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Abstract—Protecting sensitive information is an increasingly
difficult task due to the advances in hardware. Brute force attacks
(BFA) have been successful in accessing protected data. As BFA
is a trial and error process, and a natural solution against it
consists of enhancing the range of possible secret values. One
of the most used cryptographic techniques to protect sensitive
data is the Secret Sharing Scheme (SSS), by means of which
one can protect the secret by mathematically and individually
distributing it into shares over n participants. Only when a
minimal quantity of t participants combine their shares the secret
is revealed to all of them. Among the several applications of the
Chinese Remainder Theorem (CRT), it is also used as a SSS.
Although the state-of-the-art Asmuth-Bloom’s SSS is perfect in
terms of secrecy, the candidate values for the secret are quite
small, therefore enhancing the probability of a successful BFA,
as less values are to be tested by the attacker. In this paper,
we propose a new and perfect CRT based SSS based on sparse
matrices. The secret is an integer that, by means of the Lehmer
Code, has a bijective relationship with the permutations of the
values in a vector constructed with the shares. In the proposed
CRT based SSS, the secret can assume a set of values that largely
outperforms the range of values obtained with the Asmuth-
Bloom’s SSS. Furthermore, it is mathematically proven to be
potentially unlimited. Considering for instance a set of 6 co-
prime numbers under 100, the gain in secret range compared
with the Asmuth-Bloom’s SSS per bits used is 10103 higher.

Index Terms—Secret Sharing Scheme (SSS), Chinese Re-
mainder Theorem (CRT), Asmuth-Bloom, Kronecker product,
Lehmer Code.

I. INTRODUCTION

Protecting sensitive information is currently an increasingly
difficult task. Brute-force attacks (BFA) consist on an attacker
testing sequentially the possible values of a protected informa-
tion until the correct one is discovered. BFA has shown to be
one of the major threats to network security and prevalent
despite the computational burden on the attacker side [1].
A machine compromised by a brute force attack can cause
serious damages such as distributing sensitive information

and participating in distributed attacks [2]. Protection against
BFA is based on enhancing the set of possible values of the
protected information [3] or limiting the number of queries
[1]. The latter is circumvented by using massive botnets, each
bot querying potential passwords. On the other hand, when
the secret range increases, BFA becomes a harder task.

In Smart Grids (SG), security has always been a primary
concern. According to [5], large quantities of data are collected
from various applications in SG, such as smart metering
substation state monitoring, electric energy data acquisition
and smart home, where practically all data are sensitive.
Various attacks would impose serious threat on secure and
stable SG operation [4]. Inviolability of consumption data is
at the center of discussions in the realm of SG data secrecy
protection. For instance, in [6], a study about the impact of
data granularity on edge detection methods, which are the
common first step in non-intrusive load monitoring algorithms,
shows that devices whose consumption is above 50 W can be
detected. Moreover, data protection is specifically difficult due
to the low capacity of the SM in terms of data aggregation and
data handling [7].

One of the most important techniques for protecting a
sensitive information is the Secret Share Scheme (SSS) [16]
[17]. An SSS protects a secret S ∈ Z by dividing it into
shares that are distributed by an honest dealer to n participants.
Only when a coalition of at least t participants occurs, the
secret is revealed to them. Therefore, the SSS is said to be
a threshold scheme of the type (n, t) [17]. An SSS-(n, t)
is said perfect if, when (t − 1) or less participants combine
their shares, it is not possible to extract any information about
the secret [18]. The state-of-the-art SSS in the literature are
the Shamir SSS [19] and the Asmuth-Bloom’s SSS [20]. The
latter improves the imperfect Mignotte SSS [21], which is not
perfect. The computational complexity of the secret retrieval
from t shares in the Asmuth-Bloom’s SSS behaves as O(t+1),



while in the Shamir’s SSS it behaves as O((t+1)log2(t+1))
[22]. However, although the Asmuth-Bloom’s system offers a
perfect SSS, the problem with this approach is that the range
of the secret values is very limited, i.e., the size in bits of the
shares is usually greater than the size of the secret itself. As a
consequence, increasing the range of secret values contributes
to improve CRT-based SSS as a data security technique.

In this paper, we propose a perfect CRT based SSS that has
a better ratio between the sizes of the shares and the secret than
in the Asmuth-Bloom’s SSS. The secret is an integer-valued
number S ∈ {0, 1, . . . , (k − 1)!} that is associated with each
permutation of k elements of a vector s ∈ Zk obtained from
the shares, which are sparse matrices. Since the content of
vector s is a permutation of the sequence {1, 2, . . . , k}, there
are k! possible permutations. A bijective relationship between
S and the permutation in s is guaranteed by means of the
Lehmer Code. We prove mathematically that our system is
not only perfect but also presents a gain in terms of secret
range. Considering for instance a set of the highest 6 co-
prime numbers under 100, the gain in secret range per bits
used is leveraged in the order of 10103 in comparison with the
Asmuth-Bloom’s SSS.

The remainder of this paper is organized as follows. In Sec-
tion II, we explain the Asmuth-Bloom’s SSS, showing the ratio
between the shares and the secret sizes. Section III presents the
proposed CRT-based SSS, proving its perfection and showing
the achieved reduced data size in comparison with the Asmuth-
Bloom’s SSS. Section IV presents the gains of memory in
terms of deterministic expressions and computational time by
means of simulations, and Section V concludes the paper.

We now define the Kronecker and Schur products that are
employed in the proposed system. As explained in [23], let the
Rp×q denote the space of real matrices. The (i, j)-th entry of
a matrix A ∈ Rp×q is aij . The Kronecker product is defined
as

A⊗B =


a11B . . . a1qB

...
...

ap1B . . . apqB

 ∈ Spu×qv, (1)

where the symbol “⊗” stands for the Kronecker product.
The Schur product is an element-wise product between two

tensors A and B of same dimensions. The product C = A�B
yields

C(a1, a2, . . . , an) = A(a1, a2, . . . , an) ·B(a1, a2, . . . , an)
(2)

for all aj , j ∈ {1, 2, . . . , n}. Therefore, each entry in C is the
product of the corresponding entries of tensors A and B.

II. STATE OF THE ART

In this section, we revise the Asmuth-Bloom’s CRT based
SSS in Subsection II-A and the background of a tensor based
approach to CRT systems in in Subsection II-B.

A. The Asmuth-Bloom’s CRT Based SSS

The Asmuth-Bloom’s SSS is based on the Chinese Re-
mainder Theorem (CRT). The CRT explains how to solve an
algebra problem in which an integer-valued N is determined
from its remainders, as in

N mod M1 = r1,

N mod M2 = r2,
...

...
...

N mod ML = rL,

(3)

where mod stands for the modulus operator, M is the great-
est common divisor (GCD) of all moduli Mi, for Mi ∈
{M1,M2, . . . ,ML}, and Mi = MΓi, where Γ1 < Γ2 <
· · · < ΓL, are assumed relatively co-prime, i.e., for i 6= j,
GCD(Γi,Γj) = 1. This data model, where all possible pairs
of moduli Mi have the same GCD, is also adopted in [8].
From a general standpoint, the theoretical interval in which
the number N is uniquely determinable is the dynamic range

d = LCM(M1,M2, . . . ,ML), (4)

i.e., 0 ≤ N < d, where LCM denotes the least common
multiple of a set of numbers [9] [11]. The remainders are
ri, for i ∈ {1, 2, . . . , L}. From the knowledge of Mi and ri,
the CRT offers the straightforward calculation of N [12], [14].

In the Asmuth-Bloom’s (n, t) SSS, given a secret S ∈ Z, the
dealer creates co-prime integers M0 < M1 < M2 < · · · < Mn

subject to

t∏
i=1

Mi > M0

t−1∏
i=1

Mn−i+1 (5)

and

M0 > S. (6)

The dynamic range is defined as the interval where the
secret lies and is given by

D =

t∏
i=1

Mi. (7)

Any set of at least t participants must reconstruct the secret.
As a consequence, D must be covered by the shares of the
t lowest moduli. The value of the dynamic range D must be
fixed as specified in (7), ensuring that the results are the same
for all possible coalitions. The dealer computes

y = S + aM0, (8)

where a is any random positive integer that preserves the
condition 0 ≤ y < D. Instead of transmitting y, which is
a linear combination of the secret S, the dealer distributes the
j-th specific share of y to j-th player as follows:

yj = y mod Mj , (9)



where j ∈ {1, 2, . . . , n}.
Eqs. (5)–(9) delimit the Sharing Phase. In sequel, the

Construction Phase is carried out with t or more shareholders
forming a coalition, exchanging mutually their shares. Note
that gathering n shares as of (9) yields the system of (3)
for n = L. The underlying algebraic process of Asmooth-
Bloom’s SSS ensures that, whenever (t − 1) shares are
collected, the range of possible values of S in function of
possible values for the k-th share always spans entirely the set
{0, 1, 2, . . . ,M0 − 1}. For a deeper analysis, see [18], [20].

According to [22], the sizes of the share spaces and the
secret space are not equal, meaning that the values of the
shares are higher than the secret itself. In order to see this, it
suffices to note that S < M0 < M1 < · · · < Mn, and that
each share contains the value of Mj , for j ∈ {1, 2, . . . , n}.
Hence, despite its perfection, the Asmuth-Bloom’s SSS has as
a drawback the range of values for S, which is confined to
the interval given by (6).

B. Background for the Tensor Based Approach

Considering a CRT system shown in (3), the remainders
and respective moduli N mod Mj = rj can be described by
vectors ej ∈ ZMj , where all entries are zero, except the rj-
th entry, which has value 1. When rj = 0, then the Mj-th
entry has value 1. This equivalence is shown in [15]. As an
example, if the second row of a CRT system is N mod 9 = 6,
the vector

e2 =
[
0 0 0 0 0 1 0 0 0

]
(10)

is assembled as a representation of this row. Using D as
obtained in (7) and denoting

wj = D/Mj , (11)

for j ∈ {1, 2, . . . , n}, and setting up the vector up ∈ Z1×p

with 1 in all entries, we have proved in [15] that the value
of 0 ≤ N < D in such system is the cardinality of the only
column in the matrix

Ve =


uw1 ⊗ e1

uw2 ⊗ e2
...

...
uwL

⊗ eL

 (12)

that satisfies Ve(j,N) = 1 in all rows j ∈ {1, 2, . . . , L}. Note
that determining the column of Ve by using (12) corresponds
to creating a vector ve ∈ ZD, whose entries are

ve =
[
uw1
⊗ e1

]
�
[
uw2
⊗ e2

]
� · · · �

[
uwL

⊗ eL

]
, (13)

where N = r iff ve(r) = 1. Therefore, provided that the
shares of a CRT based SSS are organized as in (10), N can
be calculated by the Kronecker and Schur products of (13).

III. PROPOSED CRT BASED SSS

For an SSS of the type (n, t), our proposal consists in a CRT
that is solved with aid of some tensor based algebra operations
such as the Kronecker and Schur products. The secret S ∈ Z
has a bijective relationship with the possible permutations of k
numbers in a vector s ∈ Zk. First, we see how to produce the
sequence in s, and next we exploit the bijective relationship
between s and S.

We adapt the system of (12) in order to generate k pairs
of integers (xi, Ni), with xp < xq for p < q and Np 6= Nq

for p 6= q, over the range 0 ≤ Ni < D, for i ∈ {1, 2, . . . , k}.
The values xi are taken from the vector x =

[
1 2 . . . k

]
,

such that xi = x(i). In order to produce the k pairs, the dealer
endows the vectors of (10) with a second dimension whose
size is k, obtaining the share matrices

Ej(i, q) =


1, if mod(Ni,Mi) = q, q ∈ {1, . . . ,Mi − 1},
1, if mod(Ni,Mi) = 0, q = Mi,

0, otherwise,
(14)

where Ej ∈ Zk×Mj for j ∈ {1, 2, . . . , n} and i ∈
{1, 2, . . . , k}. As a consequence, each row of Ej has exactly
one entry 1. The shares of (14) are combined via

V =
[
uw1 ⊗E1

]
�
[
uw2 ⊗E2

]
� · · ·�

[
uwL

⊗EL

]
, (15)

where the similarity with (13) is evident. In fact, V in (15)
can be seen as k stacked vectors ve of (13), each one with a
different Ni, i ∈ {1, 2, . . . , k}. After processing (15), we set
up the vector

v = xV, (16)

for obtaining the secret vector

s = v(v 6= 0), (17)

meaning that s ∈ Zk receives only the k nonzero values of v
in the sequence that they appear in v.

Therefore, in the proposed SSS of the type (n, t), the secret
is a number S that is associated to a permutation of the
sequence {1, 2, . . . , k} that is encountered in the vector s
of (17). As a consequence, k! possible values for S exist,
such that S ∈ {0, 1, . . . , (k!− 1)}. A table of correspondence
could be assembled with the aim of linking a value of S
with a specific permutation of elements in s; however, with
sufficiently large values of k, such table can be very memory
expensive. A preferable solution is employing a mapping
algorithm that assigns a number to each permutation. One of
the most efficient codes of this type is the Lehmer Code [24],
which is shown in Appendix A. With aid of Algorithm 1,
once the value of S is determined, the dealer converts it to
the corresponding permutation in s, spreading the xi values
over the range D according to pairs (xi, Ni) and following
v(Ni) = xi, for i ∈ {1, 2, . . . , k}. Likewise, using the same



code, each shareholder can calculate S once the sequence in s
is revealed. Note that the Lehmer Code establishes a bijective
relationship between S and a given permutation in s.

Theorem 1. The maximum allowed number k of nonzero
elements in each share Xj is the maximum value that satisfies

D > k

t−1∏
i=1

Mn−i+1. (18)

The proof is presented in Appendix B. A geometric inter-
pretation of what the violation of (18) entails is shown in Fig.
1. Defining

v−1 =

t−1∏
i=1

Mn−i+1, (19)

and v−1 as the resulting matrix of the highest (t − 1) shares
Ej , as shown in Fig. 1(a), so that v−1 ∈ Rk×v−1 . Suppose
that k = 4, hence making matrix to be graphically repeated
k = 4 times laterally in an equivalent visualization of the
Kronecker product u4 ⊗ v−1. This example presupposes that
3v−1 < D < 4v−1, and that each share Ej has k = 4
nonzero values. The entries a, b, c, d are used to denote the
sequence of Ni that show up in v−1, each one referring to a
row of v−1. Note that any vector of k nonzero values must
be repeated laterally at least k times in order to provide any
permutation of the k entries, including their palindrome, which
starts by its last character and ends with its first one. In Fig.
1(b), the dynamic range D does not include the first entry a
at the fourth repetition of v−1 within the length D, which is
a possibility as the entries can be elsewhere located in v−1.
As a consequence, given the dimension of v−1, the maximum
number of nonzero elements in each share that ensures the
palindrome production is k = 3, and at least one of the entries
a, b, c, d must be dismissed from each share, implying that the
final vector obtained with at least k shares comprises k! = 6
possible permutations of the entries.

Figure 1. Example of what the violation of (18) entails. In (a), a hypothetical
vector v−1 has its nonzero entries in such a position that, after the Kronecker
product u4 ⊗ v−1, the first entry remains out of the dynamic range D, as
shown in (b). The maximum number k of nonzero values in each share must
be therefore the number of the integer part of the repetitions of v−1 in D,
which in this example is 3.

From the above, the dealer can share an integer-valued
secret S ∈ {0, 1, . . . , (k! − 1)} among n players so that at

least t of them exchange their shares mutually by undertaking
the following steps:

• The dealer selects a number S ∈ {0, 1, . . . , k! − 1} and
next converts it into a sequence s ∈ Zk in accordance to
the Lehmer Code;

• The dealer randomly assigns to each entry in s a num-
ber Ni ∈ {1, 2, . . . , D}, so that v(Ni) = s(i), for
i ∈ {1, 2, . . . , k}, subject to N1 < N2 < · · · < Nk,
associating the pairs (xi, Ni);

• For j ∈ {1, 2, . . . , n}, the dealer assembles matrices Xj

in accordance with (14) and secretly distributes them to
the shareholders.

Note that the proposed system is equivalent to gathering k
different CRT systems as of the type shown in (3). Hence,
the proposed system enhances the secret range at the expense
of the size of data used, which is k times higher than in the
Asmuth-Bloom’s SSS. Note also that the comparison is made
with the Asmuth-Bloom’s SSS as both SSS are based on CRT,
unlike Shamir’s SSS, and perfect, unlike Mignotte’s SSS.

IV. RESULTS

Since the proposed SSS can be seen as k different CRT
systems to solve, if a is the amount of data processed via
Asmuth-Bloom’s, the proposed SSS deals with ak data. De-
scribing the enhancement of the secret in terms of used data
as the relationship G = Gr/Gd, where Gr is the gain in terms
of secret range and Gd indicates the enlargement of data size
that is needed to provide Gr, the gain G is therefore

G =
k!

M0
· a

ak
=

(k − 1)!

M0
. (20)

from which it is clear that the gain G with regards to the
Asmuth-Bloom’s SSS is potentially unlimited. From Eqs. (5)
and (18), note that M0 and k can differ, as M0 must be co-
prime to any other Mj , j ∈ {1, 2, . . . , n}, whereas k does not
need to cope with co-primality. In Tables I and II, different
combinations of Mi and t show the gain G, respectively
for n = 4 and n = 6. Note that, as n increases, also the
gain G is enhanced. Through the observation of Tables I
and II, it is possible to perceive that the gain increases more
rapidly with the moduli Mi when n is higher. The worst G
among all the results is seen in Table II, where the moduli
{11, 13, 15, 17, 19, 23} deliver a gain of 50% in the cases
of t = 3 and t = 4. On the other hand, with the moduli
{83, 87, 89, 91, 95, 97} and t = 2 or t = 5, there are 6.04
×10103 possible values of secrets per bits used.

Moreover, we simulate the performance of our SSS
in and evaluate it in terms of perfection. We se-
lect five moduli sets from Q2 = {11, 13, 16, 17},
etc., until Q5 = {11, 13, 16, 17, 19}, until Q5 =
{11, 13, 16, 17, 19, 23, 25, 27}, adding the last modulus at each
set. For each of these groups, n is the number of moduli and t,
the minimal number of players that must provide a coalition,
is varied in the range t ∈ {2, . . . , n− 1}, and k is calculated
by means of (18). In each set, v−1 is defined as in (19) and
the shares Ej of (14) are given. At this point, any of the other



Table I
EXAMPLES OF GAIN G GIVEN BY (20) FOR SECRET SIZES IN TERMS OF

MEMORY FOR SETS n = 4

Mi (n, t) M0 (5) k (18) G (20)

{11, 13, 17, 19} (4,2) 7 7 1.03 ×102
(4,3) 7 7 1.03 ×102

{23, 29, 31, 37} (4,2) 18 18 1.98 ×1013
(4,3) 18 18 1.98 ×1013

{47, 53, 59, 61} (4,2) 40 40 5.10 ×1044
(4,3) 40 40 5.10 ×1044

{79, 83, 87, 97} (4,2) 67 67 8.13 ×1090
(4,3) 67 67 8.13 ×1090

Table II
EXAMPLES OF GAIN G GIVEN BY (20) FOR SECRET SIZES IN TERMS OF

MEMORY FOR SETS n = 6

Mi (n, t) M0 (5) k (18) G (20)

{11, 13, 15, 17, 19, 23}

(6,2) 4 6 30
(6,3) 4 4 1.5
(6,4) 4 4 1.5
(6,5) 4 6 30

{25, 27, 29, 31, 37, 38}

(6,2) 17 17 1.23 ×1012
(6,3) 13 13 3.69 ×107
(6,4) 13 13 3.69 ×107
(6,5) 17 17 1.23 ×1012

{37, 39, 41, 43, 44, 47}

(6,2) 31 33 8.49 ×1033
(6,3) 29 30 3.05 ×1029
(6,4) 29 30 3.05 ×1029
(6,5) 31 33 8.49 ×1033

{83, 87, 89, 91, 95, 97}

(6,2) 74 74 6.04 ×10103
(6,3) 67 69 3.70 ×1094
(6,4) 29 30 3.70 ×1094
(6,5) 31 33 6.04 ×10103

(n− t+ 1) moduli is chosen arbitrarily and its share is varied
to reproduce all the k! possible sequences of s. A realization
is considered successful when the owner of the t-th share can
reproduce all possible values S ∈ {0, 1, . . . , k!−1} by varying
its share content in the face of the given first (t − 1) shares.
For each combination (n, t), 104 realizations are made. The
successful ones are shown in Table III.

Table III
PERCENTAGE OF SUCCESSFUL REALIZATIONS FOR TESTING THE

PERFECTION OF THE PROPOSED SSS - 104 REALIZATIONS

Moduli set
t

2 3 4 5 6 7
Q1 100% 100% - - - -
Q2 100% 100% 100% - - -
Q3 100% 100% 100% 100% - -
Q4 100% 100% 100% 100% 100% -
Q5 100 % 100% 100% 100% 100% 100%

V. CONCLUSION

An SSS-(n, t) is said perfect if, when (t − 1) or less par-
ticipants combine their shares, it is not possible to extract any

information about the secret. Although the Asmuth-Bloom’s
SSS is perfect, the problem with it is that the size in bits of
the shares are usually greater than the size of the secret itself.
Large ranges of secret values are desirable in an SSS because
they provide more difficulty to an attacker that uses brute force
attack to succeed in discovering the secret.

In this paper, we present a perfect CRT based SSS that has
a better ratio between the sizes of the shares and the secret
than in the Asmuth-Bloom’s SSS. The secret is an integer S ∈
{0, 1, . . . , (k−1)!} that is associated with each permutation of
k elements of a vector s ∈ Zk obtained from the shares, which
are sparse matrices. A bijective relationship between S and the
permutation in s is guaranteed by means of the Lehmer Code.

Our system is not only perfect but also presents a significant
gain in terms of secret range. Considering for instance a set
of the highest 6 co-prime numbers under 100, the gain in
secret range per bits used is leveraged in the order of 10103 in
comparison with the Asmuth-Bloom’s SSS. Furthermore, the
gain in the range for the secret is potentially unlimited with
our SSS.
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M. A. M. Marinho, and G. Del Galdo, “M-Estimator based Chinese
Remainder Theorem with few remainders using a Kroenecker product
based mapping vector”, Digital Signal Processing Journal, Elsevier, Vol.
87, pp. 60-74, April 2019, https://doi.org/10.1016/j.dsp.2019.01.009.

[16] N. Singh, A. N. Tentu, A. Basit, and V. Ch. Venkaiah, “Sequential secret
sharing scheme based on Chinese Remainder Theorem”, 2016 IEEE
International Conference on Computational Intelligence and Computing
Research (ICCIC), pp. 1-6, 2016.

[17] L. Harn, and M. Fuyou, “Multilevel threshold secret sharing based on the
Chinese Remainder Theorem”, Information Processing Letters, Elsevier,
Issue 114, pp. 504-509, 2014.
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APPENDIX A – THE LEHMER CODE

The Lehmer Code [24] allows for achieving a bijective
relationship between an integer-valued number S and a se-
quence of k elements in a vector s. Since k! permutations
of the k elements are possible, the range of values of S is
{0, 1, . . . , (k!−1)}. As a consequence, S ∈ {0, 1, . . . , k!−1}.
The input of Algorithm 1 is a sequence of numbers ni ∈ s, for
i ∈ {1, 2, . . . , k}, which is compared to the original sequence
of increasing values n1 < n2 < · · · < nk in order to produce
the S. The code assigns weights to the displacements of the
first (k−1) values in terms of their expected increasing order.

Algorithm 1 Lehmer Code from the Permutation to the
Number

1: procedure LEHMER CODE 1 (s)
2: a← zeros(1, k − 1)

3: b←
[
(k − 1)! (k − 2)! . . . 1!

]
4: for i = 1 : k − 1 do
5:

[
c j

]
← min(s) % c receives the mini-

mum value ni and j receives the position of ni in P
6: a(i)← j − 1
7: s← s(s 6= ni) % Removing ni from the vector s
8: S ← abT

9: return S

For obtaining the sequence from a given S, as a mere
inversion of the logic of Algorithm 1, one must calculate the
folding integers a(i) that deliver S =

∑k−1
i=1 a(i)× (k − i)!.

APPENDIX B – PROOF OF THEOREM 1

Let a sequence of symbols {a1, a2, . . . , ak} be repeated k
times laterally, as if in a Kronecker product. If the palindrome
of the original sequence, i.e., {ak, ak−1, . . . , a1} must be
selected from the series of symbols blocks, it is easy to prove
that only one symbol per group can be chosen in order to
produce it, as suggested by Fig. 2.

Figure 2. With the k blocks of the original sequence of symbols, only one
symbol per symbol group can be chosen in order to produce the palindrome.

Clearly, the highest possible cardinality of a1 in the
scheme of Fig. 2 that still alows a palindrome to exist is
(k

∏t−1
i=1 Mn−i+1 − k)-th position inside the range D,

k

t−1∏
i=1

Mn−i+1 − k ≤ D. (21)

In any case, M1

∏t−1
i=1 Mn−i+1 >

∏t
i=1 Mi. As a conse-

quence, M1

∏t−1
i=1 Mn−i+1 > D, i.e., k < M1, and (21) can

be rewritten as

k

t−1∏
i=1

Mn−i+1 −M1 < D. (22)

which completes the proof, as there is at least one M1 for
which (18) is still valid due to M1 < · · · < Mn−1 < Mn and
since k ∈ Z. �


