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Abstract—The usage of antenna arrays brought innumerable
benefits to radio systems in the last decades. Arrays can have
multidimensional structures that can be exploited to achieve
superior performance and lower complexity. However, the lit-
erature has not explored yet all the advantages arising from
these features. This paper uses tensors to provide a method
to design efficient beamformers for multidimensional antenna
arrays. In this work, the generalized sidelobe canceller (GSC) is
extended to a multidimensional array to create the proposed R-
Dimensional GSC (R-D GSC). The proposed scheme has a lower
computational complexity and, under certain conditions, exhibits
an improved signal to interference and noise ratio (SINR).

I. INTRODUCTION

In the last decades antenna array signal processing was
successfully applied to different research areas such as com-
munications [1], [2], audio [3], [4] and radar [5]. In some
cases, antenna arrays have structures that can be exploited
via multidimensional techniques. If the array manifold is
said be separable, i.e. it can be built from outer products
of one dimensional ones, it can be written in a natural and
convenient form [6]. A practical example with this structure is
the uniform rectangular array (URA). The classical approach to
beamforming ignores the multidimensional nature of the data
by vectorizing the array prior to applying the algorithm [7], [8].

Even though the exploitation of the tensor structure of the
data reduces parameter estimation error [9], [10], there has
only been very little prior work on the exploitation of multidi-
mensionality for beamforming. In [11], a translation invariant
array is considered for creating a tensor. Then, a parallel factor
(PARAFAC) decomposition [12] is applied to find the filter
weights in a constrained filtering problem. In this work, the
generalized sidelobe canceller (GSC) [13] is used. The GSC
solves a constrained problem by decoupling the constraints
so that the adaptive part of the filtering is unconstrained.
Moreover, the several data rearrangements, unfoldings, are
jointly used, thereby exploiting the multidimensional separable
structure. This breaks the solution into R smaller dimen-
sion GSCs, reducing the overall system complexity. Finally,
tensor unfoldings are used to virtually increase the number
of samples, thus enhancing the quality of the beamformer
and creating a novel approach to beamforming, the proposed
R-Dimensional GSC (R-D GSC).

This paper is divided into 6 sections including this intro-
duction. Section II shows the data model. Section III describes
the classical GSC algorithm. Then, Section IV presents the
proposed R-D GSC for multidimensional array processing.
Simulations and results are shown in Section V. Finally, the
conclusions are drawn in Section VI.

Notation: Scalars are denoted by lower-case letters
(a, b, · · · ), vectors are written as boldface lower-case letters
(a,b, · · · ), matrices as boldface capitals (A,B, · · · ), and
tensors as boldface calligraphic letters (A,B, · · · ). The su-
perscripts T,H, and ∗ represent transpose, Hermitian transpose
and complex conjugate of a matrix, respectively. The notation
A(:, i) ∈ CR×1 represents a column vector denoting the i-th
column of A ∈ CR×I . The operator vec(A) results in a vector
by concatenating the columns of the matrix A one on top of the
other. The notation [TTT ](r) is the r-mode matrix unfolding of
TTT and T ×r A is the r−th mode product between the tensor
T and the matrix A. Moreover, the Kronecker product and
outer product operators are denoted by ⊗ and ◦, respectively.

II. DATA MODEL

Consider a vector si = [si(1), ..., si(N)]T containing the
transmitted symbols si(t) associated with the i-th source.
These symbols reach the antennas of an R-dimensional array.
For clarity of illustration, a uniform rectangular array (URA)
is used, as depicted in Figure 1. Later in this section, the
extension for higher dimension arrays will be made.

Fig. 1. Elevation φi and azimuth θi of the direction of arrival of the i-th
source
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An impinging planar wavefront from the i-th source
reaches the array with azimuth θi and elevation φi causing
them to be received with phase-delays

a
(m1,m2)
i = e−j(m1ϕ

(1)
i

+m2ϕ
(2)
i

), (1)

ϕ
(1)
i = ∆x cos(θi) cos(φi), (2)

ϕ
(2)
i = ∆y sin(θi) cos(φi), (3)

where m1 and m2 are the corresponding antenna positions in
the x and y directions respectively, and ∆x and ∆y are the
inter-element spacings. The phases for a URA of size M1 ×
M2 are grouped in the matrix Ai ∈ CM1×M2 of the same
size. In the presence of d sources, the received signal can be
represented by

X(t) =

d
∑

i=1

Aisi(t) +V(t) ∈ C
M1×M2 , (4)

where V(t) contains zero mean complex white Gaussian
(ZMCWG) noise. As it will be seen in Section III, classical
systems frequently use the vectorized form of X(t),

x(t) = vec(X(t)), (5)

as input of the system. This way, the 2-Dimensional system is
transformed into a unidimensional one.

To avoid vectorization and obtain a more compact nota-
tion, d steering matrices Ai can be stacked along the 3rd

dimension to form a steering tensor A ∈ CM1×M2×d. Also,
consecutive signal symbols are further grouped in the matrix
S = [s1, ..., sd]

T ∈ C
d×N . The received signal model (4) can

be then extended to a tensor model

X = A×3 S
T + V ∈ C

M1×M2×N , (6)

where V is the M1×M2×N noise tensor containing ZMCWG
noise. Figure 2 illustrates the process of formation of the
received tensor.

...

...

......

...

URA

Fig. 2. Using a URA to form a 3-D data tensor

For (6) to be valid the antenna array must be separable
[6]. This is equivalent of saying that the steering matrix Ai

can be formed by the outer product between two vectors.
From Equation (1) it is also clear that URAs have a separable
structure since Ai = ai(ϕ1) ◦ ai(ϕ2), where ai(ϕ1) =

[a
(0,0)
i , ..., a

(M1−1,0)
i ] and ai(ϕ2) = [a

(0,0)
i , ..., a

(0,M2−1)
i ] are

the vectors formed by varying one dimension and zeroing
the others. To generalize the following derivations, we extend
the data model to arrays with R dimensions, i.e. Ai =
ai(ϕ1) ◦ ai(ϕ2) ◦ ... ◦ ai(ϕR), the received tensor model in
Equation (6) can be further extended to

X = A×R+1 S
T + V ∈ C

M1×M2×...×MR×N , (7)

where the steering tensor A has size M1×M2× ...×MR×d.
Please note that in the case of antenna arrays, R ≤ 3.

III. CLASSICAL GSC

The classical generalized sidelobe canceller [13] block
diagram is depicted in Figure 3.

Fig. 3. Classical GSC for R dimensions.

First, in the upper part of Figure 3, the signal d(t) =

a
H(ϕ

(1)
1 , ..., ϕ

(R)
1 )x(t) is extracted by a delay and sum filter

a(ϕ
(1)
1 , ..., ϕ

(R)
1 ) with taps computed in the same manner as

(1) and steered in the direction of the signal s1(t). This signal
is considered the desired signal, thus the notation d(t), and
the remaining d − 1 signals are considered interference. The

phase-delays ϕ
(1)
1 are computed from the estimated direction

of arrival (DOA) angles, e.g. θ1 and φ1. For estimating the
DOA the reader is referred to [9].

In the bottom part of Figure 3, a blocking matrix B ∈

C
(M1M2...MR−1)×M1M2...MR , such that B ·a(ϕ

(1)
1 , ..., ϕ

(R)
1 ) =

0, is used to extract the interference signals xB = B ·x(t). In
an ideal system, the filter w is computed as the Wiener solution
of |d(t) − w

H
xB(t)|

2 to give an interference-removing, or
sidelobe canceller, filter:

w = R
−1
xB

rxBd, (8)

where, RxB
and rxBd are the correlation matrix of xB(t)

and the cross correlation vector between xB(t) and d(t),
respectively. The total filter is

wgsc = a(ϕ
(1)
1 , ϕ

(2)
1 , . . . , ϕ

(R)
1 )−B

H
w, (9)

thus the upper part of Figure 3 corresponds to the static part
of the system and the bottom part is adaptive.

For practical algorithms, the ideal Wiener solution in
Equation (8) is not reached. Instead, batch algorithms can
be used to estimate RxB

by capturing N snapshots. This is
equivalent to using the (R+1)-th mode unfolding of the tensor
X , since

[X ](R+1) =













vec
(

X (:, :, ..., 1)
)T

vec
(

X (:, :, ..., 2)
)T

...

vec
(

X (:, :, ..., N)
)T













∈ C
N×M1M2...MR .

(10)
Hence, the estimates can be computed as

R̂xB
=

1

N
B[X ]H(R+1)[X ](R+1)B

H, (11)

r̂xBd =
1

N
B[X ]T(R+1)d

∗, (12)

where d = [d(1), d(2), ..., d(N)]T.
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IV. PROPOSED R-DIMENSIONAL GSC

The classical GSC uses the vectorized form x(t) of X

and in this process it loses its multidimensional structure. To
take full advantage of the tensor structure of the data, one can
analyze the unfoldings of X . This is done to take advantage
of parallel computations, smaller size matrix inversions and to
virtually increase the number of samples. We start by analyzing
the URA case in which the 1-st and 2-nd mode unfoldings are

[X ](1) = [X (:, 1, 1), ..,X (:, 1, N),X (:, 2, 1), ...,X (:,M2, N)], (13)

[X ](2) = [X (1, :, 1), ..,X (M1, :, 1),X (2, :, 2), ...,X (M1, :, N)]. (14)

Along the columns of (13) and (14), the phase delays (2)
and (3) are preserved, in that order. Therefore, the columns of
(13) and (14) can be used to separately compute R components
of an enhanced new filter. This enhancement is possible since
the number of snapshots is virtually increased to

∑

r NMr

against N snapshots in the classical GSC.

The basic concept behind the R-D GSC is to use the R+1
mode unfoldings of the tensor X to take advantage of the
tensor structure of the data. Figure 4 shows the R-D GSC
block diagram taking advantage of this feature.

1-D GSC

1-D GSC

1-D GSC

Fig. 4. Block diagram of the R-D GSC algorithm

First, the tensor X is unfolded into its R + 1 modes.
R classical GSC blocks, as explained in Section III, are fed
columns of the of the r-th mode unfoldings [X ](r) indexed

by k(r). This contrasts with the with Section III, where only
time samples are considered as input to the system. The 1-
D GSC blocks would ideally find the Wiener solutions of

|d(r)(kr)− [w(r)]Hx
(r)
B

(kr)|
2 for each r-th dimension:

w
(r) = [R(r)]−1

r
(r), (15)

where x
(r)
B

(k(r)) = B
(r)[X ](r)(:, kr), R

(r) is the correlation

matrix of x
(r)
B

(k(r)) and r
(r) is the crosscorrelation vector

between x
(r)
B

(k(r)) and d(r)(kr). Similarly as in Section III,

d(r)(kr) is the output of the delay and sum filter corresponding
to the desired signal extracted from the r-th mode unfolding.
The total filters are computed as follows

w
(r)
gsc = a(ϕ

(r)
1 )− [B(r)]Hw(r). (16)

To estimate the correlation matrices and the crosscorre-
lation vectors for the batch GSC algorithms, the unfoldings
[X ](r) are computed and then applied in the same manner as

in (11) and (12) except by the Hermitian and transpose on the
unfoldings:

R̂
(r) =

1

N
B

(r)[X ](r)[X ]H(r)[B
(r)]H, (17)

r̂
(r) =

1

N
B

(r)[X ](r)[d
(r)]∗. (18)

Once the R filters are computed, they should be combined
to form the final filter with length M1M2...MR. Since a sepa-
rable array is considered, we proposed a final filter computed
as the Kronecker product of both static and adaptive part.

wrd = a(ϕ
(1)
1 )⊗ a(ϕ

(2)
1 )⊗ ...⊗ a(ϕ

(R)
1 )−

[B(1)]Hw(1) ⊗ [B(2)]Hw(2) ⊗ ...⊗ [B(R)]Hw(R). (19)

Besides virtually increasing the number of samples, this

scheme has the advantage of allowing each term [R̂(r)]−1
r̂
(r)

to be computed separately. This gives the possibility of parallel
computations in receivers with such capability, thus reducing
computational time. Also, there is a computational advantage
in using the multidimensional structure due the complexity of
matrix inversions. The classical GSC requires the inversion of
a matrix with size M1M2...MR×M1M2...MR. By exploiting
the multidimensionality of the data, the R-D GSC requires R
matrix inversions of size Mr ×Mr.

V. SIMULATIONS AND RESULTS

For the simulations, a URA with size 8 × 8 is used and
QPSK samples are created. Then, 5 uncorrelated signals
with unitary variance are inserted into the simulation
scenario: one desired and 4 interferers at (θi, φi) ∈
{(0o, 45o); (−75o, 55o); (35o, 80o); (−20o, 10o); (80o, 35o)}.
The desired signal DOA (θ1, φ1) is considered known in
order find ϕ1 and ϕ2 for the computation of both Classic
and R-D GSC approaches. Noise is added and the signal to
noise ratio (SNR) is set to 5 dB. To verify the algorithms the
signal to interference and noise ratio (SINR) for uncorrelated
signals with unitary variance is computed as:

SINR =
w

H
rd[A](3)(:, 1)[A]H(3)(:, 1)wrd

wH
rd([A](3)(:, 2 : d)[A]H(3)(:, 2 : d) + σvI)wrd

,

(20)
where σv is the noise standard deviation. Diagonal loading was

applied [14] to R̂xB
and R̂

(r) with a loading level equal to
0.8.

The plot of the SINR for the classical GSC and R−D GSC
is shown in Figure 5 with a varying number of samples N . The
classical GSC shows a very low and far from the theoretical
filter (8) SINR level for small N , while the R−D GSC is very
close to the theoretical filters (15) result at N = 50. In this
simulation, the SINR increased at least 5 dB.

For the second simulation, the previous scenario is kept and
the number of samples is fixed to N = 200 samples. Then, the
size of the array is varied keeping the dimensions with same
length M1 = M2. The results are shown in Figure 6. For this
simulation, the classical GSC SINR starts at 7.6 dB and settles
roughly at 12 dB as the number of antennas is increased. For
the R−D GSC, since the dimensions of the final filter wrd

are computed separately, the number of degrees of freedom
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Fig. 5. Effective SINR after applying the Classical and proposed 2-D GSC
for a varying number of temporal snapshots N
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Fig. 6. Effective SINR after applying the Classical and proposed 2-D GSC
for a varying array size. Both dimensions lengths are kept equal

is limited to the Mr − 1 for each dimension. This makes it
attenuate the interference sources when Mr > d, as observed
in Figure 6. For M1 = M2 ≤ 5, the R−D GSC SINR is below
8 dB. However for M1 = M2 > 5, the R−D GSC can reach
SINRs of more than 20 dB.

VI. CONCLUSION

As the number of antennas and array dimensions at the
receivers increase, the possibility of using multidimensional
schemes arises. This work shows how to take advantage of
this multidimensionality in order to enhance the performance
of beamformers. Also, by usage of R mode unfoldings allows
for parallel computations of reduced size matrix inversions,
giving a lower computational complexity to the system. With
this goal, the R-Dimensional GSC was presented. This scheme
uses R mode unfoldings to take advantage of the multidi-
mensionality and the simulation results show the SINR with
a varying the number of samples and number of antenna
elements. The results show SINR increases significantly when
the number of antennas in each dimension is higher than the
number of source signals.

In the future the limitation due to the reduced degrees of
freedom, when the number of antennas in each dimension is
lower than the number of source signals, should be addressed.
Also, the R-D GSC should be extended to its adaptive form
giving more flexibility and tracking capability to the beam-
former.
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