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b I3S Laboratory, University of Côte d’Azur, CNRS, Sophia Antipolis, France

c Federal University of Ceará, Fortaleza, Brazil

Abstract—In the last years, tensor based semi-supervised
receivers for Multiple-Input Multiple-Output (MIMO) point-
to-point wireless communication systems have been extensively
used. In this paper, we propose the Multiple Symbol matrices
Khatri-Rao (MSMKR) coding for a point-to-point MIMO system
and two tensor based semi-supervised receivers. The tensor of
received signals is modeled as a PARAllel FACtor (PARAFAC)
model. Tensor based semi-supervised iterative and non-iterative
receivers are proposed to simultaneously estimate symbol and
channel matrices. Simulation results are provided to evaluate
the performance of the proposed receivers in terms of symbols
and channel estimation.

Index Terms—Semi-supervised receivers, point-to-point MIMO
system, PARAFAC model, MSMKR coding.

I. INTRODUCTION

Tensor models have been extensively used to model
Multiple-Input Multiple-Output (MIMO) point-to-point com-
munication systems [1]. One advantage of tensor models is
to their ability to capture the multidimensional nature of
the wireless channel as well as their uniqueness properties
[2]. In contrast to the matrix-based solutions for MIMO
communication systems, tensor-based techniques allow the
multiuser signal separation, as well as a joint channel and
symbol estimation in a semi-blind way under softer conditions
[4], [5].

As shown in [3], [7], [8], [4], [9] Khatri-Rao Space-Time
(KRST) coding has been incorporated to MIMO systems to
introduce diversity as well as to a a semi-blind channel and
symbol estimation. In [7], two receivers are proposed for a
MIMO system using a KRST coding. The first receiver is non-
iterative, based on a rearrangement of the Kronecker product,
while the second receiver is based on the alternating least
squares (ALS) algorithm. In [8], MIMO system with tensor
space-time coding (TSTC) is proposed, where the signals
received at destination form a fifth-order tensor that satisfies
a new tensor model, called coupled nested Tucker decom-
position (CNTD). From this model a semi-blind receiver for
jointly estimating the information symbols and the channels is
derived.

In this work, we propose Multiple Symbol Matrices Khatri-
Rao (MSMKR) coding, which provides extra diversity due to
multiple Khatri-Rao products between symbol matrices. From

the proposed coding, we also propose two semi-supervised
receivers that jointly estimate the symbols and the channel in
a point-to-point MIMO system. The proposed receivers are
semi-supervised since one symbol matrix should be known,
which contains pilot symbols. Note that no channel state
information (CSI) is necessary for the proposed receivers. The
first proposed receiver for the channel and symbol estimation
is iterative, i.e., it is based on the alternating least squares
(ALS) and Khatri-Rao Factorization (KRF) schemes. The
second proposed receiver is a non-iterative, i.e., it is based
on the double KRF scheme to estimate the channel and the
symbol matrices. The performance of the proposed receivers is
evaluated and compared to state-of-the-art solutions by means
of computer simulation results.

The rest of this paper is organized as follows. In Section 2,
the notation and the preliminaries are introduced. In Section
3, the system model are described and the MSMKR coding,
while, in Section 4, two semi-supervised receivers are derived.
In Section 5, the simulation results are presented and, finally,
Section 6 concludes the paper and presents some perspectives
for future work.

II. NOTATIONS AND PRELIMINARIES

Scalars, column vectors, matrices and tensors are denoted by
lower-case, boldface lower-case, boldface upper-case, and cal-
ligraphic letters, e.g., x, x, X, X , respectively. The transpose,
complex conjugate, conjugate transpose and pseudo-inverse
operators are represented by T , ∗, H and †, respectively. Â
denotes an estimate of A.

The Kronecker product is denoted by ⊗ and the Khatri-Rao
product by �. IN denotes the identity matrix of order N and
IN is the identity tensor of order N . We denote by A.p (resp.
Ap.) the p-th column (resp. row) of the matrix A. The vec
and unvec operators are defined by xJKI = vec(XI×JK) ∈
CJKI×1 ↔ XI×JK = unvecI×JK(xJKI) ∈ CI×JK . The
Frobenius norm is denoted by ‖ · ‖F . A PARAFAC decom-
position of X ∈ CI×J×K , with rank-R and matrix factors
(A,B,C), is noted ‖ A,B,C;R ‖.

The n-mode product of a tensor X ∈ CI1×I2×...×In×...×IN

with a matrix U ∈ CIn×J denoted by A = X ×n U ∈



CI1×I2×...×J×...×IN , is given by

ai1,...,in−1,j,in+1,...,iN =

In∑
in=1

xi1,...,in−1,in,in+1,...,iNujin .

(1)

III. SYSTEM MODEL

We consider a point-to-point MIMO system defined as

X = HST ∈ CK×N , (2)

where H ∈ CK×M is the channel matrix with K receive
antennas and M transmit antennas and S ∈ CN×M is the
symbol matrix containing N data-streams composed of M
symbols each, to be multiplexed by M transmit antennas.
The symbol matrix S ∈ CN×M is coded at the transmitter.
The coding proposed herein is the MSMKR coding which
provides extra diversity due to multiple Khatri-Rao products
of symbol matrices. The resulting coding is called multiple
symbol matrices based on Khatri-Rao (MSMKR) coding. The
MSMKR coding is based on the Multiple Khatri-Rao Space-
Time (MKRST) coding presented in [12].

For MSMKR coding, the matrix S is built as the Khatri-
Rao product of P ≥ 2 symbol matrices S(p) ∈ CNp×M with
p = 1, ..., P i.e.

S = �Pp=1S(p) = S(1) � S(2) � ... � S(P ) ∈ CN×M , (3)

with N =
∏P

p=1Np. For the MSMKR codes we replace the
matrix S in Eq. (2) as

XK×N = H(�Pp=1S(p))T ∈ CK×N , (4)

Let us consider S(1) known as S(1) = S(c) ∈ CNc×M and
S(o) = �Pp=2S(p) being the symbol matrices that we must
estimate. Eq. (4) can be rewritten as

XK×NcNo
= H(S(c) � S(o))T ∈ CK×NcNo , (5)

with No =
∏P

p=2Np. Eq. (5) represents a flat 3-mode
unfolding of the tensor X ∈ CNc×No×K which satisfies a
3-order PARAFAC decomposition ‖ S(c),S(o),H;M ‖ with
rank M [10]. In scalar form, the received signals are such
that

xn1,...,nP ,k =

M∑
m=1

P∏
p=1

s(p)np,mhk,m. (6)

Two semi-supervised receivers are presented for channel
and symbol matrices estimation. The receivers are considered
semi-supervised since the symbol matrix S(1) is assumed
to be known at the receiver. The goal is to estimate the
symbol matrices and the channel matrix using two combined
algorithms: ALS (Alternating Least Square) and KRF (Khatri-
Rao Factorization) algorithms.

IV. PROPOSED TENSOR BASED RECEIVERS

In this section, two tensor based receivers are proposed for
estimating the symbol and channel matrices. In Section IV-
A, we use the BiALS-KRF receiver where we estimate the
channel H and the symbol S(o) matrices using the BiALS
algorithm. Next we use the KRF algorithm to estimate the
symbol matrices S(p) with p = 2, ..., P . In Section IV-B, we
propose the KRF-KRF receiver, where we estimate H and S(o)

using the KRF and then estimate S(p) with p = 2, ..., P from
S(o) using an additional KRF procedure as a second step.

A. Proposed BiALS-KRF receiver

For the proposed BiALS-KRF receiver, given that S(c) ∈
CNc×M is known, our goal is to estimate the symbol matrix
S(o) ∈ CNo×M and the channel H ∈ CK×M in Eq. (5) using
the BiALS algorithm. We can write Eq. (5) for the PARAFAC
model as

X = IM ×1 S(c) ×2 S(o) ×3 H ∈ CNc×No×K , (7)

where IM ∈ CM×M×M is the identity tensor and S(c) ∈
CNc×M , S(o) ∈ CNo×M with No =

∏P
p=2Np and H ∈

CK×M are the factor matrices. The unfoldings for the tensor
in Eq. (7) are given by:

XNc×KNo = S(c)(H � S(o))T ∈ CNc×KNo , (8)

XNo×NcK = S(o)(S(c) �H)T ∈ CNo×NcK , (9)

XK×NcNo
= H(S(c) � S(o))T ∈ CK×NcNo , (10)

For the BiALS algorithm, where one of the factor matrices
is known (S(c) ∈ CNc×M ), the optimization problem can be
solved as

minS(o),H ‖ X − IM ×1 S(c) ×2 S(o) ×3 H ‖2F , (11)

with respect to factor matrices S(o) and H. Instead of minimiz-
ing the cost function (11), we can minimize two LS criteria
to find the matrices, fixing a matrix and updating the other
matrix, then the problem reduces to two linear least-squares
subproblems. According to [14], [15], we have that

Ĥ[k] = XK×NcNo [(S
(c) � Ŝ

(o)
[k − 1])T ]† ∈ CK×M , (12)

Ŝ
(o)

[k] = XNo×NcK [(S(c) � Ĥ[k])T ]† ∈ CNo×M . (13)

where XNo×NcK ∈ CNo×NcK and XK×NcNo
∈ CK×NcNo

are 2-mode and 3-mode matricizations. For uniqueness of the
pseudo-inverses, it is necessary that (S(c) � Ĥ)T and (S(c) �
Ŝ
(o)

)T be full row rank, i.e., M ≤ min(NcK,NcNo). Starting
from the initialization of Ŝ

(o)
the ALS update Ĥ, then fixes Ĥ

to solve for Ŝ
(o)

. This process continues iteratively until some
stop criterion is satisfied. The number of iterations Nit and/or
a threshold are used as stop criterion of the algorithm here.

The ALS algorithm has implicit scaling ambiguities, since
one of the factor matrices is known (S(1) = S(c)) there is



no permutation ambiguity. The scaling ambiguities satisfy the
following relations:{

Ŝ
(o)

= S(o)Λ(o)

Ĥ = HΛ(H)
Λ(o)Λ(H) = IM , (14)

where Λ(o) and Λ(H) are diagonal matrices modeling the scal-
ing factors affecting the estimates of S(o) and H, respectively.
For eliminating these scaling ambiguities, we assume that the
first rows of matrices S(2), ...,S(P ) are known. For simplicity,
we assume that these rows are equal to the all-ones vector
[1 1 ... 1] ∈ C1×M . Under this assumption, the first

row of S(o) is also known, and we can determine the scaling
matrix Λ(o) as:

λ(o)m =
ŝ
(o)
1m

s
(o)
1m

, (15)

where λ(o)m corresponds to the diagonal elements of Λ(o) and
ŝ
(o)
1m and s

(o)
1m are the elements of the first row of Ŝ

(o)
and

S(o), respectively and m = 1, ...,M . As the first row of S(o)

is formed of 1’s, we can rewrite (15) as

λ(o)m = ŝ
(o)
1m, (16)

For the channel matrix H, we have

Λ(H) = (Λ(o))−1, (17)

Taking into account the correction of the scaling ambiguities,
the final estimates of the symbol and channel matrices are
obtained as

ˆ̂S(o) = Ŝ
(o)

(Λ(o))−1
ˆ̂H = ĤΛ(o) , (18)

After estimating the channel ˆ̂H and the symbol matrix ˆ̂S(o),
we can estimate the symbol matrices Ŝ

(p)
with p = 2, ..., P by

KRF algorithm which, unlike ALS, is a closed-form solution.
For the KRF algorithm, we consider the symbol matrix ˆ̂S(o) ∈
CNo×M being estimated by the BiALS algorithm in Table 1.
The symbol matrix ˆ̂S(o) ∈ CNo×M , with No =

∏P
p=2Np is

given by:

ˆ̂S(o) = Ŝ
(2)
� ... � Ŝ

(P )
∈ CN2...NP×M , (19)

where S(p) ∈ CNp×M are the symbol matrices encoded by the
MSMKR code with p = 2, ..., P and No =

∏P
p=2Np. We use

the KRF algorithm described in the Appendix to estimate the
matrices S(p).

After estimating Ŝ
(2)
, ..., Ŝ

(P )
, their respective elements

are projected onto the known modulation alphabet [13]. The
BiALS-KRF algorithm is summarized in Table I.

B. Proposed KRF-KRF receiver

In this subsection, a second receiver is presented for the
estimation of the symbol matrix S(o) and the channel H. Here,
we also consider that one of the symbol matrices as S(c) ∈
CNc×M is known, then we can estimate the symbol matrix
S(o) ∈ CNo×M and the channel H ∈ CK×M in Eq. (8) using

TABLE I
ALGORITHM 1. BIALS-KRF ALGORITHM.

Algorithm 1. BiALS-KRF algorithm for estimation of ˆ̂S(p) with
p = 2, ..., P and ˆ̂H
Input: data tensor X , M , symbol matrix S(c), number of iterations
Nit and threshold ε

Output: ˆ̂S(p) for p = 2, ..., P and ˆ̂H
Step 1) BiALS algorithm
k = 0

1) Random initialization of S(o)[0] from the alphabet.
2)Update the estimates from Eq. (12) and Eq. (13).
3)Calculate the error as,

err[k] =‖ X − IM ×1 S(c) ×2 Ŝ(o)
[k]×3 Ĥ[k] ‖2F , (20)

- if err[k] > ε and k < Nit

k → k + 1 and return to step 2;
- Continue

Ŝ(o)
and Ĥ estimated.

4) Correct the scaling ambiguity using Eqs. (15)-(18).

Step 2) KRF algorithm
For p = 2 : P

5) Estimation of S(2), ..., S(P ) from ˆ̂S(o) defined in (19), using the
KRF algorithm in the Appendix.
end
6) Project the estimated symbols onto the alphabet.

Output: ˆ̂S(2), ...,
ˆ̂S(P ) and ˆ̂H

the KRF algorithm. Since the matrix S(c) ∈ CNc×M is known,
Eq. (8) can be rewritten as

[(S(c))†XNc×KNo
]T = Ĥ � Ŝ

(o)
∈ CKNo×M , (21)

For the uniqueness of the pseudo-inverse, it is necessary
that S(c) be full column-rank i.e., M ≤ Nc. Defining Z =
[(S(c))†XNc×KNo ]

T we can rewrite Eq. (21) as

Z = Ĥ � Ŝ
(o)
∈ CKNo×M , (22)

where, in KRF algorithm described in Appendix, the channel
H is represented by A, the symbol matrix S(o) is represented
by B and Z is C. Recall that to find the scaling matrices,
the first row of the symbol matrix S(o)

1. = [1 1 ... 1]

is assumed to be known at the receiver. After estimating S(o)

and H, we apply again the KRF algorithm described in the
Appendix to estimate the symbol matrices S(2) and S(q) =
�Pp=3S(p), where

ˆ̂S(o) = Ŝ
(2)
� Ŝ

(q)
∈ CN2...NP×M , (23)

Considering the case P = 3, Eq. (24) is rewritten as

ˆ̂S(o) = Ŝ
(2)
� Ŝ

(3)
∈ CN2N3×M , (24)

In this case, A is represented by S(2), B is S(3) and ˆ̂S(o) is
represented by C. To find the scaling matrices, we assume that
the first rows of matrices S(2) and S(3) are also known at the
receiver, as in the BiALS-KRF algorithm. After correcting the
scaling ambiguities, the estimated symbols are projected onto



the alphabet. The KRF-KRF algorithm is described in Table
II.

TABLE II
ALGORITHM 2. KRF-KRF ALGORITHM.

Algorithm 2. KRF-KRF algorithm for estimation of ˆ̂S(p) with
p = 2, ..., P and ˆ̂H
Input: Tensor X , S(c) and M

Output: Estimated factors matrices ˆ̂S(p) and ˆ̂H
Step 1) KRF algorithm
1) Estimation of (Ŝ(o)

, Ĥ) using the KRF algorithm in the Appendix.

Step 2) KRF algorithm
For p = 2 : P

2) Estimation of Ŝ(2)
, ..., Ŝ(P )

using the KRF algorithm in the
Appendix.
end
3) Project the estimated symbols onto the alphabet.

Output: ˆ̂S(2), ...,
ˆ̂S(P ) and ˆ̂H.

V. SIMULATION RESULTS

In this section, we present the simulation results to evaluate
the performance of BiALS-KRF and KRF-KRF receivers com-
pared with the Zero-Forcing (ZF) receiver and the traditional
Tri Alternating Least Square (TriALS) algorithm. For the
performed simulations, we consider only two symbol matrices
to be estimated, namely, S(2) ∈ CN2×M and S(3) ∈ CN3×M .
For the ZF receiver, perfect knowledge of the channel H is
assumed. Using the unfolding in (9), we deduce

XNo×NcK [(S(c) �H)T ]† = Ŝ
(o)
∈ CNo×M (25)

Note that the ZF receiver requires M ≤ NcK. For the TriALS
algorithm, we consider Eq. (4) for P = 3. Then, as we know
one of the symbol matrices (S(c)), the optimization problem
for TriALS can be solved as

minS(2),S(3),H ‖ X−IM×1S(c)×2S(2)×3S(3)×4H ‖2F , (26)

with respect to factor matrices S(2), S(3) and H. Instead of
minimizing the cost function, the symbol matrices S(2) and
S(3) and the channel H are estimated iteratively as follows:

Ĥ[k] = XK×NcN2N3 [(S
(c) � Ŝ

(2)
[k−1]� Ŝ

(3)
[k−1])T ]†, (27)

Ŝ
(2)

[k] = XN2×N3KNc
[(Ŝ

(3)
[k − 1] � Ĥ[k] � S(c))T ]†, (28)

Ŝ
(3)

[k] = XN3×KNcN2
[(Ĥ[k] � S(c) � Ŝ

(2)
[k])T ]†. (29)

with Ĥ ∈ CK×M , Ŝ
(2)
∈ CN2×M and Ŝ

(3)
∈ CN3×M . Note

that the TriALS receiver requires that (S(c) � Ŝ
(2)
� Ŝ

(3)
)T ,

(Ŝ
(3)
� Ĥ � S(c))T and (Ĥ � S(c) � Ŝ

(2)
)T be full row rank,

which implies, M ≤ min(NcN2N3, N3KNc,KNcN2).
At each Monte Carlo run, the entries of the channel H ∈

CK×M are drawn from a Gaussian distribution with variance
1/M and the symbol matrix S(c) ∈ CNc×M is generated as a

truncated DFT (Discrete Fourier Transform) matrix. The sym-
bol matrices S(2) ∈ CN2×M and S(3) ∈ CN3×M are randomly
drawn from a 4-QAM (Quadrature Amplitude Modulation)
alphabet (±1± j)/

√
2. The number of transmit antennas M ,

number of receive antennas K and number of data streams Np,
with p = 1, 2, 3 are varied to evaluate the performance, where
N1 = Nc. The data tensor X ∈ CNc×No×K is simulated using
Eq. (6), where No = N2N3. The tensor X is normalized as

X norm =
X

‖ X ‖F
, (30)

The additive Gaussian noise tensor V is generated and nor-
malized in the same way as X , where ‖ Vnorm ‖F= 1 to
be added to the tensor X norm, generating the data tensor
Y ∈ CNc×No×K as follows

Y = X norm + αVnorm ∈ CNc×No×K , (31)

The SER performance is evaluated as a function of the
Signal-to-Noise Ratio (SNR). The coefficient α is related to

fixed SNR. We have
‖ X norm ‖F
‖ Vnorm ‖F

= 1 after normalization,

then α is calculated as:

α =
1

10SNR/20
, (32)

The global SER corresponds to the mean of the SERs
calculated for each symbol matrix. A data tensor is generated
for each Monte Carlo run, and a total of 1000 runs is assumed.
We also vary the transmission rate to evaluate the results
obtained. The transmission rate R in bits per symbol period
is calculated as follows:

R =
ns
nps

log2(µ), (33)

where ns corresponds to the number of unknown symbols
in the matrix S, nps

is the number of symbol periods and
µ denotes the cardinality of the symbol alphabet set, i.e. the
number of constellation points. In this simulations, µ = 22 for
4-QAM modulation.

In Figure 1, we compare the BiALS-KRF and KRF-KRF
algorithms with the ZF and TriALS algorithms, where the
number of data streams (N2, N3), the number of receive anten-
nas (K) and transmit antennas (M ) are fixed to N2 = N3 = 8,
K = 4 and M = 2, always respecting the identifiability
conditions. In Figure 1, it is possible to observe that the
behavior of the BiALS-KRF and KRF-KRF receivers are
similar except when SNR > 0 dB, where the KRF-KRF
presents a better SER than the BiALS-KRF. This observation
is valid for all simulations. Note that, in practice, the ZF
receiver requires a previous training phase to estimate the
channel, before estimating the transmitted symbols, whereas
the proposed semi-supervised receivers jointly accomplish
channel and symbol estimation, by superposing the training
sequence with the useful information symbols, in the form
of multiple Khatri-Rao products. Moreover, the proposed
receivers allow for more relaxed (flexible) choices for the
training sequence length, while the ZF algorithm has a more
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Fig. 1. SER comparison between BiALS-KRF, KRF-KRF, ZF and TriALS
algorithms.

restrictive constraint (M ≤ NcK) to be satisfied. Comparing
the results obtained for the proposed receivers with the,
TriALS algorithm, we can observe that our receivers present
a far superior SER performance. This is because our solutions
have at least one closed-form step and in the TriALS algorithm
the whole process is iterative. This result is also repeated in
all simulations.

In Figure 2, we have the curves for BiALS-KRF and KRF-
KRF algorithms, where the number of data streams is varied as
N2 = N3 = 4, 8 and 12 and the number of receiver antennas
and transmit antennas are fixed to K = 4 and M = 2.
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Fig. 2. SER for BiALS-KRF and KRF-KRF algorithms with number of data
streams N2 = N3 = 4, 8 and 12.

When we consider the variation of the number of data
streams in Figure 2, the results show that as the number of
data streams increases, the value of SER is little modified,
this is because when we increase the number of data streams,

we increase the diversity of the system due to the MSMKR
coding, but in counterpart the transmission rate decreases.

In Table III is presented the transmission rates for each
system. In Figure III, we compare the results obtained for

TABLE III
TRANSMISSION RATES FOR EACH SYSTEM.

M = N1 N3 = N4 K Transmission rate (R)
2 4 4 0.75
2 8 4 0.4375
2 12 4 0.3056
2 8 6 0.4375
2 8 8 0.4375
4 8 6 0.4375
8 12 4 0.3056
8 12 6 0.3056
8 12 8 0.3056

the KRF-KRF algorithm. In Figure 3 we vary the number of
receive antennas for K = 4, 6 and 8 and the number of data
streams and transmit antennas remain fixed with N2 = N3 = 8
and M = 2, but maintaining the transmission rate equal to
R = 0.4375.
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Fig. 3. SER comparison for KRF-KRF algorithm by varying the number of
receive antennas.

In Figure 3 we observe that when we increase the number
of receive antennas K the estimation of the symbols improves,
because we are increasing the space diversity of the system,
but the transmission rate remains the same.

In Figure 4 the results obtained for SER are presented for
the KRF-KRF algorithm, where we compare the SERglobal,
and the SERs obtained in the estimation of S(2) and S(3)

considering two settings for symbol matrices. In Figure 4.(a)
we consider N2 = 4 and N3 = 8 and in the Figure 4.(b)
we consider N2 = 8 and N3 = 4. In both cases presented
in Figure 4 the number of receive antennas and number of
transmit antennas are fixed to K = 6 and M = 4, respectively,
with Nc =M .

In Figure 5 the results obtained for channel estimation are
presented for the KRF-KRF algorithm considering the settings
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presented above (K = 6, Nc = M = 4, N2 = 4, N3 = 8 and
N2 = 8, N3 = 4).

From Figure 4(a), we can conclude that the Khatri-Rao
product between S(2) and S(3), with N2 = 4 and N3 = 8,
induces a diversity greater for S(2) than for S(3), due to the
fact that each symbol of S(2) is repeated eight times while each
symbol of S(3) is repeated only four times. That implies a SER
smaller for S(2) than for S(3). In Figure 4(b), with N2 = 8
and N3 = 4, the SER performance is inverted for S(2) and
S(3) comparatively with the results of Figure 4(a). These two
symmetric configurations of S(2) and S(3) lead to the same
performance in terms of channel NMSE, as illustrated with
Figure 5. Indeed, for these two configurations, the number of
channel coefficients remains constant, with the same number
of received signals to estimate them.

VI. CONCLUSION

In this paper, the MSMKR coding and two semi-supervised
receivers have been proposed for a point-to-point MIMO
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Fig. 5. NMSE comparison for channel Ĥ for KRF-KRF algorithm by varying
the number of data streams for N2 = 4, N3 = 8 and N2 = 8, N3 = 4.

system. The new MSMKR coding strategy involves successive
Khatri-Rao codings over multiple symbol matrices and one
pilot symbol matrix and the two-supervised receivers pro-
posed are based on a PARAFAC modeling of the received
signals tensor. Simulation results have shown that the proposed
MSMKR coding provides an increase in the transmission rate
and spatial diversity compared to MKRST coding. Spatial
diversity is imposed by multiple Khatri-Rao products, thus not
requiring coding matrices. Perspectives of this work include
an extension to multi-hop MIMO systems, and the use of more
computationally efficient algorithms, such as the ones in [9],
and a comparison with the state of the art tensor techniques
in terms of spectral efficiency.

VII. APPENDIX

A. KRF Algorithm

In this Appendix, we summarize the KRF algorithm accord-
ing to [16], [17]. We assume a matrix C ∈ CIJ×K given by:

C = A � B ∈ CIJ×K , (34)

where A ∈ CI×K and B ∈ CJ×K . The factors of the
Khatri-Rao product can be estimated by calculating the rank-
one approximation of the matrix defined for each column
(k = 1, ...,K) as

Zk = unvecJ×I [C.k] = [B.k][A.k]
T , (35)

where A.k and B.k represent the column of the matrices A
and B, respectively with k = 1, 2, ...,K. Defining the singular
value decomposition (SVD) of Zk = UkΣkVH

k , the k-th
column of A and B are given by [16],

[Â.k] =
√
σ1k(V∗k).1 [B̂.k] =

√
σ1k(Uk).1 , (36)

where (Uk).1 ∈ CJ×1 and (Vk).1 ∈ CI×1 are the first columns
of matrices of the left and right singular vectors, respectively
and σ1k is the dominant singular value. Note that the KRF
solution is not unique. There is a scaling ambiguity of one



non-zero complex number per column k in every Khatri-Rao
product [16]. We have the following relation:{

Â = AΛ(1)

B̂ = BΛ(2) Λ(1)Λ(2) = IK , (37)

To find the scaling matrices, it is necessary to know one row
of the original matrices A or B [12], [16]. Let us consider the
first row of A being known. We have for each element of Λ(1)

λ
(1)
k =

â1k
a1k

, (38)

where λ(1)k correspond to the elements of Λ(1) and â1k and a1k
are the elements of the first row of Â and A and k = 1, ...,K.
If the first row of A is formed of 1, we can rewrite (34) as

λ
(1)
k = â1k, (39)

and the scaling matrix Λ(1) corresponds to a matrix with the
elements λ(1)k on the main diagonal. For the symbol matrix B,
we have:

Λ(2) = (Λ(1))−1, (40)

We then find the estimated matrices as

ˆ̂A = Â(Λ(1))−1
ˆ̂B = B̂Λ(1) . (41)
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