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Abstract— Linearly Constrained Minimum Variance
(LCMV) filters are applied in communication and RADAR
systems. In order to evaluate the performance of these
filters, Monte Carlo (MC) simulations are commonly em-
ployed despite their high computational complexity. This
paper proposes a low complexity performance assessment
based on the Unscented Transform (UT). With only 32
iterations, the performance evaluation curves of the UT
based approach superpose the curves of a thousand MC
iterations. Since the computational complexity of one UT
iteration is approximately the same as that of a MC iteration,
the proposed solution drastically reduces the required time
for performance evaluations.

Index Terms— Unscented Transform, Antenna arrays,
Least Mean Square Filter, Linearly Constrained Variance
Filter.

I. INTRODUCTION

In modern days, antenna arrays based adaptive beam-
forming have a wide range of applications, such as wire-
less communication systems [1], radar systems [2] and
unmanned aerial vehicles (UAVs) positioning systems [3].

Usually, systems comprised of antenna arrays at very
low wavelengths are versatile due to the low hardware
dimensions and weight [4]. In order to design a system
with an adaptive algorithm, its performance should be
evaluated taking into account several candidates values
of the configuration parameters as well as different sce-
narios [1], [4], [5]. The Monte Carlo method [6], [7]
is the most used simulational technique for performance
assessment due to its simplicity and ease of implementa-
tion. However, it requires a large number of iterations to
converge to a satisfactory result, implying long simulation
times. Currently performance assessment of embedded
systems takes 30% of the development time and this time
should increase to 50% to 70% [8]. Therefore, improving
the efficiency of performance assessment tools implies
reducing production costs and launching new solutions
faster on to the market. This paper proposes an Unscented
Transform (UT) based low complex performance assess-
ment for adaptive LCMV filters. The UT [9] reduces the

required amount of iterations by discretizing the random
variables present in the simulational scenario [7], [10].

This paper is divided into seven sections, including this
introduction. Section II explains the notations used in this
paper, introduces the Kronecker product, Kronecker sum
and the UT. Section Section III shows the data model of
the LCMV beamformer in a brief explanation. Section
IV presents the State of Art, where the LCMV filter
and the Least Mean Squares (LMS) adaptive algorithm
filtering are overviewed mathematically. Section V shows
the proposed technique in this paper. Section VI brings
a detailed simulation setup and the simulational results.
Finally the conclusion is drawn in Section VII.

II. NOTATIONS

This paper uses the following notation, to represent,
scalars and matrices: Scalars are denoted by italic low-
ercase letters (a, b, ...), column vectors as boldface low-
ercase letters and matrices as boldface uppercase letters
(a,b, ...,A,B, ...). The (i, j)-element of the matrix A, is
denoted as aij . The probability function, intersection oper-
ator, union operator, Hermitian transpose, matrix transpose
and complex conjugate are represented by p(.), ∩, ∪,
(.)H ,(.)T and (.)∗, respectively. Mathematical complex,
real and imaginary domains are denoted by C, R and Q,
respectively.

The operator diag(·) is the diagonalization operator,
where a non-diagonal matrix is turned into a diagonal
matrix, and the dediag(·) operator constructs a vector
from the main diagonal of a matrix.

The Kronecker sum [11] and Kronecker product [12]
are represented by ⊕ and ⊗, respectively.

A. Kronecker sum

The Kronecker sum [11], is characterized by the sum of
two square matrices in which the resulting matrix diagonal
forms a combinatorial sum of all elements of the both
matrices [11].
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Let Γ = Δ⊕Υ be the Kronecker sum of a two square
matrices, Δ and Υ:

Γ = Δ⊕Υ = Δ⊗ IΥ + IΔ ⊗Υ, (1)

where IΥ and IΔ are the identity matrices with the same
sizes as Υ and Δ, respectively.

1) Kronecker sum of vectors: Let Γ = δ ⊕ υ be the
Kronecker Sum of two vectors, a δ ∈ C1×m vector and a
υ ∈ C1×n vector.

In order to apply the Kronecker sum according to
Equation 1, the diag(·) operator should be first applied
to the vectors δ and υ. Therefore, it is straightforward
that:

dediag(Γ) = [δ1 + υ1 . . . δ1 + υn δ2 + υ1 . . .

. . . δ2 + υn . . . δm + υ . . . δm + υn] (2)

which results in a combinatorial sum of all arrays ele-
ments.

B. Unscented Transform (UT)

The UT maps and discretizes a continuous probabil-
ity distribution (PDF) by calculating its statistical mo-
ments [10]. The discretized PDF (dPDF) must have the
same or very close statistical moments [7], [9], [10]. The
advantage of a dPDF over a continuous is the reduced set
of points, which gives simulational celerity.

In the UT dPDF the Sigma points are defined as the
random variables (RV) and the weight points as their
probabilities.

The τ -th moment of a continuous Ξ-RV PDF, with
probability p(Ξ), defined as [6], [13]:

E[Ξτ ] =

∫
Ξτp(Ξ). (3)

The UT discrete non-linear mapping, creates discrete
PDF with a set of ζ Sigma points, Φ = [φ1, φ2, · · · , φζ ],
and Ψ = p(Φ) weight points. Using a Taylor expansion,
this must satisfy the following conditions [10]:

E[Ξτ ] ≡ E[Φτ ]∫
Ξτp(Ξ) ≡

ζ∑
k=1

φτ
kψk ≡

ζ∑
k=1

Ξτψkδ(Ξ− φk ), (4)

where the continuous PDF is Ξ, the discretized PDF is
Ŝ and δ(·) is the unitary impulse function, similar to the
sampling theorem [1].

III. DATA MODEL FOR LCMV FILTERS

The LCMV can be applied for beamforming in antenna
array systems, comprised of m sensors, spaced by λ

2
wavelength, and d impinging signals, as depicted in Figure
1. The goal of the LCMV is to find the filter weights W =
[w0,w1, . . . ,wm−1] in order to maximize the power of
the signal of interest (SOI) and reduce the interference
from the other directions.

According to Figure 1, the filter output is:

Y = WHX, (5)

where the filter input, X, is:

X = AS+N, (6)

where A = [a(θ0), a(θ1), . . . ,a(θd−1)] is defined as the
steering matrix, comprised of d 1 × m steering vectors,
a(θd) = [1, ejπλ cos(θd), · · · , ejπλ cos(θd)(m−1)]T, and a set
S = [s0, s1, · · · , sd−1]

T of d impinging signals on a
uniform linear array (ULA) of antennas. Each signal has
a σ2

s,d variance and a direction of arrival (DOA), θd, in
which θ0, for the sake of simplicity, is the SOI. N is
the uncorrelated complex additive white Gaussian noise
(AWGN), with σ2

s,d, variance, where N = (R{N} +
jC{N}), so that we can rewrite Equation 6 and Equation
5 as in [14]:

X = a(θ0)s0 +AintSint +N, (7)

Y = WH[a(θ0)s0 +AintSint +N], (8)

where Aint and Sint are the interferers DOA and interfer-
ing signals, respectively.
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Fig. 1. Simplified block of ULA and LMS-LCMV filter [14], [15]

IV. STATE OF ART

A LCMV filter minimizes the array’s output signal
energy [15]:

ξ = E[Y2] = E[WHXXHW] (9)

s.t.
m−1∑
j=0

a1jwj = g

where c = a(θ0) is the LCMV constraint array and g is
the desired gain. Roughly speaking, the constraint array
is the SOI’s known DOA, that yields the optimal LCMV
filter [15]:
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Woptimal =
Rxx

−1cg

cTRxx
−1c

(10)

for the sake of the simplicity, g is set to unity [15], so
that the optimal filter equation can be rewritten as:

Woptimal,unitary =
Rxx

−1c

cTRxx
−1c

(11)

A. LMS - LCMV

This paper uses the LMS algorithm to adapt the LCMV
beamformer. The LMS is widely used in adaptive filtering
processes, specially due the fact that it demands low
computational cost [15]. As illustrated in Figure 1, the
received signal, x̃(n), is subject to a constrain vector, c,
with the SOI DOA, and d(n) = x̃(n) [16] yielding:

y(n) = wHcx̃(n) = wHx̃c(n). (12)

where x̃c(n) = cx̃(n).
The LMS works by adapting the weight vector, w, by

solving the stochastic gradient of the cost function [14],
found in the Wiener solution [15], as follows:

JLMS(w) = E[
∣∣d(n)−wHx̃c(n)

∣∣2] (13)

yielding the adaptive part updating rule with step size
μ [3], [16]:

w(n+ 1) = w(n)− μ∇wJLMS(w) (14)

= w(n) + 2μ(d(n)−wHx̃c(n))
∗x̃c(n),

where x̃(n)(1−wHc) = e(n) and instantaneous estimates
for Rxx = R̂xx = x(n)xH(n) and rdx = r̂dx =
d(n)x(n) [14].

V. PROPOSED UNSCENTED TRANSFORM LOW
COMPLEXITY ASSESSMENT

A. Modeling of general stochastic functions via unscented
transform

The Monte Carlo convergence is based on the arithmetic
mean of all iterations [6]. So an i-iteration MC simulation,
the final result, F(Ω), of a probabilistic system, Ω =
[Ξ1,Ξ2, · · · ,Ξρ], comprised of ρ RVs that yields a result,
fi(Ω), in each iteration is:

F(Ω) = E[fk (Ω)]ik=1 =

i∑
k=1

p(fk (Ω))fk (Ω) (15)

being an arithmetic mean of all iterations, p(fk (Ω)) =
1
i . To calculate a generic statistical moment for the ρ-th
RV, as in Equation 3, the MC simulation final result, by
Equation 15, is:

E[Ξτ
ρ ] = F(Ω(Ξρ))

=
1

i

i∑
k=1

p(f(Ω(Ξρ), i))f(Ω(Ξρ), i)
τ . (16)

With one iteration, F(Ω(Ξρ)) = f(Ω(Ξρ))
n, yielding

a random value, not the desired result. With continuous
RVs, an ideal MC simulation, where Equation 16 is true,
the condition i → ∞ must be met. To obtain satisfactory
results and a convergence withing a good confidence
interval, a huge number of iterations are required [6],
[13]. Pristine results are achieved with a great number of
iterations, but at the cost of processing power and time.

When using the UT, all critical continuous PDFs in
the simulation must be discretized, creating a finite set
of points. The final simulational result is the global
expectancy, while in a Monte Carlo simulation, as per
Equation 15, the final simulational result is the global
average [7], [10].

By applying the UT, a Ω = [Φ1,Φ2, · · · ,Φρ] set is
obtained, comprised of ρ discrete RVs, each with ζρ Sigma
and points, each Sigma point has a ζρ-set of weight points
p(Φρ) = Ψρ = [p(Φρ(1)), p(Φρ(2)), · · · , p(Φρ(ζρ))].

The total number of iterations required to run the UT
simulation, ζTotal, is given by the size of the vector given
by φUT= dediag(Φ1 ⊕ Φ2 ⊕ · · · ⊕ Φρ), and the weight
of each iteration is given by ψUT = Ψ1⊗Ψ2⊗· · ·⊗Ψρ,
so a MC-analog simulation can be run, in which each
iteration-set is run using a individual Sigma point of each
RV, and by Equation 15, we have:

F(Ω) = E[fk (Ω(φUT,z))
ρ
z=1]

ζTotal

k=1

=

ζTotal∑
k=1

ψUT,kfk (Ω(φUT,z))
ρ
z=1 (17)

B. Modeling of binary phase-shift keying (BPSK) and
AWGN functions via unscented transform

The system output is defined by Equation 8. The
probabilistic set, Ω, is comprised of S, which is a BPSK
signal, zero-mean discrete Uniform PDF (uPDF) RV, with
variance, σ2

s = 1, and the uncorrelated complex AWGN
is N = [R{N} + jC{N}], a Gaussian PDF (gPDF) RV
with zero-mean and σ2

N variance. Note that the adaptive
vector w depends on the RVs present in the system. It is
assumed that E[(AS)N] = 0 and E[SN] = 0 [1], [15]
and the goal is to compute the signal-to-interference ratio
(SIR) and signal-to-interference plus noise ratio (SINR),
as follows:

SIRglobal = 10log10

(
σ2
soi∑
σ2
int

)
[dB], (18)

SINRglobal = 10log10

(
σ2
soi∑

σ2
int + σ2

N

)
[dB]. (19)

After filtering, the SINR for each sample is calculated,
using the following formula [17]:
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fn(Ω) = SINR(n)

= 10log10

(
w(n)Rxx(n)w(n)H

w(n)Rint+N(n)w(n)H

)
[dB], (20)

where Rint+N is the interferers plus noise auto-
correlation.

Using Equation 15, each sample SINR is given by:

Fn(Ω) = SINRMC(n) = E[SINRMC,Ω(n)]

=
1

i

i∑
k=1

SINRMC,k(n) (21)

By applying the UT, and following Subsection V-A, one
obtains a the probabilistic Ω set with two discrete PDFs,
a ζS-point discrete uPDF, ΦS, and a ζN-point PDF, ΦN,
obtained from a continuous gPDF. S is a BPSK signal,
which is either bit0 or bit1, so that the two weight points
are ψS,0 = ψS,1 = 1

2 , and the two Sigma points are
φS,0 = −σS and φS,1 = σS. ΦN, returns the real and
imaginary parts Sigma and weight points:

ΦNR
= [φN,1, φN,2, · · · , φN,ζN ]

ΦNQ
= [φN,1, φN,2, · · · , φN,ζN ]

ΨNR
= [ψN,1, ψN,2, · · · , ψN,ζN ]

ΨNQ
= [ψN,1, ψN,2, · · · , ψN,ζN ]

In order to consider all possible noise combinations,
ΦN,C = dediag(ΦN,R ⊕ jΦN,Q), and the weight points
set is ΨNC

= ΨNR
∩ΨNQ

= ΨNR
⊗ΨNQ

, resulting in
a total of 2ζN combinations. The noise is uncorrelated to
the signal, so:

p(Ω) = [ΨS ∩ΨNC
] = [ΨS,0 ∩ΨNC

] ∪ [ΨS,1 ∩ΨNC
]

ΨUT = [ψUT,1, ψUT,2, · · · , ψUT,2ζN ] (22)

which is the same as doing ΨNC
⊗ΨS, yielding a 2ζN =

ζSζN-iteration UT simulation.
Using the model in Section III, the 2ζN-iteration UT

simulation, simulates the whole adaptive system using the
BPSK bit0 at the first ζN iterations, then BPSK bit1 at
the last ζN iterations:

[X̂k = a(θ0)ŜBPSK,0 +AintŜBPSK,0 + ŜNC,k ]
ζN
k=1,

(23)

[X̂k = a(θ0)ŜBPSK,0 +AintŜBPSK,1 + ŜNC,k ]
ζN
k=1.

(24)

Since the interfering signals (IS) suffer spatial multi-
plexing and their variances are known and are uncorrelated
to the SOI, there is little difference in generating more
combinations between the SOI and ISs, and between
the ISs themselves. In a more complex system, those
combinations must be calculated.

Using Equation 17:

ΦN Value ΨN Value
φN,1 −2.334 ψN,1 0.046
φN,2 −0.742 ψN,2 0.454
φN,3 0.742 ψN,3 0.454
φN,4 2.334 ψN,4 0.046

ΦS Value ΨS Value
φS,0

1√
2

ψS,0 −0.5

φS,1
1√
2

ψS,1 0.5

TABLE I
CALCULATED UT SIGMA AND WEIGHT POINTS FOR THE GAUSSIAN

NOISE (ΦN,ΨN) AND THE BPSK SIGNAL (ΦS,ΨS).

ζ Bit 0 ζ Bit 1
- ψS,0 ∩ΨN,C - ψS,1 ∩ΨN,C

1 0.5(ψNR,1)(ψNQ,1) 17 0.5(ψNR,1)(ψNQ,1)

2 0.5(ψNR,1)(ψNQ,2) 18 0.5(ψNR,1)(ψNQ,2)

3 0.5(ψNR,1)(ψNQ,3) 19 0.5(ψNR,1)(ψNQ,3)

4 0.5(ψNR,1)(ψNQ,4) 20 0.5(ψNR,1)(ψNQ,4)

5 0.5(ψNR,2)(ψNQ,1) 21 0.5(ψNR,2)(ψNQ,1)

6 0.5(ψNR,2)(ψNQ,2) 22 0.5(ψNR,2)(ψNQ,2)

7 0.5(ψNR,2)(ψNQ,3) 23 0.5(ψNR,2)(ψNQ,3)

8 0.5(ψNR,2)(ψNQ,4) 24 0.5(ψNR,2)(ψNQ,4)

9 0.5(ψNR,3)(ψNQ,1) 25 0.5(ψNR,3)(ψNQ,1)

10 0.5(ψNR,3)(ψNQ,2) 26 0.5(ψNR,3)(ψNQ,2)

11 0.5(ψNR,3)(ψNQ,3) 27 0.5(ψNR,3)(ψNQ,3)

12 0.5(ψNR,3)(ψNQ,4) 28 0.5(ψNR,3)(ψNQ,4)

13 0.5(ψNR,4)(ψNQ,1) 29 0.5(ψNR,4)(ψNQ,1)

14 0.5(ψNR,4)(ψNQ,2) 30 0.5(ψNR,4)(ψNQ,2)

15 0.5(ψNR,4)(ψNQ,3) 31 0.5(ψNR,4)(ψNQ,3)

16 0.5(ψNR,4)(ψNQ,4) 32 0.5(ψNR,4)(ψNQ,4)

TABLE II
COMBINATION OF THE UT WEIGHT POINTS, FOR EACH ζth

ITERATION.

Fn(Ω) = SINRUT(n) = E[SINRUT,Ω(n)]

=

2ζN∑
k=1

ψUT,kSINRUT,k(n) (25)

For the UT simulations, using the concepts of Sub-
section II-B, four Sigma points were calculated from the
gPDF AWGN, and two Sigma points were obtained for
the BPSK signal discrete uPDF.

Following Subsections V-B and V-A one obtains a 32-
point UT simulation as shown in Table II.

Table II gives sixteen values for the BPSK bit 0 and
sixteen values for BPSK bit 1, resulting in every possible
combination between the bits and noises weight points.

The simulation was set up to run the first 16 iterations,
so that the filter was input with values according to Equa-
tion 23 and the later 16 iterations according to Equation
24.

For each iteration, the obtained Rxx and Rint+N were
used to calculate a SINR.

For each sample, according to Equation 20, was ob-
tained 32 distinct SINR values.

The final SINR, for each sample, was calculated as in
Equation 25.
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VI. SIMULATION

In order to validate the proposed performance assess-
ment approach, consider a scenario with a 16 antenna
ULA, 7 BPSK signals and 2000 snapshots. The DOA of
the SOI is 40◦ while the DOI of the interferent signals are
20◦, 30◦, 40◦, 50◦, 60◦, 70◦ and 80◦. The SIR is set to 0
dB, while the signal-to-noise ratio (SNR) is set to -3 dB.
Before filtering, the initial scenario SINR is -9.03 dB.

Each MC iteration results in a SINR based on the noise
variance based on the continuous gPDF and a BPSK
bit variance based on a discrete uPDF, the SINR was
calculated according to Equation 20 and final results were
obtained according to Equation 21.

Figure 2 shows the SINR of the SOI. Each solid line
is the SINR found for one UT iteration. The dots are the
SINR given for one iteration of the MC simulation. The
dots are very spread out, this is caused by the continuous
nature of the gPDF RV.

The SINR final results are illustrated in Figure 3, a
solid line for MC, after Equation 21, and a dashed line
for the UT, after Equation 25. Although the lines are not
overlapping, the difference between the results is only 0.2
dB.

Figure 4 depicts the same situation as Figure 3, but with
32 MC runs, instead. The MC curve (solid) shows poor
convergence over the UT curve (dashed).

Figure 5 presents the filter response over the DOAs
(beamformer), the highest gain is located at 40◦, which is
the SOI DOA. The beamformer gain at the SOI DOA is
about 85 dB. The MC and UT simulations beamformers
are practically overlapped, with the highest gain around
40◦.

The small 0.2 dB discrepancy is explained due the
quantization error caused by the UT, since it discretizes a
continuous RV, the UT points give more emphasis to the
continuous RV values located near its mean value.
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Fig. 2. SINR (dB) vs sample numbers, before using Equation 25 to
calculate the final expectancy for UT curves.
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Fig. 3. SINR (dB) vs sample numbers, 1000 Monte Carlo runs, and
32 UT runs
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Fig. 4. SINR (dB) vs sample numbers, 32 Monte Carlo runs, and 32
UT runs

Fig. 5. Gain (dB) vs DOAs, 1000 Monte Carlo runs and 32 UT runs

VII. CONCLUSION

In this paper an UT-based low complexity performance
evaluation scheme for the LCMV filter was proposed.
Little error was found (about of 0.2 dB, for SINR), proving
that the UT is a good tool to preview the final results of
a MC simulation. Using the UT results in a significant
amount of time and processing are saved before several
trial-and-errors MC runs.

The UT improves the processing costs and time by
discretizing continuous RVs. While MC needed 1000
iterations to achieve a quasi-well-behaved SINR curve,
the UT approach took only 32 iterations, 31.25 times less
iterations were needed, representing only 5.85% of the
simulation time of MC, which is a huge gain where more
complex and costly simulations are required.
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