¼M1M2M3 ¼ 216 (which is equal to
the number of sensors) noise-only snapshots before it begins
to work. Since here, the number of noise-only snapshots
used is much less than M, it performs even worse than the
CFP-PE without prewhitening.

Hereafter, we consider the case where noise correla-
tions are only present in the first three dimensions. For the
matrix based prewhitening and MD-PWT, the number of
available noise-only snapshots Nl is set to 5000.

In Fig. 6(a), we plot the RMDSE versus SNRs for d¼2
sources. The CFP-PE Color has the worst performance,
since for the colored noise the major part of the noise
power may be concentrated in the signal subspace, and
consequently the HOSVD-based low-rank approximation
does not lead to a significant denoising. By applying
prewhitening, the noise power gets almost evenly distrib-
uted over the whole subspace. Therefore, a considerable
performance improvement is achieved compared to CFP-
PE Color. In particular, the CFP-PE in conjunction with the
ideal multidimensional prewhitening scheme which con-
siders the correlation factors as being known, namely
TP(CI)+CFP-PE, achieves the most significant improve-
ment, and its performance will be used as the performance
lower bound hereafter. The MP+CFP-PE has an accuracy
limitation of approximately 4�10−3 at high SNRs, which
is caused by estimation of the prewhitening matrix
without taking into account the Kronecker structure.
In contrast, by taking the Kronecker structure into account,
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the TP+CFP-PE is not subject to such error floor and
achieves the performance lower bound obtained by TP
(CI)+CFP-PE.

In Fig. 6(b), the number of sources is increased from
d¼2 to d¼4. The performance gap between TP(CI)+CFP-PE
and CFP-PE Color increases. For the matrix based approach
MP+CFP-PE, the error floor is drastically increased, such
that its RMDSE becomes constantly large even at high SNR.
Again, the MD-PWT has as good performance as TP(CI)
+CFP-PE, with a more obvious gain over the matrix based
prewhitening as well as CFP-PE Color.

In Fig. 7, the prewhitening schemes are evaluated for
different correlation levels. The correlation coefficients ρ1
and ρ2 are equal to ρ, which varies from 0 to 0.999. In Fig. 7(a),
a scenario with a low SNR¼−5 dB is selected. For such a
scenario, with the increase of the noise correlation level,
CFP-PE Color degrades rapidly in performance until it
reaches a futile state when ρ40:3. The MP works for low
correlation levels of ρo0:5. However, its performance
degrades significantly for high correlation levels of ρ40:5.
In contrast to MP, with the increase of the noise correlation
level, the RMDSE of TP+CFP-PE consistently decreases. This
observation can be well explained in (14) of [57]: a higher
noise correlation level implies that more noise power is
removed via prewhitening which results in an improved
SNR. It hence has a performance equal to the lower bound
and much better than CFP-PE Color for all noise correlation
levels.

In Fig. 7(b), we have the same scenario as in Fig. 7(a),
except that instead of a low SNR level, a high SNR level of
25 dB is used. For such a high SNR, the performance gap
between the CFP-PE Color and the performance lower
bound becomes much smaller. Nevertheless, this marginal
gain is fully captured by TP+CFP-PE. In contrast, since the
matrix based prewhitening technique MP has an accuracy
limitation, the performance of MP+CFP-PE is even worse
than the one without prewhitening for all correlation
levels.

In Fig. 8, we evaluate the effect of the number of noise-
only snapshots Nl on the performance of matrix based
prewhitening and MD-PWT. A 2-D array of size M1 ¼
M2 ¼ 6 is considered, with ρ1 ¼ 0:9 and ρ2 ¼ 0:75. For an
intermediate SNR of 0 dB shown in Fig. 8(a), Nl ¼ 105 noise
snapshots are needed for MP+CFP-PE to achieve the
performance lower-bound of TP(CI)+CFP-PE, whereas for
TP+CFP-PE only about 100 noise snapshots are required to
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achieve the same lower bound. Note again that the matrix
based prewhitening for Nl lower thanM1 �M2 ¼ 36 leads to
a rank-deficient estimate of Lmtx, in which case it performs
particularly bad. Therefore, to safely use the matrix based
prewhitening, the number of available noise-only snap-
shots must not be less than the number of sensors M. For a
high SNR of 20 dB shown in Fig. 8(b), even for Nl ¼ 105, the
MP+CFP-PE cannot achieve the performance lower bound
due to the limited accuracy, while TP+CFP-PE attains it
using less than Nl¼10 noise snapshots.

Next we evaluate the prewhitening plus CFP-PE
schemes in the presence of ASEs. Suppose the first 2
dimensions correspond respectively to a ULA at the
transmitter and receiver, and the third dimension corre-
sponds to the Doppler shifts. Consider the case that the
ULAs at the transmitter and receiver suffer ASEs, which are
modeled by zero mean real-valued Gaussian random
variables with standard deviation ρe, whereas in the
frequency dimension the steering matrix has a Vander-
monde structure without any error. Here we assume that
the position deviations at the transmitter and receiver are
exactly known, so that the CFP-PE combined with the PS
approach can be applied.
The RMDSEs of the estimated spatial frequencies at the
first 2 spatial dimensions and the frequency dimension are
depicted in Fig. 9(a) and (b), respectively. For parameter
estimation at the spatial dimensions, note all R-D ESPRIT-
type algorithms suffer from a sharp performance degradation
with the increase of ASEs, evenwith perfect prewhitening. In
contrast, the CFP-PE(PS) is not subject to the influence of
ASEs, with an almost constant performance independent of
the ASEs, and by utilizing the MD-PWT in CFP-PE, a sig-
nificant gain is achieved over CFP-PE Color. Such perfor-
mance degradation in R-D ESPRIT-type algorithms is due to
their relying on the shift invariance properties and uniform
spacing OPA axes for parameter estimation. The CFP-PE has
no such requirement, since it is based on the PARAFAC
decomposition.

For parameter estimation in the frequency dimension,
a performance degradation in the R-D ESPRIT-type tech-
niques is also observed for non-neglectable ASEs, which is
obvious particularly for unitary ESPRIT. This is not unex-
pected, since in unitary ESPRIT, the estimation of para-
meters is jointly performed in all dimensions (e.g., joint
matrix diagonalization for automatic frequency pairing via
the simultaneous Schur decomposition [4]), and hence the
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structural loss in certain dimensions will propagate to
other ones. In contrast, in CFP-PE, the dimensions are
decoupled by CFP such that the estimation of parameters
in different dimensions is performed independently. Con-
sequently, the CFP-PE is free from error propagation
among the different dimensions, and after CFP the SI
scheme can be employed to extract the parameters with-
out any performance loss. Moreover, CFP-PE(SI) integrated
with MD-PWT or perfect prewhitening yields a remark-
able gain over CFP-PE Color.

6.1.2. When noise-only snapshots are unavailable: Iterative
Multidimensional Prewhitening

To evaluate the effect of the number of iterations K on
the estimation performance, the I-MD-PWT with two
stopping conditions are used. In the first one, denoted as
I-TP (K ¼ K0), the maximum number of iterations is fixed
as K0, while in the second one, denoted as I-TP (η1 : c1),
an adaptive convergence threshold η1 is adopted according
to (46). For comparison, the RMDSEs of CFP-PE Color, TP
+CFP-PE, and TP(CI)+CFP-PE are also provided as the
performance benchmark. In MD-PWT, the number of
available noise-only snapshots is set to be equal to that
of signal-bearing snapshots, namely, Nl ¼N¼ 25.

In Fig. 10, the RMDSEs of three I-MD-PWT versions and
their required numbers of iterations are compared. Note
that, first, with only 4 iterations, I-TP (K¼4) gives almost
the same performance as TP+CFP-PE and TP(CI)+CFP-PE
for low and high SNRs, and significantly outperforms CFP-PE
without prewhitening. Second, by increasing the number of
iterations to 25, a marginal performance improvement is
obtained for intermediate SNRs. Third, the I-TP (η1 : 0:1)
captures the marginal gain at the cost of slightly more than
4 iterations. In Fig. 11, the RMDSEs of the three I-MD-PWT
versions are compared for different correlation levels. For an
intermediate SNR of 0 dB shown in Fig. 11(a) and (b), the I-TP
(η1 : 0:1) and I-TP (K¼25) have equal performance in all
correlation levels, which is the same as or comparable to that
of TP+CFP-PE and TP(CI)+CFP-PE for low-to-intermediate
correlation levels of ρo0:55. Also, with only 4 iterations,
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Fig. 10. Comparison of I-MD-PWT with different stopping criteria: fixed ma
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Carlo runs are conducted. (a) RMDSE versus SNR. (b) Actual number of iteratio
the I-TP (K¼4) achieves almost the same performance as
that of the I-TP (K¼25), and with slightly more iterations, the
I-TP (η1 : 0:1) with an adaptive threshold achieves the
marginal gain. For a high SNR¼20 dB shown in Fig. 11(c)
and (d), all three versions result in the same estimation
performance, which is as good as that obtained using CFP-PE
with MD-PWT in the presence of equal noise-only snapshots
and with perfect prewhitening for all noise correlation levels.
Note that the I-TP (η1 : 0:1) requires smaller number of
iterations than the other two versions, and hence it is
computationally most efficient. For low SNRs, all the iterative
prewhitening schemes are also as good as the non-iterative
TP+CFP-PE and TP(CI)+CFP-PE for all noise correlation levels.
Due to space limit, the results are not included.

In Fig. 12, the performance of I-MD-PWT plus CFP-PE
schemes is assessed in the presence of ASEs. Note that for a
high SNR of 20 dB, at both the spatial and frequency
dimensions, the I-TP (η1 : 0:1) achieves the same perfor-
mance as TP+CFP-PE and TP(CI)+CFP-PE for all ASE levels,
and significantly outperforms CFP-PE without prewhiten-
ing. Same observations are also obtained for low SNRs.
Only for intermediate SNRs, a performance degradation
is observed. Note that this observation is similar to that
without ASEs, which implies that the presence of ASEs
hardly affects the performance of I-MD-PWT, just as they
cannot affect MD-PWT.
6.2. Signal reconstruction

In order to show the applicability of the proposed
prewhitening schemes for the general PARAFAC model
in Kronecker colored noise environments, we compare
the relative root median square reconstruction error
(rRMDSRE), which is defined as [32]

rRMDSRE¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
med

∥IRþ1;d�1F̂
ð1Þ
⋯�Rþ1F̂

ðRþ1Þ
−X0∥2F

∥X0∥2F

8<
:

9=
;

Tmc

t ¼ 1

vuuut :

ð56Þ
−20 −10 0 10 20 30

4

6

8

10

12

14

16

18

20

22

24

SNR [dB]

N
um

be
r o

f I
te

ra
tio

ns
 K

I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.01)

Scatter Plot

ximum number of iterations K versus adaptive threshold η, in terms of
25, and d¼4. The correlation coefficients of the colored noise in the first 3

ilable noise-only snapshots is set as Nl ¼N¼ 25. 100 independent Monte
ns required in I-MD-PWT.



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10−3

10−2

10−1

100

Correlation coefficient (ρr) Correlation coefficient (ρr)

R
M

D
S

E

CFP−PE Color
TP+CFP−PE
I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.01)

TP(CI)+CFP−PE

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Correlation coefficient (ρr) Correlation coefficient (ρr)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

4

6

8

10

12

14

16

18

20

22

24 I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.01)

Scatter Plot

10−4

10−3

10−2

R
M

D
S

E

CFP−PE Color
TP+CFP−PE
I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.01)
TP(CI)+CFP−PE 4

6

8

10

12

14

16

18

20

22

24

N
um

be
r o

f I
te

ra
tio

ns
 K

N
um

be
r o

f I
te

ra
tio

ns
 K

I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.01)

Scatter Plot

Fig. 11. Comparison of I-MD-PWT with different stopping criteria: fixed maximum number of iterations K versus adaptive threshold η, in terms of
estimation accuracy and computational complexity. The parameter settings are the same as in Fig. 10. (a) RMDSE versus ρr . SNR¼0 dB. (b) Actual number of
iterations required in I-MD-PWT. (c) RMDSE versus ρr . SNR¼20 dB. (d) Actual number of iterations required in I-MD-PWT.

10−5 10−4 10−3 10−2 10−1 100 101
10−4

10−3

ρe ρe

R
M

D
S

E

CFP−PE (PS) Color
TP+CFP−PE (PS)
I−TP+CFP−PE (PS, η : 0.01)

TP(CI)+CFP−PE (PS)

10−5 10−4 10−3 10−2 10−1 100 101

10−3R
M

D
S

E

CFP−PE (SI) Color
TP+CFP−PE (SI)
I−TP+CFP−PE (SI, η : 0.01)

TP(CI)+CFP−PE (SI)

Fig. 12. RMDSE versus standard deviation of ASE ρe in the spatial dimensions. SNR¼20 dB. Other parameter settings are the same as in Fig. 10. (a) RMDSE
at the spatial dimensions with ASEs. (b) RMDSE at the frequency dimension without ASEs.

J.P.C.L. da Costa et al. / Signal Processing 93 (2013) 3209–32263222
In Figs. 13 and 14, we respectively plot the rRMDSRE
versus SNR and noise correlation level at a high SNR of
20 dB. Similarly with that in the multidimensional HR
scenario, the MP+CFP-PE has an error floor for high SNRs,
and degrades in accuracy with the increase of correlation
levels. Furthermore, the TP+CFP-PE achieves the same best
performance as TP(CI)+CFP-PE with perfect prewhitening,
with a remarkable superiority over the CFP-PE Color and
MP+CFP-PE. In contrast, the MD-PWT in conjunction with
CFP-PE has no such error floor, and consistently improves
in performance with the increase of SNRs and/or noise
correlation levels.

In Fig. 15, the rRMDSREs of the three I-MD-PWT
versions with different stopping conditions are shown



J.P.C.L. da Costa et al. / Signal Processing 93 (2013) 3209–3226 3223
for various SNRs and correlation levels, respectively. Again,
the I-TP (K¼25) gives the same performance as that of TP
+CFP-PE and TP(CI)+CFP-PE at low and high SNRs, and at
intermediate SNRs for a wide range of low-to-intermediate
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Fig. 13. rRMDSRE versus SNR.
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Fig. 15. Comparison of I-MD-PWT with different stopping criteria: fixed max
estimation accuracy. The parameter settings are the same as in Fig. 10. (a) rRMD
noise correlation levels. Moreover, with only 4 iterations,
the I-TP (K¼4) achieves close performance to that of the
I-TP (K¼25), with only a slight performance degradation
for a narrow range of intermediate SNRs and high noise
correlation levels. The I-TP (η2 : 0:05) attains the same
performance as the I-TP (K¼25), but at the computational
cost of a much smaller number of iterations.

6.3. Experimental data: IlmProp measurements

In order to check the applicability of our proposed
multidimensional prewhitening schemes to real data, we
generate a MIMO channel by the geometry-based channel
modeling tool IlmProp [58]. The IlmProp generated sce-
nario is a non-line-of-sight scenario composed of 4 paths,
i.e., d¼4. At both the transmitter and receiver, there is a
uniform rectangular array (URA) of size 3�3. The central
carrier frequency is 2 GHz. 50 frequency bins are used,
with an interval of 200 kHz between adjacent frequency
bins and hence a total bandwidth of 10 MHz. The number
of snapshots is set as N¼5. The colored noise with a
Kronecker structure is added manually. The number of
noise-only snapshots is set as Nl¼5000.

In Fig. 16(a) and (b), we compare MD-PWT and matrix
based prewhitening for various SNRs and correlation levels,
respectively, using the IlmProp based scenario. Note that
obvious improvement is observed in MD-PWT compared
with matrix based prewhitening and without prewhitening.

7. Conclusion

Parameter estimation in the presence of colored noise
or interference can severely deteriorate the estimation
accuracy. In order to avoid this, prewhitening techniques
are applied. In this paper, tensor based prewhitening
techniques are proposed to prewhiten the multidimen-
sional colored noise with a Kronecker structure. Compared
with classical vector and matrix based prewhitening
techniques, the tensor based prewhitening requires much
fewer available noise-only snapshots to provide an effective
prewhitening effect, since it exploits the noise Kronecker
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

10−2

10−1

Correlation coefficient (ρr)

rR
M

D
S

R
E

CFP−PE Color
TP+CFP−PE
I−TP+CFP−PE (K=4)
I−TP+CFP−PE (K=25)
I−TP+CFP−PE (η : 0.0025)
TP(CI)+CFP−PE

imum number of iterations K versus adaptive threshold η, in terms of
SRE versus SNR. (b) rRMDSRE versus ρr . SNR¼5 dB.



60 65 70 75 80 85 90 95 100 105

10−2

10−1

100

SNR [dB]

R
M

D
S

E

CFP−PE Color
MP+CFP−PE
TP+CFP−PE
I−TP+CFP−PE

0 0.2 0.4 0.6 0.8 1
10−3

10−2

10−1

100

101

Correlation coefficient (ρr)

R
M

D
S

E

CFP−PE Color
MP+CFP−PE
TP+CFP−PE
TP(CI)+CFP−PE

Fig. 16. The IlmProp [58] NLOS scenario composed of 4 paths. Both at the receiver and at the transmitter URAs of size 3�3 are placed. 50 frequency bins
are used with a total bandwidth is 10 MHz. The carrier frequency is 2�109 Hz, and 5 snapshots with 1 ms time sampling are collected. The colored noise
with a Kronecker structure is added manually. The number of noise-only snapshots is set as Nl¼5000. (a) RMDSE versus SNR in IlmProp scenario. d¼4.
(b) RMDSE versus ρr in IlmProp scenario. SNR¼75 dB.

J.P.C.L. da Costa et al. / Signal Processing 93 (2013) 3209–32263224
structure. Moreover, it has lower computational complexity
than its matrix based alternative.

In addition to our contributions in [30,31,44], we illustrate
the performance of our proposed multidimensional prewhi-
tening by considering its combination with a closed-form
PARAFAC based parameter estimator (CFP-PE). The results
show that, the MD-PWT improves remarkably the estimation
accuracy of CFP-PE, while retaining its merits, namely, its
applicability to arbitrary outer product based array geometries
and robustness to arrays with array spacing errors.

When noise-only snapshots are not available, an itera-
tive algorithm is proposed where the tensor based pre-
whitening and CFP-PE are alternatively executed. This
iterative algorithm has achieved both an accurate estima-
tion of the signal parameters and noise variance, and for
low and high SNRs it has the same performance as the
non-iterative tensor prewhitening employing an equal
number of noise-only and signal-bearing snapshots.
Nevertheless, when the noise power is comparable to the
average signal power, there is a significant performance
degradation. Meanwhile, the stopping conditions are
investigated and adaptive convergence thresholds are
devised such that the optimal number of iterations can
be automatically determined. In this way, typically only a
couple of iterations are necessary until converge. There-
fore, the iterative tensor based prewhitening and para-
meter estimation algorithm can be implemented at a
reasonable computational cost.
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Appendix A. Proof of equivalence between (12), (16), (17)
and (18)
Proof. (1) (12) ⟺ (16)

C ¼ CRþ1⊗⋯⊗C1 ðA:1Þ

⇔L � LH ¼ ðLRþ1 � LHRþ1Þ⊗⋯⊗ðL1 � LH1 Þ: ðA:2Þ
By means of the mixed-product property of a Kronecker
product,

⇔L � LH ¼ ðLRþ1⊗⋯⊗L1Þ � ðLRþ1⊗⋯⊗L1ÞH ðA:3Þ

⇔L¼ LRþ1⊗⋯⊗L1: ðA:4Þ
(2) (17) ⟺ (18) In matrix form, (17) can be rewritten as

½N ðcÞ�ðRþ1Þ ¼ LRþ1 � ½N �ðRþ1Þ � ðLR⊗⋯⊗L1ÞT: ðA:5Þ

Taking the transposes of both sides of (A.5) gives

½N ðcÞ�TðRþ1Þ ¼ ðLR⊗⋯⊗L1Þ � ½N �TðRþ1Þ � LTRþ1: ðA:6Þ

Taking vectorization of both sides of (A.6), and exploit-
ing the equality that vecðABCÞ ¼ ðCT⊗AÞvecðBÞ yields (18).
(3) (12) ⟺ (18)

C ¼ EfvecðN ðcÞÞ � vecðN ðcÞÞHg ¼ s2n � LLH ðA:7Þ

⇔Ef½L−1vecðN ðcÞÞ� � ½L−1vecðN ðcÞÞ�Hg ¼ s2n � IMN ; ðA:8Þ
This indicates that L−1vecðN ðcÞÞ ¼ n is a random vector
containing i.i.d MN random variables with variance s2n, and
can be interpreted as vectorized white random tensor
N∈CM1�⋯�MR�N . Therefore,

vecðN ðcÞÞ ¼ L � vecðN Þ ¼ ðLRþ1⊗⋯⊗L1Þ � vecðN Þ: ðA:9Þ

Appendix B. Proof of (19)

To prove (19), first we give Lemma 1, stated as follows.



J.P.C.L. da Costa et al. / Signal Processing 93 (2013) 3209–3226 3225
Lemma 1. Consider a random matrix N∈CM�N collecting
i.i.d. ZMCSCG noise samples with variance s2n and also a
constant matrix G∈CN�T . The following equality holds:

EfN � G � GH � NHg ¼ α � IM ; ðB:1Þ

where α¼ trðG � GHÞ � s2n.

Proof. Let nT
k be the k-th row of the matrix N. The

ðk;ℓÞ�th element of (B.1) can be written as

EfnT
k � G � GH � ðnT

ℓÞHg: ðB:2Þ
Considering the term inside the expectation operator of
(B.2) is a scalar, a trace operator can be added to it and
then according to the commutative property of the trace,
we have

Eftr½nT
k � G � GH � ðnT

ℓÞH�g ¼ Eftr½GH � ðnT
ℓÞH � nT

k � G�g: ðB:3Þ
Since the trace is linear, the expectation operator can be

moved inside. Moreover, G is a constant matrix so that it
can be moved outside the expectation operator. We then
have

trfGH � E½ðnT
ℓÞH � nT

k � � Gg: ðB:4Þ
Due to the whiteness of the noise samples, the inner

expectation

E½ðnT
ℓÞH � nT

k � ¼ s2n � IN � δ½k−ℓ�; ðB:5Þ
where δ½n� is the Kronecker delta function which is equal
to 1 for n¼0 and 0 otherwise. Therefore, (B.4) becomes

trðGH � GÞ � s2n � δ½k−ℓ�; ðB:6Þ
which shows that (B.1) is a scaled identity matrix, with a
scaling coefficient of α¼ trðG � GHÞ � s2n. This completes the
proof. □

The r-mode unfolding of the noise tensor N ðcÞ is

½N ðcÞ�ðrÞ ¼ Lr � ½N �ðrÞ � ðLr−1⊗⋯⊗L1⊗LRþ1⋯⊗Lrþ1Þ: ðB:7Þ
By defining

Gr ¼ Lr−1⊗⋯⊗L1⊗LRþ1⋯⊗Lrþ1; ðB:8Þ
we have

Ef½N ðcÞ�ðrÞ � ½N ðcÞ�HðrÞg ¼ Lr

� Ef½N �ðrÞ � Gr � GH
r � ½N �HðrÞg � LHi : ðB:9Þ

Since the entries of ½N �ðrÞ are i.i.d. ZMCSCG random
variables, it follows from Lemma 1 that

Ef½N �ðrÞ � Gr � GH
r � ½N �HðrÞg ¼ αr � IMr ; r¼ 1;…;Rþ 1; ðB:10Þ

where αr ¼ trðGr � GH
r Þ � s2n.

Substituting (B.10) into (B.9) results in

Ef½N ðcÞ�ðrÞ � ½N ðcÞ�HðrÞg ¼ αr � Lr � LHr : ðB:11Þ
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