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Accurate estimation of the attitude of unmanned aerial vehicles (UAVs) is crucial for their control and
displacement. Errors in the attitude estimate may misuse the limited battery energy of UAVs or even
cause an accident. For attitude estimation, proprioceptive sensors such as inertial measurement units
(IMUs) are widely applied, but they are susceptible to inertial guidance error. With antenna arrays
currently being installed in UAVs for communication with ground base stations, we can take advantage of
the array structure in order to improve the estimates of IMUs via data fusion. In this paper, we therefore
propose an attitude estimation system based on a hexagon-shaped 7-element electronically steerable
parasitic antenna radiator (ESPAR) array. The ESPAR array is well-suited for installment in the UAVs with
broad wings and short bodies. Our proposed solution returns an estimation for the pitch and roll based
on the inter-element phase delay estimates of the line-of-sight path of the impinging signal over the
antenna array. By exploiting the parallel and centrosymmetric structure in the hexagon-shaped ESPAR
array, the 3-dimensional Unitary ESPRIT algorithm is applied for phase delay estimation to achieve high
accuracy as well as computational efficiency. We devise an attitude estimation algorithm by exploiting the
geometrical relationship between the UAV attitude and the estimated phase delays. An analytical closed-
form expression of the attitude estimates is obtained by solving the established simultaneous nonlinear
equations. Simulations results show the feasibility of our proposed solution for different signal-to-noise
ratio levels as well as multipath scenarios.

© 2012 Elsevier Inc. All rights reserved.
1. Introduction

Accurate attitude estimation for unmanned aerial vehicles
(UAVs) is vital to ensure their correct displacement and control.
The attitude indication of UAVs is usually conducted by inertial
measurement units (IMUs) consisting of proprioceptive sensors
such as gyroscopes, magnetometers and accelerometers. However,
IMUs are subject to the inertial guidance error, which arises from
the accelerometer measurement error and the gyroscope drift er-
ror [1,2].
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In our previous papers [1,3], a 4-element cross-shaped antenna
array has been used for UAV attitude estimation, which can be
used to improve the estimates of IMUs, e.g., via data fusion. In the
cross array, two pairs of antennas are located at both ends of the
body and wing. This layout is applicable to UAVs which have rela-
tively long body. However, in cases the UAVs have short bodies [4]
(see Fig. 1), which is typical for most UAVs, attitude estimation
based on cross-shaped antennas suffers a degradation in estima-
tion accuracy.

Recently, the hexagon-shaped 7-element electronically steerable
parasitic antenna radiator (ESPAR) array has attracted considerable
attention [5–7]. With only a single-port output, the ESPAR array
has low power consumption, small physical size as well as low
manufacturing cost which renders it very attractive for practical
use in battery operated devices such as UAVs. From the geom-
etry point of view, the 7-antenna ESPAR array is well-suited for
installation in UAVs with broad wings and short bodies. In this
paper, we use the ESPAR array as an alternative to the cross-
shaped array for UAV attitude estimation. Due to the fast develop-
ment of ESPAR arrays, they have promising application prospects
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Fig. 1. Darkstar UAV1 (left) and ScanEagle UAV2 (right).
in UAVs for different purposes, e.g., for radar and communication
systems [8,9,4]. Therefore, our attitude determination solution may
not be subject to the endowment of additional equipment. Note
that in the literature [10,11], other attitude estimation solutions
based on GPS receivers and satellite communication links are also
proposed. However, such solutions require an additional installa-
tion of a GPS antenna array in UAVs, which increases their costs
and weights.

The first crucial step in the attitude estimation algorithm is to
determine the phase delay, whose accuracy directly affects the for-
mer performance. By exploiting the parallel and centrosymmetric
structure of the hexagon-shaped ESPAR array, we apply the 3-
dimensional (3-D) Unitary ESPRIT algorithm [7,12] for phase delay
estimation. The 3-D Unitary ESPRIT enjoys the advantages of a high
estimation accuracy and a low computational complexity due to
the use of the forward–backward averaging (FBA) technique and
a real-valued transformation (RVT).

The remainder of this paper is organized as follows. In Sec-
tion 2 we explain the system model for the UAV equipped with
the hexagon-shaped 7-element ESPAR antenna array. Our proposed
attitude estimation scheme consists of two stages, namely, phase
delay estimation and calculation of the pitch and roll, which are
presented in Sections 3 and 4, respectively. In Section 5, simulation
results are provided to evaluate the performance of the proposed
algorithm, and finally, conclusions are drawn in Section 6.

2. System model

In this section, we present the model of our considered system,
which consists of the scenario description, the definition of the
attitude angles and data model.

2.1. Scenario description

We define a 3-D coordinate system [1,3] according to Fig. 2
with the base station placed at the origin. A UAV is endowed
with an ESPAR array with seven antennas in a flattened hexago-
nal shape. For the sake of simplicity, we assume that all antennas
lie in the same plane and that the wings lie on a straight line per-
pendicular to the longitudinal axis. S4 is situated at the symmetric
center of the hexagon (which coincides with the intersection point
of the body and wing axes), and the remaining six antennas are
symmetrically distributed on the wing: S1 and S7 are located at
the midpoints of the pair of short opposite sides, and S2, S3, S5
and S6 symmetrically located at the quartile points of the pair of
long opposite sides. A GPS sensor is placed at the symmetric center

1 http://www.dreamlandresort.com/black_projects/darkstar.html.
2 http://www.naval-technology.com/projects/scaneagle-uav/scaneagle-uav1.html.
Fig. 2. System arrangement depicting communication link between base station and
UAV endowed with a 7-element ESPAR array.

Fig. 3. Definitions of pitch ϕ , roll θ and yaw ψ in 3-D coordinate system.

of the UAV array to provide the GPS coordinates of the UAV. More-
over, we assume that the GPS coordinates of the base station are
known. From the GPS coordinates of the UAV, the UAV coordinates
in the base station coordinate system can be obtained by a co-
ordinate transformation. The length of the long side of the wing,
namely, the distance from one wingtip to the other wingtip, is re-
ferred to as the wingspan, denoted as dwing, while the length of its
short side is referred to as the wing breadth, denoted as bwing. The
length of the body is denoted as dbody.

2.2. Definitions

In Fig. 3, the definitions of the attitude angles for pitch, roll
and yaw are shown by establishing the 3-D coordinate system with
origin located in the symmetric center of the UAV array and coor-
dinate axes parallel to those of the base station coordinate system.
The pitch ϕ ∈ [−π/2,π/2] is defined as the elevation angle be-
tween the x–y plane and the longitudinal (body) axis of the UAV.
The roll θ ∈ (−π,π ] is given by the rotation angle of the wings
about the body axis. In case ϕ = 0, the roll θ is the angle be-
tween the x–y plane and the lateral (wing) axis. The azimuth
angle, namely, the rotational angle about the z axis, is referred to

http://www.dreamlandresort.com/black_projects/darkstar.html
http://www.naval-technology.com/projects/scaneagle-uav/scaneagle-uav1.html
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Fig. 4. The ESPAR array and its invariances.
as yaw. In this paper, the yaw ψ ∈ [0,2π) is assumed to be known
a priori since it is determined in a different way from the pitch and
roll [13].

2.3. Data model

Assume that a source is radiating narrowband signals from the
far field of the array, i.e., its wavefronts can be considered to be
planar at the receiver. In multipath environment, the received sig-
nal is a mixture of a line-of-sight (LOS) path and (K − 1) non-
line-of-sight (NLOS) multipath components. Here we assume that
a strong LOS is always present. In ESPAR arrays, there is only
one output which is connected to the center antenna, namely, S4,
while each of the remaining six antennas is loaded with an ad-
justable reactance through a connected varactor diode. The scalar
output is a weighted combination of the outputs of all the ele-
ments and the weights can be controlled by appropriate steering
of the varactor diodes. To obtain the output of the m-th antenna,
m = 1,2, . . . , M , we need to apply at least M different sets of reac-
tances where each provides us with a different linear combination
of the actual array outputs [6,7]. Since we know the weights of
these linear combinations, we can recover the signal at the passive
elements by inverting the weighting.

The baseband output of the corresponding decoupled 7-output
array can therefore be written as

X = A S + Z , (1)

where X ∈ C
7×N is the measurement matrix, A ∈ C

7×K denotes
the array steering matrix which consists of K array steering vec-
tors a1, . . . ,aK , S ∈ C

K×N contains the N symbols from all K
multipaths, with an average signal power of σ 2

i in the i-th
multipath, and Z ∈ C

7×N is the noise matrix collecting the
additive noise samples which are assumed to be mutually uncor-
related3 and Gaussian distributed with zero mean and variance
of σ 2

z .
Our goal in this paper is to estimate the pitch ϕ and the roll θ

using the hexagon-shaped ESPAR antenna array. Our proposed at-
titude estimation scheme consists of two stages. First in Section 3,
the inter-element differences in phase delays (IDPhDs) of the LOS
path between the antenna pair along the three symmetry axes in
the ESPAR array are estimated using 3-D Unitary ESPRIT parameter
estimation algorithm. Second, in Section 4, based on the geomet-
rical relationship between the UAV attitude and IDPhDs, a set of
nonlinear equations is established and solved to estimate the atti-
tude pitch and roll.

3. 3-D Unitary ESPRIT for phase delay estimation

To begin with, let us first investigate the IDPhD associated to
a single planar wavefront. The IDPhDs along the three symmetry
axes of the hexagon are defined as

3 If the noise is correlated (which may be the case for ESPAR arrays due to the
decoupling), prewhitening will be applied as a preprocessing step.
μ� φ4 − φ1, (2)

ν � φ4 − φ3, (3)

ω � φ4 − φ2, (4)

where φi , i = 1, . . . ,4, is the phase delay of the antenna Si .
In this section, we discuss the estimation of μ, ν , and ω of the

LOS path via 3-D Unitary ESPRIT [7].

3.1. Shift invariance

Since antennas Si , i = 1,2,3,4, form a parallelogram, we have

μ + ω = ν. (5)

We can express the array steering vector a in terms of the spa-
tial frequencies as

a(μ,ν,ω) = [
e− jμ, e jω, e− jν,1, e jν, e− jω, e jμ]T

. (6)

Note from (5)–(6) and Fig. 4 that the array is shift invariant
along all three axes we have defined. In each case, m = 4 out of
M = 7 elements belong to one subarray, and the center element S4
is the only one common to all of them. In order to apply ESPRIT
methods, we have to define selection matrices that select four out
of seven elements belonging to the desired subarrays. Let us con-
sider the μ-direction first. In this case, S1 is mapped to S4, S2
to S5 and so on. Therefore, the selection matrices in μ-direction
are defined as [7]

J μ,1 =
⎡
⎢⎣

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

⎤
⎥⎦ , (7)

J μ,2 =
⎡
⎢⎣

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎤
⎥⎦ . (8)

Likewise, applying the shift invariant conditions to the other two
directions yields the following results [7]

J ν,1 =
⎡
⎢⎣

1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0

⎤
⎥⎦ , (9)

J ν,2 =
⎡
⎢⎣

0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1

⎤
⎥⎦ , (10)

J ω,1 =
⎡
⎢⎣

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎤
⎥⎦ , (11)

J ω,2 =
⎡
⎢⎣

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0

⎤
⎥⎦ . (12)
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3.2. 3-D Unitary ESPRIT

In order to estimate the spatial frequencies along three di-
rections jointly, we use the 3-D Unitary ESPRIT algorithm [7].
The ESPRIT-type algorithms use the signal subspace to estimate
the spatial frequencies. Therefore, the first step is to compute the
eigenvalue decomposition of the sample covariance matrix (SCM)

R̂xx = 1

N
X XH ∈C

M×M , (13)

where H represents the Hermitian transpose of a matrix. In prin-
ciple, the K eigenvectors associated to the K eigenvalues with the
greatest power are assumed to form the signal subspace U s , and
the (M − K ) eigenvectors related to the (M − K ) eigenvalues with
smallest power are assumed to be the noise subspace. Here, we as-
sume that the LOS path is always present and it has higher power
than all NLOS paths, which is valid in nominal conditions. That is
to say, the NLOS paths are treated as interference. In doing so, we
only choose K = 1.

The spatial frequencies are computed as

η = arg
(
( J η,1us)

H J η,2us
)
, η ∈ {μ,ν,ω}, (14)

where us is the dominant eigenvector of the SCM that corresponds
to the largest eigenvalue.

This solution is the standard ESPRIT algorithm. In order to im-
prove the estimation accuracy and the computational efficiency,
we use 3-D Unitary ESPRIT [7,14]. By applying FBA to the mea-
surement data, we obtain a centro-Hermitian matrix which is then
mapped to a real-valued matrix by [15]

T (X) = Q H
M

[
X,ΠM X∗ΠN

]
Q 2N , (15)

where ∗ denotes the complex conjugation, Πp is the p × p ex-
change matrix with ones on its antidiagonal and zeros elsewhere,
and Q p ∈ C

p×p is a unitary left-Π-real matrix which satisfies
Πp Q ∗

p = Q p .
We get the following modified shift invariance equations

K μ,1esλμ ≈ K μ,2es, (16)

K ν,1esλν ≈ K ν,2es, (17)

K ω,1esλω ≈ K ω,2es, (18)

where es ∈ R
M×1 is the dominant eigenvector obtained from the

transformed real-valued data matrix in (15), and the new selection
matrices K η,i , η ∈ {μ,ν,ω}, i = 1,2, are obtained from J η,i by

K η,1 = 2 · Re
{

Q H
m J η,2 Q M

}
, (19)

K η,2 = 2 · Im
{

Q H
m J η,2 Q M

}
, (20)

where Re{·} and Im{·} represent the real and imaginary part of
a complex matrix, respectively.

Finally, the spatial frequencies are obtained as

μ̂ = 2 · tan−1(λμ),

ν̂ = 2 · tan−1(λν),

ω̂ = 2 · tan−1(λω). (21)

4. Attitude determination algorithm

We assume there is a pair of dummy antennas S8 and S9 along
the body axes which lie on the extension of the wing antennas,
as shown in Fig. 5. These dummy antennas and other antennas
form the parallelogram which is centered around S4.
Fig. 5. Positions of the pair of dummy antennas (S8, S9) in the ESPAR array.

Fig. 6. Illustration of antenna positions in x–y–z system [1,3]: (a) basic configuration
(0,0,0); (b) configuration with added roll (0, θ,0); (c) configuration with added
pitch (ϕ, θ,0); (d) configuration with added yaw movement (ϕ, θ,ψ).

The estimated phase delay differences of the LOS path between
the wing antennas (S1, S4) and body antennas (S4, S8) are ob-
tained as

μ̂wing = μ̂(LOS), (22)

μ̂body = ν̂(LOS) + ω̂(LOS). (23)

The main idea of the algorithm is to determine the coordi-
nates for the left wing antenna S1 and dummy nose antenna S8 as
a function of the unknown pitch and roll, and establish a system
of simultaneous nonlinear equations based on the array geometry
and estimated phase delays μ̂wing and μ̂body [1,3].

Fig. 6 describes how a specified attitude (ϕ, θ,ψ) of a UAV is
formed [1,3]. Initially, the body of the UAV is identical to the x axis,
and the wing coincides with the y axis (Fig. 6(a)). When evok-
ing a roll movement, the wing antennas S1 and S7 rotate about
the x axis in the y–z plane, as depicted in Fig. 6(b). It is followed
by successive pitch and yaw movements which correspond to the
rotations of all antennas about the y and z axis, respectively, as de-
scribed in Figs. 6(c) and 6(d). Note that as a consequence of the
chosen rotation order (roll–pitch–yaw), all the rotations are about
the axes.

The coordinates for the dummy nose antenna S8 are

p′
8(ϕ,ψ) = bwing R z(ψ)

[ 0
cosϕ
sinϕ

]
(24)

where a yaw motion ψ is taken into account by the counter-
clockwise rotation matrix

R z(ψ) =
( cosψ − sin ψ 0

sinψ cosψ 0

)
. (25)
0 0 1
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Next, we take into account the roll movement. The left wing
antenna S1 lies on a circle in the x–z plane which experiences two
subsequent rotations about the x axis and z axis (Fig. 6(c)–(d)). The
coordinates of the left wing antenna are therefore given by

p′
1(ϕ, θ,ψ) = 1

2
dwing R z(ψ)Rx(ϕ)

[ cos θ

0
sin θ

]
(26)

where Rx(ϕ) represents the rotation about the x axis by an angle
of pitch ϕ

Rx(ϕ) =
(1 0 0

0 cosϕ − sinϕ
0 sinϕ cosϕ

)
. (27)

Finally, the antenna positions relative to the base station pi ,
i = 1,8, are obtained by adding the UAV coordinates pb to the
local antenna coordinates p′

i

p1(ϕ, θ,ψ) = p′
1(ϕ, θ,ψ) + pb, (28)

p8(ϕ,ψ) = p′
8(ϕ,ψ) + pb. (29)

Using the phase difference between the body antennas ω̂body
calculated in Section 3 by 3-D Unitary ESPRIT, we set up the fol-
lowing equation

∥∥p8(ϕ,ψ)
∥∥ − ‖pb‖ = − λ

2π
μ̂body (30)

where λμ̂body/(2π) is the estimated propagation distance differ-
ence of the antenna pair (S1, S8).

Solving (30) yields (see Appendix A)

ϕ̂ = sin−1
(−λ/π · μ̂body‖pb‖ + λ2/(4π2) · μ̂2

body − b2
wing

2bwing

√
(xb cosψ − yb sinψ)2 + z2

b

)

− α. (31)

Once an estimate for the pitch ϕ̂ is obtained, we compute the
roll θ using μ̂wing in a similar way

∥∥p1(ϕ̂, θ,ψ)
∥∥ − ‖pb‖ = λ

2π
μ̂wing. (32)

A pair of supplementary solutions is obtained from solving (32)
(see Appendix A)

θ̂1 = sin−1
(

λ/π · μ̂wing‖pb‖ + λ2/(4π2) · μ̂2
wing − d2

wing/4

dwing

√
(xb cosψ + yb sin ψ)2 + (xb sinψ sin ϕ̂ − yb cos ψ sin ϕ̂ + zb cos ϕ̂)2

)
− β, (33)

and

θ̂2 = π − sin−1
(

λ/π · μ̂wing‖pb‖ + λ2/(4π2) · μ̂2
wing − d2

wing/4

dwing

√
(xb cosψ + yb sinψ)2 + (xb sinψ sin ϕ̂ − yb cos ψ sin ϕ̂ + zb cos ϕ̂)2

)
− β, (34)

where

β = tan−1
(

xb cosψ + yb sinψ

xb sinψ sin ϕ̂ − yb cosψ sin ϕ̂ + zb cos ϕ̂

)
. (35)

We cannot decide which one of this pair of supplementary
angles is correct from the algorithm itself. This is the inherent un-
certainty of the proposed algorithm. In order to have a unique so-
lution, we assume that a UAV cannot be flying upside down, which
is valid in nominal conditions, implying that θ ∈ [−π/2,π/2].
Thereby, only the first solution, namely, (33) is chosen.
5. Simulation results

We evaluate our proposed algorithm by means of Monte Carlo
simulations. The data are generated based on (1), where the signal
samples are complex sinusoidal with unit amplitude and frequency
of 30 MHz. The UAV is located sufficiently far from the base sta-
tion (1000 m here) such that the assumption on planar waves
approximately holds. We consider a scenario where the UAV has
a wingspan of dwing = 1.2 m and a wing breadth of bwing = 0.39 m.
1000 independent Monte Carlo runs are conducted. In each run,
the pitch ϕ and roll θ are uniformly generated in the inter-
val [−π/2,π/2], the yaw is uniformly generated in [0,2π) and
is assumed to be known. The closed-form solutions of (31) and
(33)–(34) are used as the pitch and roll estimates. The root mean
square error (RMSE) of the estimated pitch and roll defined as

RMSE(ϕ̂) =
√√√√ 1

2L

L∑
l=1

(ϕ̂l − ϕ)2, (36)

RMSE(θ̂) =
√√√√ 1

2L

L∑
l=1

(θ̂l − θ)2, (37)

where L is the number of independent Monte Carlo runs, is used
as the performance measure. For comparison, the cross-shaped ar-
ray combined with 2-D ESPRIT proposed in [3] is used as the
benchmark.

5.1. Performance comparison: hexagon-shaped array versus
cross-shaped array [1,3]

Denote the body-length-to-wing-breadth ratio as r = dbody/

bwing. We compare the attitude estimation performance of our pro-
posed hexagon-shaped array combined with 3-D Unitary ESPRIT
and the cross-shaped array combined with 2-D ESPRIT under vari-
ous r. Here the body length is varied to obtain different r.

First, we consider the scenario where only the LOS path is
present (K = 1). The signal-to-noise ratio (SNR) in dB is defined as

SNR = 10 log10

(
σ 2

1

σ 2
z

)
. (38)

The noise samples are modeled as complex-valued i.i.d. zero mean
white Gaussian processes, whose power is scaled to produce dif-
ferent SNRs.

In Figs. 7 and 8, we respectively plot the RMSEs of pitch and
roll estimates, measured in degrees, versus SNR for two attitude
estimation schemes. Note that when the UAV has a short body and
a broad wing such that r is small (r < 2), the hexagon-shaped array
in conjunction with 3-D Unitary ESPRIT outperforms the cross-
shaped array combined with 2-D ESPRIT in both pitch and roll
estimations. And the improvement is more significant with the
decrease of r. And for r = 2, they have almost the same perfor-
mance. On the other hand, when the UAV has a long body and
a narrow wing such that r is large (r > 2), the hexagon-shaped
array combined with 3-D Unitary ESPRIT is outperformed by the
cross-shaped array combined with 2-D ESPRIT in terms of pitch es-
timation. Nevertheless, it is slightly superior to the latter in terms
of roll estimation for r � 4. This shows that the hexagon-shaped ar-
ray combined with 3-D Unitary ESPRIT has more advantages in roll
estimation. Note also that the pitch estimation accuracy is more af-
fected by the variation of the body length.

An intuitive explanation behind such an observation is an aper-
ture argument. For small r < 2, the cross-shaped antenna is
confined to the body length whereas the hexagon-shaped array ex-
tends beyond it via the dummy antennas S8 and S9 and hence has
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Fig. 7. Comparison of pitch RMSE versus SNR for two attitude estimation schemes: cross-shaped array with 2-D ESPRIT and hexagon-shaped array with 3-D Unitary ESPRIT
at different body-length-to-wing-breadth ratios.
a larger aperture. (See Fig. 9.) On the other hand, for large r > 2,
the cross-shaped antenna simply spans a larger area and hence
has a larger aperture that is why it yields more accurate estimates.
For r = 2, the cross-shaped antenna and the hexagon-shaped array
have equal aperture which results in the same performance.

In Figs. 10 and 11, the effect of multipath components is con-
sidered in the presence of noise. The LOS-to-NLOS power ratio,
commonly known as the signal-to-interference power ratio (SIR),
is given by

SIR = 10 log10

(
σ 2

1∑K
i=2 σ 2

i

)
, (39)

where we assume that σ 2
1 corresponds to the signal power of the

LOS path, and σ 2
i , i = 2, . . . , K , is the power of the i-th multi-

path component. K = 8 paths are considered, namely, 1 LOS and 7
NLOS components. For a fixed SIR, the power ratios of different
NLOS paths are generated from the squared Gaussian distribution,
namely, the chi-squared distribution with one degree of freedom,
while their impinging wavefronts have array steering vectors as
in (6), with the relative phase delay at the reference antenna ran-
domly generated from a uniform distribution in [0,2π). Again, in
pitch estimation the hexagon-shaped array with 3-D Unitary ES-
PRIT is superior to the cross-shaped array with 2-D ESPRIT when
r < 2, inferior to the latter when r > 2, and has comparable per-
formance for r = 2. While for roll estimation, the hexagon-shaped
array with 3-D Unitary ESPRIT outperforms the cross-shaped array
with 2-D ESPRIT in a wider range of body-length-to-wing-breadth
ratios up to r = 4. The same phenomenon is observed for other
number of multipaths.

5.2. Estimation performance dependency on true pitch and roll and
range of inaccuracy

In Fig. 12, we plot the RMSE of the attitude estimates as
a function of pitch and roll. We see that when the pitch ϕ
approaches the boundary of ±π/2, the pitch estimation suffers
a sharp performance degradation. And when both ϕ and θ are
close to the boundaries, namely, ϕ → ±π/2 and θ → ±π/2, the
roll estimation also deteriorates drastically. Therefore, to safely
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Fig. 8. Comparison of roll RMSE versus SNR for two attitude estimation schemes: cross-shaped array with 2-D ESPRIT and hexagon-shaped array with 3-D Unitary ESPRIT at
different body-length-to-wing-breadth ratios.
Fig. 9. Array aperture of two kinds of configurations for r < 2.

use the proposed algorithm, such an inaccurate region should be
avoided.

6. Conclusions

In this paper, we have proposed an attitude estimation algo-
rithm for unmanned aerial vehicles (UAVs) based on a hexagon-
shaped 7-element electronically steerable parasitic antenna
radiator (ESPAR) array. The ESPAR array is well-suited for install-
ment in the UAVs with broad wings but short bodies, which is
the typical case for most UAVs. Our proposed solution returns
an estimation for the pitch and roll based on the estimates of the
phase delays of the line-of-sight path. By exploiting the parallel
and centrosymmetric structure of the hexagon-shaped ESPAR array,
we apply the 3-dimensional Unitary ESPRIT algorithm for phase
delay estimation, which is known for its high estimation accuracy
as well as computational efficiency. Then an explicit closed-form
formula for the attitude estimates is obtained by solving a system
of simultaneous nonlinear equations built based on the geometri-
cal relationship between the UAV attitude and the estimated phase
delays.

One limitation of our work is that the attitude estimates de-
pend on the GPS positions which are erroneous. Especially the
height is hard to determine and fluctuates largely in practice.
It would therefore be interesting to study the sensitivity of the
attitude estimates with respect to the GPS positioning errors.
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Fig. 10. Comparison of pitch RMSE versus SIR for two attitude estimation schemes: cross-shaped array with 2-D ESPRIT and hexagon-shaped array with 3-D Unitary ESPRIT
at different body-length-to-wing-breadth ratios.
As a future work, we intend to use an antenna array being in-
stalled at the base station to estimate the UAV position relative
to the base station instead of the GPS. In this way, the addi-
tional installation of a GPS receiver in UAVs is not required which
can further save their costs and weights. Moreover, another fu-
ture work is to evaluate the proposed scheme using actual flight
data.

Appendix A. Solving (30) and (32)

Substituting (24) in (29), we obtain

‖p8‖2 = (
p′

8 + pb
)T(

p′
8 + pb

) = ∥∥p′
8

∥∥2 + 2pT
b p′

8 + ‖pb‖2

= b2
wing + 2 [ xb yb zb ] bwing

[− sinψ cosϕ
cosψ cosϕ

sinϕ

]
+ ‖pb‖2

= 2bwing
[
(xb cosψ − yb sinψ) cosϕ + zb sinϕ

]
+ b2 + ‖pb‖2
wing
= 2bwing

√
(xb cosψ − yb sinψ)2 + z2

b sin(ϕ + α)

+ b2
wing + ‖pb‖2, (40)

where

α = tan−1
(

xb cosψ − yb sinψ

zb

)
. (41)

According to (30), it holds that

‖p8‖2 =
(

‖pb‖ + λ

2π
μ̂body

)2

. (42)

Substituting (40) in (42) yields

2bwing sin(ϕ + α)

√
(xb cosψ − yb sinψ)2 + z2

b

= λ
μ̂body‖pb‖ + λ2

2
μ̂2

body − b2
wing. (43)
π 4π
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Fig. 11. Comparison of roll RMSE versus SIR for two attitude estimation schemes: cross-shaped array with 2-D ESPRIT and hexagon-shaped array with 3-D Unitary ESPRIT at
different body-length-to-wing-breadth ratios.
Solving (43) and taking into account that ϕ ∈ [−π/2,π/2],
we obtain the unique solution provided in (31).

Once the pitch estimate ϕ̂ is obtained, we compute the roll θ

by (32) in a similar way. Following (29) and (26), we have

‖p1‖2 = (
p′

1 + pb
)T(

p′
1 + pb

) = ∥∥p′
1

∥∥2 + 2pT
b p′

1 + ‖pb‖2

= 1

4
d2

wing + 2 [ xb yb zb ]
1

2
dwing

·
[ cos ϕ̂ − sin ψ cos ϕ̂ sinψ sin ϕ̂

sin ϕ̂ − cos ψ cos ϕ̂ − cosψ sin ϕ̂
0 sin ϕ̂ cos ϕ̂

][ cos θ

0
sin θ

]

= dwing
[
(xb cosψ + yb sinψ) cos θ + (xb sinψ sin ϕ̂

− yb cosψ sin ϕ̂ + zb cos ϕ̂) sin θ
] + 1

4
d2

wing + ‖pb‖2

= dwing sin(θ + β)

·
√

(xb cosψ + yb sin ψ)2 + (xb sinψ sin ϕ̂ − yb cosψ sin ϕ̂ + zb cos ϕ̂)2

+ 1
d2

wing + ‖pb‖2, (44)

4

where

β = tan−1
(

xb cosψ + yb sinψ

xb sinψ sin ϕ̂ − yb cosψ sin ϕ̂ + zb cos ϕ̂

)
. (45)

From (32), it follows that

‖p1‖2 =
(

‖pb‖ + λ

2π
μ̂wing

)2

. (46)

Substituting (44) in (46), we obtain

dwing sin(θ + β)

·
√

(xb cosψ + yb sin ψ)2 + (xb sinψ sin ϕ̂ − yb cosψ sin ϕ̂ + zb cos ϕ̂)2

= λ

π
μ̂wing‖pb‖ + λ2

4π2
μ̂2

wing − 1

4
d2

wing. (47)

Solving (47) yields (33) and (34).
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Fig. 12. Attitude estimation RMSE as a function of pitch and roll at SNR = 20 dB.
References

[1] J.P.C.L. da Costa, S. Schwarz, L.F. de A. Gadêlha, H.C. de Moura, G.A. Borges,
L.A.R. Pinheiro, Attitude determination for unmanned aerial vehicles via an an-
tenna array, in: Proc. of ITG IEEE Workshop on Smart Antennas (WSA’12),
Dresden, Germany, March 2012.

[2] G.L. Sitzmann, G.H. Drescher, Tactical ballistic missiles trajectory state and er-
ror covariance propagation, in: Proc. of IEEE Position Location and Navigation
Symposium, Las Vegas, NV, USA, April 1994, pp. 839–844.

[3] K. Liu, J.P.C.L. da Costa, H.C. So, L.F.A. Gadelha, G.A. Borges, Improved attitude
determination for unmanned aerial vehicles with a cross-shaped antenna array,
in: Proc. of 14th IASTED International Conference on Signal and Image Process-
ing (SIP’2012), Honolulu, Hawaii, USA, August 2012, pp. 60–67.

[4] M.S. Sharawi, O.A. Rawashdeh, D.N. Aloi, Performance of an embedded
monopole antenna array in a UAV wing structure, in: Proc. of 15th IEEE
Mediterranean Electrotechnical Conference (MELECON 2010), Valetta, Malta,
April 2010, pp. 835–838.

[5] C. Plapous, J. Cheng, E. Taillefer, A. Hirata, T. Ohira, Reactance domain MUSIC al-
gorithm for ESPAR antennas, in: Proc. of 33rd European Microwave Conference
EuMW2003, Munich, Germany, October 2003, pp. 793–796.

[6] E. Taillefer, E. Chu, T. Ohira, ESPRIT algorithm for a seven-element regular-
hexagonal shaped ESPAR antenna, in: Proc. of European Conference on Wireless
Technology (ECWT 2004), Amsterdam, Netherlands, October 2004.

[7] F. Roemer, M. Haardt, Using 3-D Unitary ESPRIT on a hexagonal shaped ESPAR
antenna for 1-D and 2-D direction of arrival estimation, in: Proc. of Interna-
tional ITG/IEEE Workshop on Smart Antennas (WSA’05), Duisburg, Germany,
April 2005.

[8] P.-J. Park, S.-M. Choi, D.-H. Lee, B.-S. Lee, Performance of UAV (unmanned aerial
vehicle) communication system adapting WiBro with array antenna, in: Proc. of
11th International Conference on Advanced Communication Technology (ICACT
2009), vol. 2, South Korea, February 2009, pp. 1233–1237.

[9] Yohandri V. Wissan, I. Firmansyah, P.R. Akbar, J.T. Sri Sumantyo, H. Ku, Develop-
ment of circularly polarized array antenna for synthetic aperture radar sensor
installed on UAV, Progr. Electromagn. Res. C 19 (2011) 119–133.

[10] C. Cohen, Attitude determination using GPS, Ph.D. thesis, Department of Aero-
nautics & Astronautics, Stanford University, CA, USA, 1992.

[11] J. Jang, S. Lee, C. Kee, Performance enhancement of attitude determination sys-
tem by combining single and multiple antennas, in: Proc. of the 17th Interna-
tional Technical Meeting of the Satellite Division of the Institute of Navigation
(ION GNSS 2004), Long Beach, CA, September 2004, pp. 2066–2073.

[12] M. Haardt, F. Roemer, G. Del Galdo, Higher-order SVD based subspace esti-
mation to improve the parameter estimation accuracy in multi-dimensional
harmonic retrieval problems, IEEE Trans. Signal Process. 56 (7) (July 2008)
3198–3213.

[13] Y.C. Lai, S.S. Jan, Attitude estimation based on fusion of gyroscopes and single
antenna GPS for small UAVs under the influence of vibration, GPS Solut. 15 (1)
(2010) 67–77.

[14] M. Haardt, Efficient One-, Two-, and Multidimensional High-Resolution Array
Signal Processing, Shaker Verlag, Aachen, Germany, ISBN 3-8265-2220-6, 1996.

[15] A. Lee, Centrohermitian and skew-centrohermitian matrices, Linear Algebra
Appl. 29 (1980) 205–210.
Kefei Liu is currently a Ph.D. candidate in the Department of Elec-
tronic Engineering, City University of Hong Kong, Hong Kong. He received
the B.Sc. degree in applied mathematics from Wuhan University in 2006
and M.Sc. degree in mathematics from Beihang University in January 2009,
both in China. From February 2012 to August 2012, he studied as a visit-
ing Ph.D. student at the Department of Electrical Engineering, University
of Brasilia, Brazil. His research interests lie in the design and optimization
of multi-dimensional array signal processing algorithms, including model
order selection, prewhitening, and parameter estimation.

João Paulo Carvalho Lustosa da Costa received the Diploma degree in
electronic engineering in 2003 from the Military Institute of Engineering
(IME) in Rio de Janeiro, Brazil, his M.S. degree in 2006 from University
of Brasília (UnB) in Brazil, and his Doktor-Ingenieur (Ph.D.) degree with
Magna cum Laude in 2010 at Ilmenau University of Technology (TU Ilme-
nau) in Germany.

Currently, he is a professor at the Electrical Engineering Department,
University of Brasília (UnB), and he cooperates with the Laboratory of
Technologies for Decision Making (LATITUDE) supported by DELL comput-
ers of Brazil, with the Laboratory of Automation and Robotics (LARA), and
with the Microwave and Wireless Systems Laboratory (MWSL). He coordi-
nates the Laboratory of Array Signal Processing (LASP) at UnB. His research
interests are in the areas of multi-dimensional array signal processing,
model order selection, principal component analysis, MIMO communica-
tions systems, multilinear algebra and parameter estimation schemes.

Hing Cheung So was born in Hong Kong. He obtained the B.Eng. degree
from City University of Hong Kong and the Ph.D. degree from The Chinese
University of Hong Kong, both in electronic engineering, in 1990 and 1995,
respectively.

From 1990 to 1991, he was an Electronic Engineer at the Research
and Development Division of Everex Systems Engineering Ltd., Hong Kong.
During 1995–1996, he worked as a Post-Doctoral Fellow at The Chinese
University of Hong Kong. From 1996 to 1999, he was a Research Assistant
Professor at the Department of Electronic Engineering, City University of
Hong Kong, where he is currently an Associate Professor. His research in-
terests include statistical signal processing, fast and adaptive algorithms,
signal detection, parameter estimation, and source localization. He has
been on the editorial boards of IEEE Transactions on Signal Processing,
Signal Processing, Digital Signal Processing and ISRN Applied Mathematics
as well as a member in Signal Processing Theory and Methods Technical
Committee of the IEEE Signal Processing Society.

Florian Römer studied computer engineering at the Ilmenau Univer-
sity of Technology, Germany, and McMaster University, Hamilton, ON,
Canada, and received the Diplom-Ingenieur (M.Sc.) degree in communica-
tions engineering from the Ilmenau University of Technology in October



K. Liu et al. / Digital Signal Processing 23 (2013) 701–711 711
2006. From December 2006 until September 2012, he has been a Re-
search Assistant in the Communications Research Laboratory at Ilmenau
University of Technology. In October 2012 he has joined the Digital Broad-
casting Research Group, a joint research activity between the Fraunhofer
Institute of Integrated Circuits IIS and Ilmenau University of Technology.
His research interests include multi-dimensional signal processing, high-
resolution parameter estimation as well as multi-user MIMO precoding
and relaying. Mr. Römer received the Siemens Communications Academic
Award in 2006 for his diploma thesis.

Martin Haardt (haardt@ieee.org) has been a Full Professor in the De-
partment of Electrical Engineering and Information Technology and Head
of the Communications Research Laboratory at Ilmenau University of Tech-
nology, Germany, since 2001. Since 2012, he has also served as an Hon-
orary Visiting Professor in the Department of Electronics at the University
of York, UK.

After studying electrical engineering at the Ruhr-University Bochum,
Germany, and at Purdue University, USA, he received his Diplom-Ingenieur
(M.S.) degree from the Ruhr-University Bochum in 1991 and his Doktor-
Ingenieur (Ph.D.) degree from Munich University of Technology in 1996.

In 1997 he joined Siemens Mobile Networks in Munich, Germany,
where he was responsible for strategic research for third generation mo-
bile radio systems. From 1998 to 2001 he was the Director for Interna-
tional Projects and University Cooperations in the mobile infrastructure
business of Siemens in Munich, where his work focused on mobile com-
munications beyond the third generation. During his time at Siemens, he
also taught in the international Master of Science in Communications En-
gineering program at Munich University of Technology.

Martin Haardt has received the 2009 Best Paper Award from the IEEE
Signal Processing Society, the Vodafone (formerly Mannesmann Mobilfunk)
Innovations-Award for outstanding research in mobile communications,
the ITG best paper award from the Association of Electrical Engineering,
Electronics, and Information Technology (VDE), and the Rohde & Schwarz
Outstanding Dissertation Award. He is a Senior Member of the IEEE. In the
fall of 2006 and the fall of 2007 he was a visiting professor at the Univer-
sity of Nice in Sophia-Antipolis, France, and at the University of York, UK,
respectively. His research interests include wireless communications, array
signal processing, high-resolution parameter estimation, as well as numer-
ical linear and multi-linear algebra.

Prof. Haardt has served as an Associate Editor for the IEEE Transactions
on Signal Processing (2002–2006 and since 2011), the IEEE Signal Processing
Letters (2006–2010), the Research Letters in Signal Processing (2007–2009),
the Hindawi Journal of Electrical and Computer Engineering (since 2009), the
EURASIP Signal Processing Journal (since 2011), and as a guest editor for
the EURASIP Journal on Wireless Communications and Networking. He has also
served as an elected member of the Sensor Array and Multichannel (SAM)
technical committee of the IEEE Signal Processing Society (since 2011), as
the technical co-chair of the IEEE International Symposium on Personal In-
door and Mobile Radio Communications (PIMRC) 2005 in Berlin, Germany,
as the technical program chair of the IEEE International Symposium on
Wireless Communication Systems (ISWCS) 2010 in York, UK, as the gen-
eral chair of ISWCS 2013 in Ilmenau, Germany, and as the general co-chair
of the 5-th IEEE International Workshop on Computational Advances in
Multi-Sensor Adaptive Processing (CAMSAP) 2013 in Saint Martin, French
Caribbean.

Luiz F. de A. Gadêlha is a student of mechatronics engineering at Uni-
versity of Brasília (UnB), a student branch volunteer of the Institute of
Electrical and Electronics Engineers (IEEE) and currently an exchange stu-
dent in Computing and Electronic at California State University Chico (CSU
Chico) in United States of America by the program Science without Bor-
ders of the Brazilian government.

mailto:haardt@ieee.org

	3-D Unitary ESPRIT: Accurate attitude estimation for unmanned aerial vehicles with a hexagon-shaped ESPAR array
	1 Introduction
	2 System model
	2.1 Scenario description
	2.2 Deﬁnitions
	2.3 Data model

	3 3-D Unitary ESPRIT for phase delay estimation
	3.1 Shift invariance
	3.2 3-D Unitary ESPRIT

	4 Attitude determination algorithm
	5 Simulation results
	5.1 Performance comparison: hexagon-shaped array versus cross-shaped array Costa2012,Liu2002a
	5.2 Estimation performance dependency on true pitch and roll and range of inaccuracy

	6 Conclusions
	Appendix A Solving (30) and (32)
	References


