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Abstract—Drones or unmanned aerial vehicles (UAV) are
remotely piloted aircrafts which are very popular for commer-
cial and public-safety applications. However, they can impose
several security threats such as espionage and terrorism-related
activities. In this way, we propose a multidimensional antenna
array based framework in order to accurately localize UAVs
in multipath environments. Specifically, we extend a previous
framework for signal emitter localization in two aspects: (i) by
adopting a tensor representation to better exploit the structure
inherently multidimensional of the data, and (ii) by including a
multiple denoising preprocessing scheme to increase the signal-
to-noise ratio of the received signal. Numerical results show that
the proposed approach presents both lower position coordinate
errors and spatial frequency errors when compared to the matrix-
based and tensor-based techniques with spatial smoothing as
denoising preprocessing step.

Index Terms—Direction of arrival, ESPRIT, drone localization,
spatial smoothing, multiple denoising, correlation.

I. INTRODUCTION

Originally developed for military purposes, drones or un-
manned aerial vehicles (UAV) are remotely piloted aircrafts
which present several applications such as photography, agri-
culture, surveillance, search and rescue, traffic monitoring and
fire fighting [1], [2]. However, drones can also be used for evil
purposes such as espionage, drug cartels and terrorism-related
activities [3]. For example, recently UAVs have been used to
transport drugs, carry explosives, steal personal privacy and
impose serious threats to airplanes taking off and landing in
airport zones. Therefore, in order to deal with such security
threats, the development of accurate drone localization systems
is fundamental.

A drone localization system can be consisted of antenna
arrays which estimate the position of a UAV through the
application of direction of arrival (DoA) techniques. The data
captured by the antenna arrays can be processed by some
state-of-the-art DoA scheme, such as the Estimation of Signal
Parameters via Rotational Invariance Techniques (ESPRIT) [4]
which estimates the angle of arrival of the received signals.
However, the accuracy of DoA techniques is severely degraded
in multipath environments since the antenna arrays receive
highly correlated copies of a signal. In this sense, additional
preprocessing techniques should be applied to remove the
effects of coherency and perform the DoA estimation [5],

[6]. The spatial smoothing (SS) scheme [7], for example, is
a well-known technique used to decorrelate the sources while
increasing the number of available snapshots [8].

Several recent works in the literature propose different
solutions for the accurate localization of drones. Nam and
Joshi [9] presented an approach in which image sensors
measure the azimuth and elevation angles of a UAV and
send such information to a collector node, where the drone
position is estimated based on the collected samples. Chang et
al [3] proposed a time difference of arrival (TDoA) estimation
algorithm to improve the accuracy of drone localization and
real-time tracking. An anti-drone system which combines
multiple passive surveillance technologies to perform drone
detection, localization and radio frequency jamming is pro-
posed by Shi et al in [10]. In [11] the authors proposed an
enhanced framework using arrays of directional antennas for
DoA estimation in order to localize drones by exploiting their
transmitted NTSC signal for different angular spacing between
the array antennas. A similar approach was proposed by Ando
et al [12] where drones were localized by a DoA estimation
algorithm based on the received signal strength (RSS) at the
antenna array.

The high resolution framework proposed by [6] is ap-
plied for detecting and locating multiple emitters randomly
positioned within a region of interest. However, the authors
adopted a classical matrix approach by considering correlated
sources in 2-D scenarios. Since tensors provide a more natural
approach to store and manipulate multidimensional data, we
propose an extension of that work by adopting a tensor
representation to localize drones in R-D scenarios as well
as by including a recent denoising preprocessing scheme
known as multiple denoising (MuDe) [13]. Simulation results
confirm that our proposed framework outperforms both matrix-
based and tensor-based approaches with spatial smoothing
preprocessing scheme.

The remainder of this paper is organized as follows. Section
II presents the data model. Section III shows the proposed
multidimensional antenna array based framework for drone
localization in multipath environments. In Section IV the
simulation results are presented. Finally, Section V concludes
the paper.

Notation: Italic letters (a, b, . . . , A,B, . . . ) denote scalars,
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lowercase boldface letters denote column vectors (a,b, . . . ),
boldface capitals denote matrices (A,B, . . . ) and boldface cal-
ligraphic letters (A,B, . . . ) denote tensors. The superscripts
{.}T, {.}H and {.}+ are used for transposition, Hermitian
transposition and pseudoinverse of matrices and vectors, re-
spectively. The Kronecker product and the Khatri-Rao product
(column-wise Kronecker product) of two matrices A and B
are denoted as A ⊗ B and A � B, respectively. The tensor
operations we use are consistent with [14] and [15]: the r-
mode fiber of A is a vector defined by fixing every index
except the r-th index, while the r-th mode unfolding matrix
of A, denoted by [A](r), is obtained by arranging its r-
mode fibers as the columns of the resulting matrix. The r-
mode product of a tensor X ∈ CI1×···×IR by a matrix
A ∈ CJ×Ir is denoted as Y = X ×r A and is of size
I1× I2× · · ·× Ir−1× J × Ir+1× · · ·× IR. The matrix repre-
sentation of the r-mode product is given by [Y ](r) = AX (r).

II. THE DATA MODEL

Let us consider a multidimensional antenna array based
localization system composed by U R-D antenna arrays with
size M1×M2×· · ·×MR containing M =

∏R
r=1Mr antennas,

where Mr for r = 1, · · · , R is the number of antennas in the r-
th spatial dimension. The received data matrix Xu ∈ CM×N at
the u-th antenna array for u = 1, . . . , U from the superposition
of D far-field narrowband signals sampled on N subsequent
time instants is given by

Xu = AuSu + Nu, (1)

where Au = [au1, · · · ,auD] ∈ CM×D,
Su = [su(1), · · · , su(N)] ∈ CD×N and Nu =
[nu(1), · · · ,nu(N)] ∈ CM×N are respectively the array
steering matrix, symbol matrix and noise samples matrix.

Alternately, if the signal presents a multidimensional struc-
ture, the received data matrix in (1) can be denoted as

Xu = (A(1)
u �A(2)

u � · · · �A(R)
u )Su + Nu, (2)

where Au = A
(1)
u � A

(2)
u � · · · � A

(R)
u and A

(r)
u =

[a
(r)
u1 , · · · ,a

(r)
uD] corresponds to the array steering matrix of

the r-th array dimension at the u-th antenna array. The array
response a

(r)
ud of the d-th received signal for d = 1, · · · , D

presents the following structure

a
(r)
ud = [1, ej·µ

(r)
ud , ej·2µ

(r)
ud , · · · , ej·(Mr−1)µ

(r)
ud ]T, (3)

where µ(r)
ud is the spatial frequency of the d-th wavefront in

the r-th array dimension at the u-th antenna array.
If we wish to naturally exploit the multidimensional struc-

ture of the data, we can represent the received data as a tensor
X u ∈ CM1×M2×···×MR×N , which is given by

X u = X u0 + N u

= IR+1,D ×1 A(1)
u · · · ×R A(R)

u ×R+1 ST
u + Nu, (4)

where IR+1,D is the identity tensor of order R+ 1 in which
each dimension has size D and N u ∈ CM1×M2×···×MR×N is
the noise samples tensor obtained by folding Nu as a tensor
of order R+ 1 [13].

Finally, the r-th unfolding matrix [X u](r) ∈
CMr×

∏
j 6=r MjN can be expressed as

[X u](r) = [X u0](r) + [N u](r)

= A(r)
u (ST

u �A(R)
u �· · ·�A(r+1)

u �A(r−1)
u �· · ·A(1)

u )+[N u](r).
(5)

If the signals received by the u-th R-D antenna array are
non correlated, the rank of the signal subspace is equal to
the number of sources. Otherwise, if two or more sources are
coherent or if not enough snapshots N are available, such
condition is not fulfilled [8]. In order to solve such problem,
the well-known spatial smoothing (SS) preprocessing scheme
[7] can be applied to decorrelate the sources and increase N .

According to the SS approach, the r-th unfolding matrix
[X u](r) given by (5) is divided into Lr subarrays of size
M

(sub)
r = Mr−Lr+1 each. The r-th mode spatially smoothed

matrix X
(Lr)
SS,ur ∈ CM

(sub)
r ×

∏
j 6=r MjLrK for r = 1, · · · , R is

defined as

X
(Lr)
SS,ur = [[X u]

(1)
(r), [X u]

(2)
(r), · · · , [X u]

(Lr)
(r) ]

= [J
(Nr)
1 [X u](r),J

(Nr)
2 [X u](r), · · · ,J

(Nr)
Lr

[X u](r)], (6)

where [X u]
(lr)
(r) = J

(Nr)
lr

[X u](r) ∈ CM
(sub)
r ×

∏
j 6=r MjN and

J
(Nr)
lr

= [0
M

(sub)
r ×(lr−1)

I
M

(sub)
r

0
M

(sub)
r ×(Lr−lr)

] for lr =

1, · · · , Lr correspond to the output signal and the selection
matrix of the lr-th subarray in the r-th dimension at the u-th
antenna array, respectively.

III. THE PROPOSED FRAMEWORK

As previously mentioned, our paper extends the framework
proposed by [6] in two aspects: (i) by adopting a tensor
representation to better exploit the structure inherently multi-
dimensional of the data which allows the drone localization in
R-D scenarios, and (ii) by including a denoising preprocessing
scheme to increase the SNR of the received signal. Let us
assume a multidimensional antenna array based localization
system applied to localize Q drones. The system is composed
by U antenna arrays which receive D > Q signals each,
where D is previously known. Since such system is placed in
a multipath environment, each antenna array receives multiple
delayed copies of the LOS signal emitted from the q-th drone
for q = 1, . . . , Q. Next we detail our proposed framework,
which is composed by five blocks, as described by the diagram
shown in Figure 1.

A. Decorrelation and Multiple Denoising Preprocessing

The first block corresponds to the decorrelation and denois-
ing preprocessing. In this step we decorrelate and increase the
SNR of the received signals by applying the recent multiple



Fig. 1. General block diagram of the proposed framework for drone localization in multipath environments. The localization system is composed by U R-D
antenna arrays applied to estimate the position coordinates (x̂q , ŷq , ẑq) of the q-th drone for q = 1, · · · , Q.

denoising (MuDe) scheme, which is composed of three suc-
cessive phases: spatial smoothing, low-rank approximation and
reconstruction [13].

Initially, the r-th mode spatially smoothed matrix X
(lr)
SS,ur is

constructed according to (6) for the lr-th subarray size in the
r-th array dimension at the u-th antenna array. Next, assuming
that the number of received signal components D is known,
the low-rank approximation X̃

(lr)
SS,ur of the spatially smoothed

matrix X
(lr)
SS,ur is computed by truncating the SVD of X

(lr)
SS,ur

to the signal subspace with the condition M (sub)
r ≥ D

X̃
(lr)
SS,ur = [[X̃ u]

(1)
(r), [X̃ u]

(2)
(r), · · · , [X̃ u]

(Lr)
(r) ]. (7)

Finally, we obtain the multiple denoised unfolding matrix
[X̃ u](r) ∈ CMr×

∏
j 6=r MjN as follows

[X̃ u](r) =


[X̃ u](r)(1, :)

[X̃ u](r)(2, :)
...

[X̃ u](r)(Mr, :)

 , (8)

where the n-th row of [X̃ u](r) is given by [X̃ u](r)(n, :) =

(1/l′)
∑lr
i=1[X̃ u]

(i)
(r)(n − i + 1, :) and l′ corresponds to the

number of times in which [X̃ u]
(i)
(r)(n − i + 1, :) is a valid

output in the lr-th subarray of the r-th dimension at the u-th
antenna array [13].

After covering all possible subarray sizes for each dimen-
sion, [X̃ u](r) is folded into the multiple denoised tensor
X̃ u ∈ CM1×M2×···×MR×N with order (R+ 1).

B. Direction of Arrival Estimation

The second block of the diagram described in Figure 1
corresponds to the DoA estimation. In this work we consider
the R-dimensional subspace method known as R-D Standard
Tensor ESPRIT proposed by Haardt et al [8].

The eigenvalues of the matrices Ψ
(r)
u are estimates of the

spatial frequencies ej·µ̂
(r)
ud for d = 1, · · · , D and r = 1, · · · , R,

i.e., [eµ̂
(r)
u1 , . . . , eµ̂

(r)
uD ] = EV(Ψ

(r)
u ). The values of Ψ(r) are

given by the following relationship

Ψ(r)T

u =
(
J̃1

[r] · [U [s]
u ]T(R+1)

)+

· J̃2
[r] · [U [s]

u ]T(R+1), (9)

where J̃i
[r]

= I
Γ
(r)
1
⊗J

[r]
i ⊗ I

Γ
(r)
2

for i = 1, 2 are the selection

matrices for the r-th mode, Γ
(r)
1 =

∏r−1
q=1 Mq and Γ

(r)
2 =∏R

q=r+1Mq . The tensor U [s]
u is defined as follows

U [s]
u = S [s]

u ×1 U
[s]
u1 ×2 U

[s]
u2 · · · ×R U

[s]
uR, (10)

where U
[s]
ur ∈ CMr×pr and S [s]

u ∈ Cp1×p2···×pR×D for r =
1, · · · , R are obtained from an “economy size” HOSVD of
the measurement tensor X u ∈ CM1×M2×···×MR×N defined
in (4), and pr = min{Mr, D}.

C. Multipath Components Grouping

The third block in Figure 1 represents the multipath com-
ponents grouping at the u-th R-D antenna array where the
signals emitted from the q-th drone are grouped into a matrix.

First we must rebuild the estimated array steering matrix
Âu = Â

(1)
u � Â

(2)
u � · · · � Â

(R)
u ∈ CM×D, where Â

(r)
u =

[â
(r)
u1 , · · · , â

(r)
uD] and â

(r)
ud is given by (3) with the spatial

frequencies µ̂(r)
ud for d = 1, · · · , D estimated from the previous

block. Next we apply the SVD-based low-rank approximation
on the received data matrix Xu ∈ CM×N truncated to D
singular values,

Xu = UuΣuV
H
u , (11)

where the columns of Uu ∈ CM×D and Vu ∈ CN×D
correspond to the left singular vectors and right singular
vectors of Xu, respectively, and the diagonal of Σu ∈ CD×D
contains the singular values of Xu.

Then we obtain the estimated symbol matrix Ŝu ∈ CD×N
through the following relationship

Ŝu = Â+
u (UuΣuV

H
u ), (12)

where each row of Ŝu is a vector ŝud =
[ŝud(1), ŝud(2), · · · , ŝud(N)] ∈ CN corresponding to
the estimated symbols received from the d-th direction of
arrival at the u-th antenna array.

The next step is to compute the correlation coefficient ρi,j
between each pair of estimated symbol vectors ŝui, ŝuj for
i, j = 1, · · · , D and i 6= j. If such coefficient is lower than
a given threshold, ŝui and ŝuj are assumed to be emitted
from different sources, otherwise we consider that both were



transmitted from the same source. Typically we consider such
threshold with values around 0.6 and 0.7 [16].

Finally, if P signals were emitted from the q-th drone,
the estimated symbol vectors ŝqup for p = 1, · · · , P are
stacked into a matrix Ŝqu ∈ CP×(N+1) together with the index
dqp which identifies the row of each vector in the original
estimated symbols matrix Ŝu ∈ CD×N , i.e.,

Ŝqu =


ŝqu1(1) ŝqu1(2) · · · ŝqu1(N) dq1
ŝqu2(1) ŝqu2(2) · · · ŝqu2(N) dq2

...
...

...
...

...
ŝquP (1) ŝquP (2) · · · ŝquP (N) dqP

 . (13)

D. Line-of-Sight Estimation

The fourth block in Figure 1 represents the LOS estimation.
In this step we assume that the LOS signal from the q-th drone
presents the highest power among all ŝqup ∈ Ŝqu. As stated
in the previous subsection, each vector ŝqup is stored together
with the index dqp which identifies its corresponding row in the
original estimated symbols matrix Ŝu. Therefore, the index dq

which corresponds to the LOS of the q-th drone in Ŝu is given
by

dq = max
dqp

N∑
n=1

|̂squp[n]|2. (14)

Finally, given dq , the estimated spatial frequencies µ̂(r)
udq for

r = 1, · · · , R corresponding to the DoA of the drone can
be directly extracted from the respective eigenvalues of Ψ(r)

given by (9).

E. Triangulation

The final block of our proposed framework corresponds
to the triangulation which provides the estimated position
coordinates of the drone [17]. If we intend to localize multiple
drones, the triangulation process must be applied for the
positioning of each drone individually.

Without loss of generality, let us illustrate the triangulation
process by considering a square system with edge length ∆
to localize Q drones flying inside the system coverage region.
A single uniform rectangular array (URA) is deployed at each
vertice of such system. The coordinates of the central element
of the u-th URA are (xu, yu, zu) and the LOS of the q-th drone
presents elevation and azimuth angles denoted as θ̂qu and φ̂qu,
respectively. Such angles can be directly extracted from the
LOS spatial frequencies µ̂(r)

udq for r = 1, 2 estimated in the
previous subsection,

µ̂
(1)
udq =

2π

λ
(lxsinθ̂qucosφ̂qu), (15)

µ̂
(2)
udq =

2π

λ
(lysinθ̂qusinφ̂qu), (16)

where lx and ly are the spacing between the URA elements in
x-direction and y-direction, respectively, and λ is the center
wavelength. The coordinates of the q-th drone estimated by

the u-th and t-th URAs are given by (x̂qu,t, ŷ
q
u,t, ẑ

q
u,t), which

correspond to the point of intersection between the DoAs
(θ̂qu, φ̂

q
u) and (θ̂qt , φ̂

q
t ). The distance between (xu, yu, zu) and

(x̂qu,t, ŷ
q
u,t, ẑ

q
u,t) is denoted as l̂qu.

Figure 2 illustrates the localization process of the q-th drone
flying inside the system coverage region. The distances l̂qu for
u = 1, · · · , 4 are given by

l̂q1 =
∆ cos θ̂q3

sin θ̂q1 cos φ̂q1 cos θ̂q3 + sin θ̂q3 cos φ̂q3 cos θ̂q1
, (17)

l̂q2 =
∆ cos θ̂q1

sin θ̂q1 sin φ̂q1 cos θ̂q2 + sin θ̂q2 sin φ̂q2 cos θ̂q1
, (18)

l̂q3 =
∆ cos θ̂q4

sin θ̂q31 sin φ̂q3 cos θ̂q4 + sin θ̂q4 sin φ̂q4 cos θ̂q3
, (19)

l̂q4 =
∆ cos θ̂q2

sin θ̂q2 cos φ̂q2 cos θ̂q4 + sin θ̂q4 cos φ̂q4 cos θ̂q2
. (20)

Each pair of URAs positioned along a common system edge
estimates the drone coordinates. Assuming that URAs 1 to 4
are positioned at (0,∆, 0), (∆,∆, 0), (0, 0, 0) and (∆, 0, 0),
respectively, the coordinates of the q-th drone estimated by
URAs 1-2, 1-3, 3-4 and 2-4 are summarized as follows

x̂q1,2 = l̂q1 sin θ̂q1 cos φ̂q1,

ŷq1,2 = l̂q1 sin θ̂q1 sin φ̂q1,

ẑq1,2 = l̂q1 cos θ̂q1,

(21)


x̂q1,3 = l̂q2 sin θ̂q2 cos φ̂q2,

ŷq1,3 = ∆− l̂q2 sin θ̂q2 sin φ̂q2,

ẑq1,3 = l̂q2 cos θ̂q2,

(22)


x̂q3,4 = ∆− l̂q3 sin θ̂q3 cos φ̂q3,

ŷq3,4 = l̂q3 sin θ̂q3 sin φ̂q3,

ẑq3,4 = l̂q3 cos θ̂q3,

(23)


x̂q2,4 = ∆− l̂q4 sin θ̂q4 cos φ̂q4,

ŷq2,4 = ∆− l̂q4 sin θ̂q4 sin φ̂q4,

ẑq2,4 = l̂q4 cos θ̂q4.

(24)

The final estimated position (x̂q, ŷq, ẑq) of the q-th drone
corresponds to the arithmetic mean of the coordinates given
by (21) to (24). This triangulation process is repeated for all
Q drones flying inside the system coverage region.

IV. NUMERICAL RESULTS

In this section we illustrate the improvements introduced
by both the tensor approach and the MuDe scheme through
numerical computer simulations. We evaluate the root mean
square error (RMSE) of the estimated spatial frequency and
the estimated drone position coordinates as a function of the
following parameters: signal-to-interference ratio (SIR), num-
ber of signal samples (N ), number of antennas per dimension
(Mr) and number of drones within the system (Q). Three
techniques are compared: (i) the classical standard matrix
ESPRIT with SS, which was adopted in [6]; (ii) the R-D



Fig. 2. Localization of the q-th drone flying inside the region covered by a multidimensional antenna array based system. Initially each pair of URAs placed
along a common edge estimates the drone position. The final estimated position of the drone corresponds to the arithmetic mean of the coordinates estimated
by each pair of URAs.

standard tensor ESPRIT with SS developed by Haardt et al
in [8]; and (iii) our proposed framework adopting the R-
D standard tensor ESPRIT with MuDe. The final result of
each metric corresponds to the average value of 500 Monte
Carlo simulation runs. The RMSE of a given metric γ can be
expressed as

RMSE(τ) =

√√√√ 1

R ·D

(
R∑
r=1

D∑
d=1

(γ
(r)
d,r − γ̂

(r)
d,r)

2

)
, (25)

where γ
(r)
d,r and γ̂

(r)
d,r denote respectively the real value and

the estimated value of γ for the d-th drone in the r-th array
dimension at the τ -th Monte Carlo run.

All performances are evaluated by considering a third-order
received signal tensor with two spatial dimensions and one
temporal dimension. The localization system is square-shaped
with edge length ∆ = 400 m and presents U = 4 URAs,
with a single URA deployed at each vertice. The number of
dimensions is R = 2, SIR ranges from 10 to 40 dB, N varies
between 10 and 50 samples, SNR = 30 dB and λ = 0.125
m. The number of antennas Mr ranges from 20 to 50 and
the subarray length Lr = 5 is constant for each spatial mode
(r = 1, 2). The spacing between URA antennas are lx = ly =

λ/2. Each URA receives D = 3Q wavefronts (Q LOS plus 2Q
multipath signals) originated from Q drones placed at different
position coordinates where Q varies between 2 and 5.

Figures 3 and 4 illustrate respectively the RMSE of the
estimated spatial frequencies and estimated drone position
coordinates as a function of the SIR. In this first scenario
we assume N = 10, Q = 2 and Mr = 50. We can observe
that the proposed tensor-based framework with MuDe slightly
outperforms the tensor approach with SS. As expected, the
matrix-based approach with SS adopted in [6] also presents
lower performance.

Figures 5 and 6 show the RMSE of the estimated spatial
frequencies and estimated position coordinates versus the
number of antennas per dimension, respectively. Now we
consider SIR = 20 dB, Q = 2 and N = 10. It can be
seen that our proposed framework presents better performance
when compared to both matrix-based SS and tensor-based SS
techniques.

The RMSE of the estimated spatial frequencies and esti-
mated position coordinates as a function of the number of
samples is shown in Figures 7 and 8. In this scenario SIR
= 20 dB, Mr = 50 and Q = 2. Once again the proposed
tensor-based framework with MuDe outperforms both matrix
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Fig. 3. RMSE of the estimated spatial frequency versus SIR (dB). Parameters:
R = 2, M1 = M2 = 50, N = 10, L1 = L2 = 5, D = 6, Q = 2, U = 4,
SNR = 30 dB and ∆ = 400 m.
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Fig. 4. RMSE of the estimated position coordinates versus SIR (dB).
Parameters: R = 2, M1 = M2 = 50, N = 10, L1 = L2 = 5, D = 6,
Q = 2, U = 4, SNR = 30 dB and ∆ = 400 m.

ESPRIT SS and tensor ESPRIT SS approaches.
Finally, Figures 9 and 10 illustrate respectively the RMSE

of the estimated spatial frequencies and estimated position
coordinates versus the number of drones within the system
coverage region. Now we consider SIR = 20 dB, Mr = 50 and
N = 20. As expected, our proposed framework outperforms
the other approaches.

V. CONCLUSION

In this paper, we extend the framework proposed in [6] by
adopting a tensor representation to better exploit the intrinsic
multidimensional patterns present in the data and by including
a multiple denoising approach to increase the SNR of the
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Fig. 5. RMSE of the estimated spatial frequency versus number of antennas
per dimension. Parameters: R = 2, ∆ = 400 m, N = 10, L1 = L2 = 5,
D = 6, Q = 2, U = 4, SIR = 20 dB and SNR = 30 dB.
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Fig. 6. RMSE of the estimated position coordinates versus number of antennas
per dimension. Parameters: R = 2, ∆ = 400 m, N = 10, L1 = L2 = 5,
D = 6, Q = 2, U = 4, SIR = 20 dB and SNR = 30 dB.

received signal. As shown in simulations, our technique is
more efficient than the matrix-based and tensor-based solutions
with spatial smoothing. In future works we intend to incor-
porate a drone tracking module [3] and include an adaptive
array interpolation approach in order to compensate coupling
between antennas and array positioning errors [18], [19].

ACKNOWLEDGMENT

This work was supported by the Brazilian Research
Councils CNPq (Grants 465741/2014-2 INCT on Cyber-
security and Productivity 303343/2017-6), CAPES (Grants
23038.007604/2014-69 FORTE and 88887.144009/2017-00
PROBRAL), FAP-DF (Grants 0193.001366/2016 UIoT and



10 15 20 25 30 35 40 45 50

Number of samples

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

R
M

S
E

 o
f 
e
s
ti
m

a
te

d
 s

p
a
ti
a
l 
fr

e
q
u
e
n
c
y

10-5

Matrix ESPRIT with SS

Tensor ESPRIT with SS

Proposed Framework

Fig. 7. RMSE of the estimated spatial frequency versus number of samples.
Parameters: R = 2, M1 = M2 = 50, ∆ = 400 m, L1 = L2 = 5, D = 6,
Q = 2, U = 4, SIR = 20 dB and SNR = 30 dB.

10 15 20 25 30 35 40 45 50

Number of samples

0.012

0.014

0.016

0.018

0.02

0.022

0.024

0.026

R
M

S
E

 o
f 
e
s
ti
m

a
te

d
 p

o
s
it
io

n
 c

o
o
rd

in
a
te

s

Matrix ESPRIT with SS

Tensor ESPRIT with SS

Proposed Framework

Fig. 8. RMSE of the estimated position coordinates versus number of samples.
Parameters: R = 2, M1 = M2 = 50, ∆ = 400 m, L1 = L2 = 5, D = 6,
Q = 2, U = 4, SIR = 20 dB and SNR = 30 dB.

0193.001365/2016 SSDDC), LATITUDE/UnB Laboratory
(Grant 23106.099441/2016-43 SDN) and the Systems Devel-
opment Center (CDS) of the Brazilian Army (MD/EB).

REFERENCES

[1] Z. Kaleem and M. H. Rehmani, “Amateur drone monitoring: State-
of-the-art architectures, key enabling technologies, and future research
directions,” IEEE Wireless Commun., vol. 25, no. 2, pp. 150–159, Apr.
2018.

[2] J. Kang, K. Park, and H. Kim, “Analysis of localization for drone-fleet,”
in 2015 Int. Conf. Inform. Commun. Technol. Convergence (ICTC), Oct.
2015, pp. 533–538.

[3] X. Chang, C. Yang, J. Wu, X. Shi, and Z. Shi, “A surveillance system
for drone localization and tracking using acoustic arrays,” in 2018 IEEE
10th Sensor Array Multichannel Signal Process. Workshop (SAM), July
2018, pp. 573–577.

1 1.5 2 2.5 3 3.5 4

Number of drones

0.6

0.8

1

1.2

1.4

1.6

1.8

R
M

S
E

 o
f 
e
s
ti
m

a
te

d
 s

p
a
ti
a
l 
fr

e
q
u
e
n
c
y

10-5

Matrix ESPRIT with SS

Tensor ESPRIT with SS

Proposed Framework

Fig. 9. RMSE of the estimated spatial frequency versus number of drones
within the system coverage region. Parameters: R = 2, ∆ = 400 m, N = 20,
L1 = L2 = 5, M1 = M2 = 50, U = 4, SIR = 20 dB and SNR = 30 dB.

1 1.5 2 2.5 3 3.5 4

Number of drones

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

6.5

R
M

S
E

 o
f 
e
s
ti
m

a
te

d
 p

o
s
it
io

n
 c

o
o
rd

in
a
te

s

10-3

Matrix ESPRIT with SS

Tensor ESPRIT with SS

Proposed Framework

Fig. 10. RMSE of the estimated position coordinates versus number of drones
within the system coverage region. Parameters: R = 2, ∆ = 400 m, N = 20,
L1 = L2 = 5, M1 = M2 = 50, U = 4, SIR = 20 dB and SNR = 30 dB.

[4] R. Roy and T. Kailath, “ESPRIT-estimation of signal parameters via
rotational invariance techniques,” IEEE Trans. Acoust., Speech, Signal
Process., vol. 37, no. 7, pp. 984–995, Jul. 1989.

[5] J. P. A. Maranhão, J. P. C. L. da Costa, R. T. de Sousa Jr, A. J.
de Barros Braga, and G. Del Galdo, “Antenna array based framework
with multipath mitigation for signal emitter detection and localization,”
in 2017 11th Int. Conf. Signal Process. Commun. Systems (ICSPCS),
Dec. 2017, pp. 1–5.

[6] J. P. A. Maranhão and J. P. C. L. da Costa, “Antenna array based
framework for detection and localization of correlated signals,” in 2018
Workshop Commun. Netw. Power Syst. (WCNPS), Nov 2018, pp. 1–5.

[7] T. J. Shan, M. Wax, and T. Kailath, “On spatial smoothing for direction-
of-arrival estimation of coherent signals,” IEEE Trans. Acoust., Speech,
Signal Process., vol. 33, no. 4, pp. 806–811, Aug. 1985.

[8] M. Haardt, F. Roemer, and G. Del Galdo, “Higher-order SVD-based
subspace estimation to improve the parameter estimation accuracy in
multidimensional harmonic retrieval problems,” IEEE Trans. Signal



Process., vol. 56, no. 7, pp. 3198–3213, July 2008.
[9] S. Y. Nam and G. P. Joshi, “Unmanned aerial vehicle localization using

distributed sensors,” Int. J. Distrib. Sensor Netw., vol. 13, no. 9, pp.
1–8, 2017.

[10] X. Shi, C. Yang, W. Xie, C. Liang, Z. Shi, and J. Chen, “Anti-
drone system with multiple surveillance technologies: Architecture,
implementation, and challenges,” IEEE Commun. Mag., vol. 56, no.
4, pp. 68–74, Apr. 2018.

[11] R. K. Miranda, D. A. Ando, J. P. C. L. da Costa, and M. T. de Oliveira,
“Enhanced direction of arrival estimation via received signal strength of
directional antennas,” in 2018 IEEE Int. Symp. Signal Process. Inform.
Technol. (ISSPIT), Dec 2018, pp. 162–167.

[12] D. A. Ando, R. K. Miranda, J. P. C. L. da Costa, and M. T. de Oliveira,
“A novel direction of arrival estimation algorithm via received signal
strength of directional antennas,” in 2018 Workshop Commun. Netw.
Power Syst. (WCNPS), Nov. 2018, pp. 1–5.

[13] P. R. B. Gomes, J. P. C. L. da Costa, A. L. F. de Almeida, and R. T.
de Sousa Jr, “Tensor-based multiple denoising via successive spatial
smoothing, low-rank approximation and reconstruction for R-D sensor
array processing,” Digit. Signal Process., 2019.

[14] L. Lathauwer, B. Moor, and J. Vandewalle, “A multilinear singular
value decomposition,” SIAM J. Matrix Anal. Appl., vol. 21, no. 4, pp.
1253–1278, Mar. 2000.

[15] T. G. Kolda and B. W. Bader, “Tensor decompositions and applications,”
SIAM Review, vol. 51, no. 3, pp. 455–500, 2009.

[16] G. Yong, X. X. Ci, and Z. Z. Zhong, “Erasing false-location of
two stations direction-finding cross location in multi-path and multiple
sources environments,” in 2001 CIE Int. Conf. Radar Proc., 2001, pp.
864–868.

[17] M. A. M. Marinho, P. R. L. Gondim, and J. P. C. L. da Costa, “Contin-
uous authentication via localization using triangulation of directions of
arrival of line of sight components,” in 9th Int. Conf. Forensic Comput.
Science (ICoFCS 2015), 2015, pp. 31–35.

[18] M. A. M. Marinho, F. Antreich, J. P. C. L. da Costa, and J. A. Nossek, “A
signal adaptive array interpolation approach with reduced transformation
bias for DoA estimation of highly correlated signals,” in 2014 IEEE Int.
Conf. Acoust., Speech, Signal Process. (ICASSP), May 2014, pp. 2272–
2276.

[19] M. A. M. Marinho, J. P. C. L. da Costa, F. Antreich, A. L. F. de Almeida,
G. Del Galdo, E. P. de Freitas, and A. Vinel, “Array interpolation based
on multivariate adaptive regression splines,” in 2016 IEEE Sensor Array
Multichannel Signal Process. Workshop (SAM), July 2016, pp. 1–5.


