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1 INTRODUCTION

Vandermonde or centro-hermitian array structures are of
special interest in DOA estimation since they allow for
reduced computational complexity with fast converging
methods or even closed-form solutions. Popular methods
such as Iterative Quadratic Maximum Likelihood (IQML)
[1], Root-WSF [2] and Root-MUSIC [3] all rely on a Van-
dermonde or centro-hermitian array response. Another im-
portant property of a centro-hermitian array response that it
is allowing the application Spatial Smoothing (SPS) [4] and
Forward Backward Averaging (FBA) [5]. These techniques
enable the application of subspace based DOA estimation
methods and precise model order estimation in the pres-
ence of highly correlated or even coherent signals. Deal-
ing with highly correlated signals is of great importance
when facing strong multipath scenarios or in case of safety-
critical applications when specific jamming, meaconing, or
spoofing is received by Global Navigation Satellite Sys-
tems (GNSS) receivers.
To obtain an array response that is Vandermonde or centro-
hermitian is very hard in reality due to effects such as
mutual coupling of the antennas, changes in antenna lo-
cation, material tolerances, hardware biases, and the sur-
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rounding environment of the array. Even when the con-
struction is possible there is no guarantee that the response
of such an array will be kept invariant over time, e.g. due
to wear and temperature stability. As a solution to these
limitations array interpolation (mapping) was proposed [6]
where an arbitrary array response is mapped onto the de-
sired Vandermonde or centro-hermitian response. Most ar-
ray interpolation schemes divide the complete angular re-
gion into limited angular sectors. For each sector a map-
ping/transformation matrix is defined using knowledge of
the empirical measured array response. Then after transfor-
mation to a desired virtual array, FBA or SPS [7] and DOA
estimation algorithms such as Root-MUSIC [8] can be ap-
plied. However, when performing array interpolation with
a sector-by-sector processing the mapping matrices have to
be carefully derived in order to minimize the transforma-
tion bias within each sector and on the other hand to control
its out-of-sector response. The out-of-sector response was
neglected in earlier works [7], [8], [9], [10]. Addressing
the out-of-sector response by a signal adaptive weighting
and a sector-by-sector estimation of highly correlated and
closely spaced signal environments is proposed in [11] and
[12]. Furthermore, although before the array interpolation
the noise is white, after the array interpolation the noise
becomes colored. Therefore, a prewhitening step is neces-
sary for MUSIC [13] and Root-MUSIC algorithms [3],[8].
Such prewhitening would destroy the shift invariance prop-
erties necessary for the standard ESPRIT algorithm [14].
Array interpolation techniques that allow the application of
a modified ESPRIT algorithm have been proposed in [15]
and [16]. These techniques do not require the prewhitening
step, thus allowing the direct application of the ESPRIT al-
gorithm. However, they ignore the out-of-sector response
and they do not consider the application of FBA or/and SPS
and thus cannot be applied with highly correlated signals.

Another application of the array interpolation technique
can be seen in [17] where the Vandermonde Invariance
Transformation (VIT) was developed. The VIT does not
try to address the physical imperfections of the array re-
sponse but instead transforms the response of an array with
a uniform Vandermonde response into one with a non uni-
form phase response. The VIT provides a noise shaping
effect by lowering the noise power over a desired angular
region and allowing a more precise DOA estimation at the
cost of increased computational load.

In this work we do not apply the classical sector-by-sector
mapping processing. Instead we propose a signal adaptive
multi-sector array interpolation method that minimizes the
transformation bias, allows dealing with highly correlated
signals by applying FBA and/or SPS, and enables closed-
form DOA estimation by ESPRIT with a generalized eigen-
value decomposition (GEVD). We derive a single mapping
matrix that considers several angular sectors which include
all the impinging signals of interest. These sectors are esti-
mated and combined by applying a power scanning method

of low complexity. The degrees of freedom of the mapping
are distributed among the parts of the resulting combined
sector following a simple adaptive weighting method, min-
imizing the transformation bias. The proposed approach
avoids the out-of-sector response problems [11], [12] and
allows to jointly estimate the DOAs of all impinging sig-
nals, while for the sector-by-sector processing for each sec-
tor a DOA estimation has to be performed, cf. [8], [9], [10]
,[11], [12], [15], [16]. Afterwards the VIT can be applied
and followed by a second application of ESPRIT an addi-
tional gain of approx. 2 dB in DOA estimation performance
can be achieved.
The proposed method can be applied to the vast majority of
systems that rely on sensor arrays, e.g, radar systems, chan-
nel sounding and sonars. For this work we consider Global
Navigation Satellite Systems (GNSS) and especially the
case that highly correlated multipath or spoofing is re-
ceived. Based on precise DOA estimation of all impinging
signals specific Receiver Autonomous Integrity Monitoring
(RAIM) algorithms allow reliable detection and mitigation
of spoofing or coherent multipath signals in the receiver.
Furthermore, precise DOA estimation also enables attitude
estimation with high accuracy [18].

2 DATA MODEL

We consider a set of d wavefronts impinging onto an an-
tenna array composed of M antenna elements. The re-
ceived baseband signal after correlation can be expressed
in matrix form as

X = AS + N ∈ CM×N , (1)

where S ∈ Cd×N is the matrix containing the N symbols
transmitted by each of the d sources, N ∈ CM×N is the
noise matrix with its entries drawn from CN (0, σ2

n), and

A = [a(θ1),a(θ2), ...,a(θd)] ∈ CM×d, (2)

where θi is the azimuth angle of the i−th signal and
a(θi) ∈ CM×1 is the array response (empirical measure-
ment).
The received signal covariance matrix RXX ∈ CM×M is
given by

RXX = E{XXH} = ARSSAH + RNN, (3)

where (�)H stands for the conjugate transposition, and

RSS =


σ2

1 γ1,2σ1σ2 · · · γ1,dσ1σd

γ∗1,2σ1σ2 σ2
2

...
...

. . .

γ∗1,dσ1σd γ∗2,dσ2σd · · · σ2
d

 ,
(4)

where σ2
i is the power of the i−th signal and γa,b ∈ C,

|γa,b| ≤ 1 is the cross-correlation coefficient between sig-
nals a and b. RNN ∈ CM×M is a matrix with σ2

n over
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its diagonal and zeros elsewhere. An estimate of the signal
covariance matrix can be obtained by

R̂XX =
XXH

N
. (5)

3 ARRAY INTERPOLATION

Array interpolation is a set of techniques that aim to pre-
dict what signal would be received at an antenna array with
a specific desired geometry based on the signal that was
received by a real antenna array. In matrix form the trans-
formation tries to achieve

BAS = ĀS , (6)

where AS and ĀS are array response matrices constructed
considering the discrete set of angles

S = {lS , lS + ∆, ..., uS −∆, uS}. (7)

Here, lS is the lower bound, uS is the upper bound of sector
S and ∆ is the angular resolution of the transformation.
The matrix B can be seen as the matrix that achieves the
best transform between a set of vectors AS and ĀS . If AS
is error free B can be obtained by a least squares (LS) fit

B = ĀSA
†
S ∈ CM×M , (8)

where (�)† stands for the Moore–Penrose pseudo-inverse.
Note that B is calculated differently from the usual linear
regression formulation since it is obtained as to be multi-
plied by the right side of the original array response ma-
trix, this is done so that B can then be applied directly on
the estimated signal covariance matrix

R̄XX = BR̂XXBH ∈ CM×M , (9)

since

BRXXBH = BASSHAHBH + BNNHBH

= ĀSSHĀH + BNNHBH. (10)

As shown in (10) the transformation also affects the noise
component, leading to colored noise at the output. This
requires that some sort of prewhitening is applied prior to
the DOA estimation. For prewhitening schemes, we refer
to [19] for the matrix case and [20] for the tensor case.
The calculation of B will usually be an overdetermined
one, since there will be more discrete angles in the set S
than antennas in the virtual array. This results in an imper-
fect transformation, a measure of this imperfection is the
transformation error given by

ε(S) =

∥∥ĀS −BAS
∥∥

F∥∥ĀS∥∥F

∈ R+. (11)

Larger sectors will lead to larger transformation errors, and
while it is possible to keep the transformation error as low

as desired by keeping the sector sizes small this may lead
to further problems such as demanding a very large num-
ber of estimations to be performed, one for each sector. It
is possible to increase the number of antennas at the virtual
array to obtain a smaller transformation error, this, how-
ever, will lead to an ill conditioned transformation matrix
and to a large bias in the final DOA estimations. The num-
ber of antennas in the virtual array is usually chosen as to
be equal or smaller then the number of antennas in the real
array.

4 PROPOSED APPROACH

In this section a signal adaptive approach for array inter-
polation is shown and detailed in Subsections 4.1, 4.2 and
4.3.

4.1 Power Scanning and Sector Selection

Since the array response needs to be known to construct
B, such knowledge can be used to detect angular regions
where significant power is received. This estimation can be
done with the conventional beamformer [21], yielding the
normalized power response

P (θ) =
aH(θ)R̂XXa(θ)

aH(θ)a(θ)
∈ R, (12)

where R̂XX = XXH

N is the estimate of the signal covari-
ance matrix. In real systems the result of (12) is discrete in
θ and can be written as

P [z] = P (−90◦ + (z ·∆)) = P (θ), (13)

with θ ∈ D∆where

D∆ = {−90◦,−90◦ + ∆, ..., 90◦ −∆, 90◦} (14)

and ∆ is the resolution of the azimuth angle of the power
response (12).
The output of (12) is scanned for sectors, and for each sec-
tor the respective lower bound lk ∈ D∆ and upper bound
uk ∈ D∆ are defined as shown in Figure 1. The threshold
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Figure 1: Selected sectors and respective bounds

that defines a sector and its bounds can be defined, for in-
stance, by looking at the noise power. The noise floor can
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be set at ασ2
n, with α > 1 being a sensitivity parameter. A

large α means that only large sectors are detected but com-
ing at the cost of discarding smaller sectors that are related
to a signal component, while a small α means that smaller
sectors are detected but at the cost of allowing noise to be
mistakenly detected as a sector. If K sectors are detected,
a detected sector with bounds [lk, uk] is said to be centered
at

µk =

⌈
|uk − lk|

2

⌋
D∆

∈ D∆, (15)

where d·cD∆
is a rounding operation to the domain D∆. A

weighting factor for each sector is calculated as

ξk =

∑uk
z=lk

P [z]∑K
w=1

∑uw
z=lw

P [z]
∈ R. (16)

As mentioned in Section 2, classical array interpolation
methods in the literature divide the array response into var-
ious sectors (sector-by-sector processing) in order to keep
the error (11) small. However, in this work a single trans-
form matrix is used based on a combination of the sectors
detected in (12). In order to bound the error ε(S) a signal
adaptive method for calculating the maximum transform
size is used based on the weights calculated in (16). For
a sector centered at µk, the discrete and countable set of
angles used to transform this sector is given by

Sk =


{⌈
µk −

Ξξk
2

⌋
D∆

,
⌈
µk −

Ξξk
2 + ∆

⌋
D∆

, ...,
⌈
µk +

Ξξk
2

⌋
D∆

}
,Ξξk < |uk − lk|

{lk, lk + ∆, ..., uk} , Ξξk ≥ |uk − lk|
(17)

and

Sk ∩ Sk̄ = ∅ ∀ k, k̄ ∈ {1, ...,K} and k 6= k̄, (18)

where Ξ ∈ R+ is the total transform size in degrees of all
sectors. The combined sector is given by

S = S1 ∪ S2 ∪ ... ∪ SK . (19)

Thus, S has a better resolution for the sectors Sk where
more power is present (weighted by ξk), i.e the transfor-
mation of the combined sector S is weighted towards the
sectors Sk that include more signal power.
As the problem of obtaining the transform matrix B is
equivalent to solving a highly overdetermined system we
have

|S| → ∞ ⇐⇒ ε(S)→∞. (20)

Thus, transforming the entire detected sectors may result
in a very high transformation error introducing a very large
bias into the final DOA estimates. To address this prob-
lem an upper bound to the transform error εmax needs to
be defined and a search can be performed to find the max-
imum transform size covering the detected sectors that is
still within the error upper bound. The problem of finding

the maximum Ξ with respect to εmax can be written as the
optimization problem

max
Ξ

ε(S) (21)

subject to ε(S) ≤ εmax (22)

Ξ ≤ Ξmax =

K∑
k=1

|uk − lk| (23)

Ξ ≥ Ξmin = M∆. (24)

The problem in (21,22,23,24) can efficiently be solved us-
ing a bisection search method since, once all µk have
been defined, the error function increases monotonically
for Ξ > Ξmin, as illustrated in Figure 2. ε(S) is greatly
affected if the calculation of B is either a heavily overde-
termined or an underdetermined system. Therefore, Ξmin

is defined to ensure monotonicity of the problem given in
(21).
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Figure 2: Transformation error with respect to combined sector
size

4.2 Data Transformation

Once (21) has been solved and B has been calculated ac-
cording to (6) the transformed covariance including FBA
and SPS is obtained by [7]

R̄XX =
1

2L

L∑
l=1

JT
l (BR̂XXBH + QBR̂∗XXBHQ)Jl,

(25)
where (·)∗ stands for the complex conjugation, Q is a ma-
trix containing ones in its anti-diagonal and zeros else-
where, Jl is an appropriate selection matrix responsible for
selecting the sub-arrays to be averaged, and L is the total
number of sub-arrays employed. While L can be chosen a
priori it can also be adaptively chosen as to minimized the
loss of effective array aperture while achieving a good esti-
mate of d. This can be done using a model order estimation
method.
Model order selection is selecting the optimal trade-off be-
tween model resolution and its statistical reliability. In the
specific case of this work, model order selection is mostly
employed to select the eigenvectors of the signal covariance
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matrix that account for most of its power, each of these
eigenvectors in turn represent the statistics of a received
signal. Therefore, in this work, model order selection is
mostly used to estimate the number of signals received at
the antenna array. This is done by analyzing the profile of
the eigenvalues of the signal covariance matrix and looking
for a big gap that should separate the eigenvalues related to
the signal subspace from the ones related to the noise sub-
space. If the signals are highly correlated a single eigen-
value can be related to two or more signals, which in turn
will lead to a biased estimation. For this reason the afore-
mentioned FBA and SPS must be applied in such cases.
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Figure 3: Eigenvalue profile before FBA-SPS: eigenvalue index
versus eingenvalue
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Figure 4: Eigenvalue profile after FBA-SPS: eigenvalue index
versus eingenvalue

Figures 3 and 4 presents the example of an eigenvalue pro-
file of two incoming signals before and after FBA and SPS
have been applied, respectively. The SNR in this case is 30
dB and eight antennas are used. Note the great effect that
FBA and SPS have on the eigenvalues, effectively two large
eigenvalues can be seen after FBA and SPS whereas before
there is only a single large eigenvalue. Model order selec-
tion schemes such as the AIC and the MDL methods [22]
and more recently the RADOI [23] are capable of properly
detection the number of signals received in the eigenvalue
profile shown in Figure 4. For multidimensional problems
more accurate methods such as [24], [25] can be used.
We use as a model order estimation method
MOE(R̄XX(L)) = d̂ the RADOI [23]. Therefore
we have to solve the problem

(L, d̂) = arg min
L

max
d̂

{
MOE(R̄XX(L))

}
. (26)

It is important to notice that the estimated number of im-
pinging signals d̂ can be different from the number of sec-
tors detected in (12). Each of the detected sectors Sk can be
formed by a set of nearly coherent signals that now can be
efficiently separated with (26) allowing the application of a
high resolution DOA estimation method to jointly estimate
the parameters of all the detected signals.

4.3 GEVD and ESPRIT

Once the number of signals has been estimated and with
the FBA-SPS covariance matrix at hand a joint estimation
of the DOAs of all the incoming signals can be performed.
After FBA and SPS DOA estimation can be done with any
DOA estimation method. For this work we choose the ES-
PRIT method since it is a closed form algorithm that can
be very easily extended to multidimensional scenarios. It
is important to highlight that the the current state of array
interpolation in the literature [15] states that ESPRIT can-
not be employed with a transformation matrix calculated
as shown previously in this work. Thus, although this sec-
tion does not present any new method for DOA estimation
it is still novel to apply ESPRIT to a transformation matrix
applied directly to the signal covariance matrix.
The ESPRIT parameter estimation technique is based on
subspace decomposition. Matrix subspace decomposition
is usually done by applying the Singular Value Decompo-
sition (SVD). The SVD of the matrix X∈ CM×N is given
by

X = UΛVH, (27)

where U ∈ CM×M and VN×N are unitary matrices called
the left-singular vectors and right-singular vectors of X and
Λ ∈ CM×N is pseudo diagonal matrix containing the sin-
gular values of X. The signal subspace ES ∈ CM×d̂ of
X can be constructed by selecting only the singular vectors
related to the d̂ largest singular values, the remaining sin-
gular vectors form the noise subspace EN ∈ CM×M−d̂ of
X.
Equivalently eigenvalue decomposition can be applied on
the auto covariance matrix R̂XX of X spanning the same
subspace

R̂XX = EΣE−1, (28)

where E ∈ CM×M and Σ ∈ CM×M contains the eigen-
vectors and eigenvalues of RXX. The eigenvectors related
to the d̂ largest eigenvalues span the same signal subspace
ES of the single value decomposition. The same holds for
the noise subspace of the EVD and left singular vectors of
the SVD, EN .
This classic eigendecomposition is suitable when the noise
received at the antenna array is spatially white, since, in
our case, we apply a transformation to the data, even if
the received noise was originally white it turns into col-
ored noise. To deal with colored noise the generalized
eigenvalue decomposition (GEVD) can be used to take the
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noise correlation into account, the GEVD of the matrix pair
R̄XX, R̄NN is given by

R̄XXΓ̄ = R̄NNΓ̄Λ, (29)

where Γ̄ ∈ CM×M is a matrix containing the generalized
eigenvectors and Λ ∈ RM×M is a matrix containing the
generalized eigenvalues in its diagonal and R̄NN is ob-
tained by replacing R̂XX with an estimate of the noise co-
variance R̂NN in (25). Notice that this decomposition is
the same as the EVD (28) for R̄NN = I. The subspace
Γ̄S ∈ CM×d̂ is formed selecting the generalized eigenvec-
tors related to the d̂ largest generalized eigenvalues. This
subspace, however, does not span the same column sub-
space as the original steering matrix, and needs to be repro-
jected onto the original manifold subspace or dewhitened.
This can be done by

Γs = R̄NNΓ̄s. (30)

With this subspace estimate at hand the Total Least Squares
(TLS) ESPRIT [14] is applied. Two subsets of the signal
subspace that are related trough the shift invariance prop-
erty need to be selected. The choice depends on with pa-
rameter is to be estimated and are directly dependent on the
way the data has been organized. Figure 5 shows an exam-
ple for a rectangular array with dual polarization, in the fig-
ure black and gray circles represent antennas with different
polarizations. The TLS-ESPRIT algorithm presented does
not depend on subset selection, and will be presented in a
general way.
Let Γ1 and Γ2 represent the subspace subsets selected in as
previously mentioned. A matrix Γ1,2 is constructed as

Γ1,2 =

[
ΓH

1

ΓH
2

]
[Γ1Γ2] , (31)

by performing and eigendecomposition of Γ1,2 and order-
ing its eigenvalues in the decreasing order and its eigenvec-
tors accordingly the eigenvector matrix V can be divided
into blocks as

V =

[
V1,1 V1,2

V2,1 V2,2

]
. (32)

Finally, the parameters can be obtained by finding the
eigenvalues of

Φ = eig
(
−V1,2

V2,2

)
. (33)

The parameters in Φ can represent a phase delay respective
to a DOA if DOAs are being estimated, or can represent
the ratio of the strength at which a signal appears in the
different polarizations, respectively.
For multidimensional arrays another option is to employ
methods based on the PARAFAC decomposition such as
[26], [27] instead of the ESPRIT.

Figure 5: Example of select subsets

Finally, once the first set of estimates has been obtained
the Vandermonde Invariance Transformation (VIT) can be
applied, this transformation aims to shape the noise al-
way from the regions where the signal is arriving in or-
der to obtain improved estimates [17] . The VIT is an ar-
ray interpolation approach that transforms a Vandermonde
system with a response linear with respect to the an-
gle of arrival into a Vandermonde system with a highly
nonlinear response with respect to the angle of arrival.
The VIT promotes a nonlinear transformation with re-
spect to the selected spatial frequency µ(φ). Let u =
[1, ejµ(φ), . . . , ejµ(φ)(M−1)], the VIT performs the follow-
ing transformation

ū(V IT ) = T(φ)u = (
ejµ(φ) − r

1− r
)


1

ejν(φ)

...
ejν(φ)(M−1)

 ,

(34)
r and ν are design parameters that can be chosen consid-
ering a compromise between the level of noise suppression
desired around µ and the linearity of the output.
The VIT can be used to apply a phase attenuation to the
dataset, which in turn shapes the noise, reducing the power
of the noise in the region near µ(φ) and increasing it over
its vicinity. Thus, the VIT needs to be applied angle wise,
i.e, a set of initial estimates of the angles φ is used to cal-
culate a VIT centered over the given angles, and a second
estimate is performed. This second estimation yields and
offset φoffset with respect to the original φ, giving the final
estimation φVIT = φ+φoffset. Due to the mentioned noise
shaping, this final estimation offers increased precision, but
comes at the cost of transforming the dataset and applying
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the chosen DOA estimation method d̂ times.
The VIT can be interpreted as a zoom, similar to an optical
zoom, with the first estimates a zoom can be used on the
regions of the manifold where signal has been estimated to
arrive and the region can be inspected with the zoom ef-
fect to detect any imprecisions from the first estimate. The
increased performance comes at the cost of d̂ extra DOA
estimations.

5 NUMERICAL SIMULATIONS AND DISCUS-
SION

To study the performance of the proposed method a set of
numerical simulations is performed. The performance of
the proposed method is assessed in the presence of spa-
tially white Gaussian noise and errors in the known array
response. The known array response used in the simula-
tions is constructed by randomly displacing the elements
of a Uniform Linear Array (ULA) composed ofM = 8 an-
tennas with element spacing of λ2 to a point on a circle with
its center on the original antenna position and radius 0.1λ

2 ,
where λ is the wavelength of the carrier frequency of the
signal. Figure 6 shows a graphical representation of how
the antennas are displaced. While physical displacement
is used in this work the same method can be used to deal
with non-linearity in the antenna array with respect to the
DOAs of the received signals or with imperfect responses
of individual antennas in the array. For each simulation run
a different point is randomly chosen within the displace-
ment circle as to avoid a displacement where all sensors are
displaced in similar directions, resulting in a small relative
displacement.
R̂XX is obtained using N = 200 snapshots and 2e assume
three signals impinging from θ1 = 45◦, θ2 = 38◦, and
θ1 = 15◦. The Root Mean Squared Error (RMSE) is cal-
culated with respect to 1000 Mont Carlo simulations and is
given by

RMSE =

√√√√ 1

K

K∑
k=1

(
(θ̂1,k − θ1)2 + (θ̂2,k − θ2)2 + (θ̂3,k − θ3)2

)
,

(35)
where θ̂i is the estimate of θi. The Signal to Noise Ratio
(SNR) is defined as

SNR =
σ2

1

σ2
n

=
σ2

2

σ2
n

=
σ2

3

σ2
n

.

 λ
2

 λ
2

 λ
20.1

Figure 6: Graphical example of antenna displacement

To assess the performance of the proposed method un-
der demanding conditions the set of transmitted signals is
highly correlated. The wavefronts impinging from θ1 and
θ2 are correlated with correlation coefficient ρ = 1 and cor-
related to the wavefront impinging from θ3 with ρ = 0.8.
The two parameters that fully define the proposed approach
given in in Subsections 4.1, 4.2 and 4.3 are set to α = 1.2
and εmax = 10−3.
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Figure 7: RMSE for [12], ESPRIT and ESPRIT+VIT

In [12] a sector-by-sector processing with out-of-sector re-
sponse filtering and applying MUSIC is proposed. We use
the same approach for the calculation of the transforma-
tion matrices as given in [12] while additionally apply-
ing FBA and SPS as well as using Root-MUSIC instead
of MUSIC. Furthermore, we assumed, for the simulations
of the approach given in [12] that the model order is per-
fectly known. Figure 7 shows that the estimates provided
by the approach of [12] with Root-MUSIC quickly reach
a plateau for this demanding signal scenario as the DOA
estimation bias is dominated by large transformation errors
for each sector. On the other hand, the approach proposed
in this work provides improved accuracy with increasing
SNR since the size of the combined sector also decreases,
resulting in a much smaller transformation error. The pro-
posed approach is still not capable of reaching the CRB due
to the application of SPS, which effectively decreases array
aperture, however, L being chosen according to (26).

6 CONCLUSION

In this work a novel, low complexity, signal adaptive
method for DOA estimation with interpolated arrays is
presented. The received signal is used to obtain a sin-
gle transform matrix instead of the traditional sector-by-
sector processing. The closed form ESPRIT together with
the VIT is applied without the need of explicitly prewith-
ening the transformed covariance and the joint estimation
of all waveforms avoids the problem of selecting differ-
ent sector estimates (double estimates or “ghost” signals).
The proposed approach can easily be extended for multi-
dimensional signal processing for arrays with arbitrary ar-
ray geometry. The proposed approach achieves improved
accuracy in DOA estimation with respect to state of the
art methods and provides robustness to errors in the array
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response model. Especially, spoofing and multipath sig-
nals can be detected and mitigated reliably together with
adapted RAIM algorithms. Furthermore, precise attitude
estimation for antenna arrays is enable by highly accurate
DOA estimated even when coherent multipath or spoofing
signals are present.

ACKNOWLEDGEMENTS

The research leading to the results reported in this paper
has received funding from the European Community’s Sev-
enth Framework Programme (FP7/2007-2013) under grant
agreement n°287207 as well as funding from the Ger-
man Federal Ministry of Economics and Technology un-
der grant agreement 50NA1110. This support is greatly
acknowledged.

REFERENCES

[1] Y. Bresler and A. Macovski, “Exact Maximum Likeli-
hood Estimation of Superimposed Exponentials Sig-
nals in Noise,” IEEE ASSP Magazine, vol. 34, pp.
1081–189, 1986.

[2] P. Stoica and A. Nehorai, “A Novel Eigenanalysis
Method for Direction Estimation,” in Proceedings
IEEE F., 1990.

[3] A. J. Barabell, “Improving the Resolution Perfor-
mance of Eigenstructured Based Direction-Finding
Algorithms,” in Proceedings of ICASSP 83, 1983.

[4] J. E. Evans, J. R. Johnson, and D. F. Sun, “Application
of advanced signal processing techniques to angle
of arrival estimation in ATC navigation and surveil-
lance system,” Massachusetts Institute of Technology,
Tech. Rep., 1982.

[5] S. Pillai and B. H. Kwon, “Forward/backward Spatial
Smoothing Techniques for Coherent Signal Identifi-
cation ,” IEEE Transactions on Acoustics, Speech and
Signal Processing, vol. 37, pp. 8–9, January 1989.

[6] T. Bronez, “Sector interpolation of non-uniform ar-
rays for efficient high resolution bearing estima-
tion,” in Acoustics, Speech, and Signal Processing,
1988. ICASSP-88., 1988 International Conference
on, 1988.

[7] B. Friedlander and A. Weiss, “Direction finding
using spatial smoothing with interpolated arrays,”
Aerospace and Electronic Systems, IEEE Transac-
tions on, vol. 28, pp. 574–587, 1992.

[8] B. Friedlander, “The root-MUSIC algorithm for di-
rection finding with interpolated arrays,” Signal Pro-
cessing, vol. 30, pp. 15–29, 1993.

[9] M. Pesavento, A. Gershman, and Z.-Q. Luo, “Robust
array interpolation using second-order cone program-

ming,” Signal Processing Letters, vol. 9, pp. 8–11,
2002.

[10] M. Buhren, M. Pesavento, and J. F. Böhme, “Virtual
array design for array interpolation using differential
geometry,” in Acoustics, Speech, and Signal Process-
ing, 2004. Proceedings. (ICASSP ’04). IEEE Interna-
tional Conference on, vol. 2, 2004.

[11] B. Lau, G. Cook, and Y. Leung, “An improved array
interpolation approach to DOA estimation in corre-
lated signal environments,” in Acoustics, Speech, and
Signal Processing, 2004. Proceedings. (ICASSP ’04).
IEEE International Conference on, 2004.

[12] B. Lau, M. Viberg, and Y. Leung, “Data-adaptive ar-
ray interpolation for DOA estimation in correlated
signal environments,” in Acoustics, Speech, and Sig-
nal Processing, 2005. Proceedings. (ICASSP ’05).
IEEE International Conference on, 2005.

[13] R. O. Schmidt, “Multiple emitter location and signal
parameter estimation,” IEEE Transactions on Anten-
nas and Propagation, vol. 34, pp. 276–280, 1986.

[14] R. Roy and T. Kailath, “ESPRIT - estimation of signal
parameters via rotation invariance techniques,” IEEE
Transactions on Acoustics Speech and Signal Pro-
cessing, vol. 17, 1989.

[15] M. Buhren, M. Pesavento, and J. F. Bohme, “A
new approach to array interpolation by generation
of artificial shift invariances: interpolated ESPRIT,”
in Acoustics, Speech, and Signal Processing, 2003.
Proceedings. (ICASSP ’03). 2003 IEEE International
Conference on, 2003.

[16] A. Weiss and M. Gavish, “The interpolated ESPRIT
algorithm for direction finding,” in Electrical and
Electronics Engineers in Israel, 1991. Proceedings.,
17th Convention of, 1991.

[17] T. Kurpjuhn, M. Ivrlac, and J. Nossek, “Vandermonde
Invariance Transformation,” in Acoustics, Speech,
and Signal Processing, 2001. Proceedings. (ICASSP
’01). 2001 IEEE International Conference on, 2001.

[18] M. Meurer, A. Konovaltsev, M. Cuntz, and C. Hättich,
“Robust Joint Multi-Antenna Spoofing Detection and
Attitude Estimation using Direction Assisted Multi-
ple Hypotheses RAIM,” in in Proceedings of the 25th
International Technical Meeting of the Satellite Divi-
sion of The Institute of Navigation (ION GNSS 2012),
2012.

[19] J. P. C. L. da Costa, F. Roemer, and M. Haardt, “De-
terministic prewhitening to improve subspace param-
eter estimation techniques in severely colored noise
environments,” in Proc. 54th International Scientific
Colloquium (IWK), 2009.

[20] J. P. C. L. da Costa, K. Liu, H. C. So, M. H. F. Roe-
mer, and S. Schwarz, “Generalized multidimensional

369



prewhitening for enhanced signal reconstruction and
parameter estimation,” in Signal Processing, Elsevier
publisher, 2013.

[21] M. Bartlett, “Smoothing Periodograms from Time Se-
ries with Continuous Spectra,” Nature, vol. 161, pp.
686–687, 1948.

[22] M. Wax and T. Kailath, “Detection of signals by infor-
mation by information theoric criteria,” IEEE Trans-
actions on Acoustics Speech and Signal Processing,
vol. 33, pp. 387–392, 1985.

[23] E. Radoi and A. Quinquis, “A new method for esti-
mating the number of harmonic components in noise
with application in high resolution radar,” EURASIP
Journal on Applied Signal Processing, pp. 1177–
1188, 2004.

[24] J. P. C. L. da Costa, M. Haardt, F. Romer, and
G. Del Galdo, “Enhanced model order estimation us-
ing higher-order arrays,” Conference Record of The
Forty-First Asilomar Conference on Signals, Systems
& Computers, pp. 412–416, 2007.

[25] J. P. C. L. da Costa, F. Roemer, M. Haardt, and R. T.
de Sousa Jr., “Multi-Dimensional Model Order Selec-
tion,” EURASIP Journal on Advances in Signal Pro-
cessing, vol. 26, 2011.

[26] J. P. C. L. da Costa, D. Schulz, F. Roemer, M. Haardt,
and J. A. A. Jr., “Robust R-D Parameter Estimation
via Closed-Form PARAFAC in Kronecker Colored
Environments,” in Proc. 7-th International Sympo-
sium on Wireless Communications Systems (ISWCS
2010), 2010.

[27] J. P. C. L. da Costa, F. Roemer, M. Weis, and
M. Haard, “Robust R-D parameter estimation via
closed-form PARAFAC,” in Proc. ITG Workshop on
Smart Antennas (WSA’10), 2010.

370


