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Spatial signature estimation is a problem encountered in several applications in signal processing such 
as mobile communications, sonar, radar, astronomy and seismology. In this paper, we propose higher-
order tensor methods to solve the blind spatial signature estimation problem using planar arrays. 
By assuming that sources’ powers vary between successive time blocks, we recast the spatial and 
spatiotemporal covariance models for the received data as third-order PARATUCK2 and fourth-order 
Tucker4 tensor decompositions, respectively. Firstly, by exploiting the multilinear algebraic structure 
of the proposed tensor models, new iterative algorithms are formulated to blindly estimate the 
spatial signatures. Secondly, in order to achieve a better spatial resolution, we propose an expanded 
form of spatial smoothing that returns extra spatial dimensions in comparison with the traditional 
approaches. Additionally, by exploiting the higher-order structure of the resulting expanded tensor 
model, a multilinear noise reduction preprocessing step is proposed via higher-order singular value 
decomposition. We show that the increase on the tensor order provides a more efficient denoising, 
and consequently a better performance compared to existing spatial smoothing techniques. Finally, a 
solution based on a multi-stage Khatri–Rao factorization procedure is incorporated as the final stage of 
our proposed estimators. Our results demonstrate that the proposed tensor methods yield more accurate 
spatial signature estimates than competing approaches while operating in a challenging scenario where 
the source covariance structure is unknown and arbitrary (non-diagonal), which is actually the case when 
sample covariances are computed from a limited number of snapshots.

© 2016 Elsevier Inc. All rights reserved.
1. Introduction

The great interest on the use of antenna arrays in communica-
tion systems is directly related to capacity and coverage gains they 
can provide, as well as the possibility of implanting techniques 
that promote space division multiple access (SDMA) [2,3]. In the 
SDMA context, the knowledge of spatial signatures of the source 
signals is very important, which has motivated the development 
of several matrix-based methods in the last decades [4]. The ex-
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isting solutions can be categorized into different ways depending 
on assumptions involving (i) the knowledge (or not) of pilot sig-
nals, (ii) the use of parametric or nonparametric models for the 
spatial signatures, (iii) the use of sources’ statistical independency 
or cyclostationarity, to mention a few. In this context, blind meth-
ods are of particular interest, as they are more bandwidth-efficient 
and avoid tight user synchronization [5–8].

Blind estimation techniques have shown great potential to solve 
array signal processing problems such as beamforming and direc-
tion of arrival estimation [5–8]. However, most of these methods 
do not fully exploit the multidimensional structure of the received 
data, which may span several domains such as space, time, fre-
quency and/or polarization. In particular, we can notice that space 
domain can be split into two signal dimensions (azimuth and el-
evation), while time domain can be divided into two dimensions 
(snapshots and frames).

In order to deal with such a multidimensional nature of the 
data signals, tensor decompositions have extensively been ap-
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plied in recent years in array signal processing and multiple-
antenna communication problems. In the signal processing con-
text, [8] proposes a transmission scheme based on power varia-
tions of the transmitted signals at successive time blocks where 
the blind spatial signature estimation problem is solved using two 
approaches: the first approach is based on the third-order PARAl-
lel FACtor (PARAFAC) tensor decomposition [9,10], while the sec-
ond one relies on a joint approximate diagonalization algorithm. 
In the seminal paper [12], a blind receiver for direct-sequence 
code division multiple access (DS-CDMA) systems is presented us-
ing the PARAFAC model. In [13] and [14], PARAFAC modeling is 
linked to the problem of multiple invariance sensor array process-
ing (MI-SAP) and MIMO radar systems, respectively. In [15] the 
signals’ polarization dimension is exploited in the tensor model-
ing of polarimetric arrays, while in [16] and [17] a closed-form 
PARAFAC solution and tensor-based ESPRIT algorithm are proposed 
for R-dimensional parameter estimation, respectively.

In the context of wireless communications, [18] proposes a 
unified PARAFAC-based modeling for tensor-based receivers with 
application to blind multiuser equalization. In [19] and [20], dif-
ferent tensor-based receivers are presented for solving the joint 
symbol and channel estimation problem in space-time-frequency 
(STF) MIMO communication systems. In the former, the PARAFAC 
decomposition is exploited to derive a closed-form solution based 
on the Khatri–Rao factorization. The latter proposes a semi-blind 
receiver based on alternating least squares that exploits a general-
ized PARATUCK2 model of the STF-MIMO transmission system. The 
key features motivating the use of tensor decompositions in the 
aforementioned works come from their powerful identifiability and 
uniqueness properties compared with matrix-based methods [10,
21]. Additionally, one can also benefit from the multidimensional 
structure of tensor data to perform noise rejection/prewhitening, 
as shown in [22].

In the particular context of spatial signature estimation in ar-
ray processing, the existing tensor methods [8,11,13] are restricted 
to the PARAFAC decomposition. An approach of particular interest 
here is the PARAFAC-based method of [8], which exploits multiple 
data covariance matrices by imposing a block-wise stationary prop-
erty on the source signals. It is worth mentioning that [8] assumes 
the source covariance matrices are diagonal and perfectly known at 
the receiver. However, these features correspond to the assumption 
of perfect decorrelation between source signals, while representing 
an asymptotic (ideal) situation where the data covariance matrix is 
perfectly computed/estimated from the received data samples. We 
are interesting in relaxing, or avoiding, such idealistic assumptions 
to deal with more general scenarios. Otherwise stated, this means 
that we should resort to more flexible tensor models to conve-
niently model the problem, which in turn have a direct impact on 
the receiver processing strategy to be used.

In this paper, we initially propose tensor-based methods to 
solve the problem of blind spatial signature estimation using pla-
nar arrays. Our methods discard idealizing assumptions about the 
source covariance structure, as opposed to the competing meth-
ods referred previously. Moreover, the proposed methods do not 
require the use of training sequences nor the knowledge about 
the propagation channel. By assuming that sources’ transmit pow-
ers vary between successive time blocks, we recast the spatial 
and spatiotemporal covariance models for the received data as a 
third-order PARATUCK2 and fourth-order Tucker4 tensor decom-
positions, respectively. For each proposed method, our second con-
tribution consists in developing iterative algorithms based on al-
ternating least squares (ALS) which are used to blindly estimate 
the sources’ spatial signatures. The proposed tensor methods are 
able to operate in a challenging scenario where sources covari-
ance structure is unknown and arbitrary (non-diagonal), which is 
actually the case when sample covariances are computed from a 
limited number of snapshots. Moreover, since planar arrays are 
used, the sources can be localized in the 2-D azimuth and el-
evation domain, in contrast to the previous tensor based meth-
ods.

As a third contribution of this paper, we also propose to in-
crease the spatial resolution by incorporating the proposed ex-
panded spatial smoothing which increases the dimensions of the 
data tensor allowing a better identifiability while adding robust-
ness to the proposed tensor-based methods. By exploiting the 
higher-order structure of the resulting expanded tensor model, 
a multilinear noise reduction preprocessing step via higher-order 
singular value decomposition is incorporated. We show that the 
increase on the tensor order provides a more efficient denois-
ing, improving the performance of the proposed PARATUCK2 and 
Tucker4 estimators. It also yields a better performance compared 
to existing spatial smoothing techniques. An identifiability study 
is also carried out for the proposed tensor-based methods. Fi-
nally, before extracting the directions of arrival of the sources, 
a solution based on the multi-stage Khatri–Rao factorization [16,
23] is incorporated as a refinement stage of our proposed estima-
tors.

The rest of this paper is organized as follows. Section 2 presents 
our signal model. In Section 3, we recall the baseline approach for 
spatial signature estimation from which the proposed methods are 
built. In Section 4, the proposed tensor-based estimators are for-
mulated and the receiver algorithms are discussed. After briefly 
recalling conventional spatial smoothing techniques in Section 5
for completeness, we formulate the expanded spatial smoothing 
scheme in Section 6. A denoising procedure via a multidimen-
sional low-rank approximation in conjunction with the expanded 
spatial smoothing scheme is also presented in this section. Iden-
tifiability results and computational complexity of the proposed 
methods are discussed in Section 7. Section 8 presents our sim-
ulation results and discussions. The paper is concluded in Sec-
tion 9.

Notations: The following notation is used throughout the paper. 
Scalars are denoted by lower-case italic letters x, vectors are writ-
ten as lower-case italic boldface letters x, matrices as upper-case 
italic boldface letters X , and tensors as calligraphic boldface let-
ters X . The superscripts T, H, † and ∗ represent transpose, Her-
mitian transpose, pseudo-inverse and complex conjugate, respec-
tively. The operator diag(x) converts x into a diagonal matrix. The 
j, r-th scalar element of X ∈ C

J×R is denoted by X ( j,r) , while its 
r-th column is denoted by X(:, r) ∈ C

J×1. The operator vec(X)

converts X to a vector x by stacking its columns on top of each 
other, while vecd(Y ) converts the diagonal elements of Y into 
a vector. The operator unvec J×R(x) denotes the inverse vector-
ization operation that converts x ∈ C

J R×1 back to a J × R ma-
trix. D j(X) is a diagonal matrix constructed from the j-th row 
of X , and ‖ · ‖F represents the Frobenius norm of a matrix or a 
tensor. The Kronecker, Khatri–Rao and Hadamard (element-wise 
matrix product) products are denoted by ⊗, � and �, respec-
tively. The Khatri–Rao product between two matrices X ∈ C

J×R

and Y ∈ C
K×R corresponds to a column-wise Kronecker prod-

uct, i.e.:

X � Y = [X(:,1) ⊗ Y (:,1), . . . , X(:, R) ⊗ Y (:, R)]. (1)

In this paper, the following properties of the Khatri–Rao and Kro-
necker products are used

vec(A BC T) = (C � A)vecd(B), (2)

vec(A BC T) = (C ⊗ A)vec(B), (3)

(A � B)H (A � B) = AH A � BH B. (4)
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Fig. 1. Planar array configuration with N = Nx · Nz sensors. The distance between 
the sensors in z axis is given by dz while the distance between the sensors in the 
x axis is given by dx . The wavefront has elevation and azimuth angles equal to αm

and βm , respectively.

where B is a diagonal matrix in first case and a full matrix in sec-
ond case. In both cases, A, B and C are matrices of compatible 
dimensions.

2. Signal model

Let us consider a wireless communication scenario where M
sources transmit simultaneously to a remote base station equipped 
with a planar array of N = Nx · Nz sensors, as illustrated in Fig. 1. 
Let sm(t) be the narrowband signal transmitted by the m-th source 
that impinges the antenna array with elevation and azimuth an-
gles αm and βm , respectively. Each index pair (nx, nz) identifies the 
position of a sensor in the x–z plane. After being sampled, the 
discrete-time signal received at the (nx, nz)-th sensor can be ex-
pressed as

xnx,nz (t) =
M∑

m=1

a(x)
nx,ma(z)

nz,msm(t) + vnx,nz (t), (5)

where vnx,nz (t) denotes the additive white Gaussian noise at 
the (nx, nz)-th sensor, a(x)

nx,m = e− j 2π
λ

(nx−1)dx sin αm cos βm and a(z)
nz,m =

e− j 2π
λ

(nz−1)dz cos αm represent the x-axis and z-axis propagation de-
lays of the plane wavefront associated with the m-th source and 
(nx, nz)-th sensor, where the reference sensor position is taken at 
the origin. In matrix form, the received data associated with the 
t-th snapshot can be written as

X t =

⎡
⎢⎢⎣

x1,1(t) · · · x1,Nx(t)

...
. . .

...

xNz,1(t) · · · xNz,Nx(t)

⎤
⎥⎥⎦ , t = 1, . . . , T

= Az Dt

(
ST

)
AT

x + V t ∈C
Nz×Nx , (6)

where S ∈ C
M×T is the symbol matrix, the rows of which contain 

the symbol sequences transmitted by the different sources, V t ∈
C

Nz×Nx is the additive noise matrix, and Ax = [a(x)
1 , . . . , a(x)

M ] ∈
C

Nx×M and Az = [a(z)
1 , . . . , a(z)

M ] ∈ C
Nz×M are spatial signature ma-

trices of the sources, with a(x)
m = [a(x)

, . . . , a(x) ]T and a(z)
m =
1,m Nx,m
Fig. 2. Structure of the sample covariance matrix of the sources for 10 BPSK modu-
lated sources and different values for number of snapshots.

[a(z)
1,m, . . . , a(z)

Nz,m
]T, respectively. The additive noise term is assumed 

to be uncorrelated with respect to the source signals.
Applying the property (2) to model (6), and concatenating the 

received data during T snapshots, we obtain

X = (Ax � Az) S + V , (7)

where

• X = [vec (X1) · · ·vec (X T )] ∈ C
N×T is a matrix collecting the 

received data;
• Ax � Az ∈ C

N×M is the overall spatial signature matrix of the 
planar array;

• V = [vec (V 1) · · ·vec (V T )] ∈ C
N×T is the additive noise ma-

trix.

Equation (7) is the classical model for spatial signature es-
timation, for which several matrix-based techniques have been 
developed. Among them, we can refer the reader to traditional 
algorithms such multiple signal classification (MUSIC) [24] and es-
timation of signal parameters by rotational invariance techniques 
(ESPRIT) [25].

The sample spatial covariance matrix R � 1
T X XH ∈C

N×N of the 
signals received at the sensor array is given by

R = (Ax � Az)

(
1

T
S SH

)
(Ax � Az)

H + E, (8)

where E = 1
T

(
2Re{(Ax � Az) S V H} + V V H

)
represents the co-

variance of the additive noise in conjunction with the cross-
covariance between the source signals and noise. Note that, for 
T → ∞, we have 1

T X XH → E{x(t)xH(t)}, 1
T S SH → E{s(t)sH(t)} =

diag(σ 2
1 , . . . , σ 2

M), where σ 2
m is the m-th source variance, and 

1
T V V H = σ 2

v I , where σ 2
v is the noise variance. We call attention 

to the fact that σ 2
1 , . . . , σ 2

M are unknown and not necessarily iden-
tical.

In many approaches is assumed that the sample covariance ma-
trix of the sources is known and perfectly diagonal. However, in re-
alistic scenarios in which the sources covariance is computed from 
a finite and possibly reduced number of snapshots, the diagonal-
ity of the sample covariance matrix does not hold, i.e. R s = 1

T S SH

is not a diagonal matrix, even for sources that are uncorrelated in 
practice. In fact, assuming that the sources covariance matrix is di-
agonal only holds asymptotically. This aspect is now illustrated in 
Fig. 2, in which the sample covariance matrix of the sources for 10 
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Fig. 3. Data transmission structure.

binary phase shift keying (BPSK) modulated sources is computed 
for low and large number of snapshots.

In view of this limitation, we propose in Section 4 efficient 
tensor-based methods able to operate in practical scenarios in 
which the sources covariance structure is arbitrary and unknown, 
thereby overcoming idealistic/asymptotic assumptions of uncorre-
lated sources. This is possible since our proposed higher-order ten-
sor models naturally captures any structure for the sources covari-
ance in their modeling, yielding efficient algorithms to solve the 
blind spatial signature estimation problem when a limited number 
of snapshots is assumed.

3. State of the art and motivation

In this section, a survey of the baseline method proposed in [8]
is done for convenience of presentation. This method serves as a 
basis from which our contributions are built. The signal model is 
rewritten by assuming a planar array at the receiver. The practical 
limitations of this baseline method are then discussed to motivate 
the development of the proposed tensor-based methods in latter 
sections.

Let us consider a fixed observation time window consisting of 
T snapshots equally divided into P time blocks, each consisting of 
Ts = T

P snapshots. It is guaranteed that the m-th source transmits 
the sequence sm ∈ C

Ts×1, m = 1, . . . , M , during each time block 
and that the mean power of each transmitted source waveform 
varies across the P time blocks (quasi-stationary assumption). An 
illustration of this scenario is provided in Fig. 3. In the context 
of mobile communications, such power fluctuations can be artifi-
cially induced via a time-varying power loading scheme, where the 
mean power of each mobile user transmit signal is subject to small 
variations applied on top of the usual power control [8].

Let us define the power loading matrix W = [w1, . . . , w M ] ∈
R

P×M , the m-th column of which contains the set of coefficients 
for the m-th source, while S = [s1, . . . , sM ]T ∈ C

M×Ts concatenates 
the symbol sequences transmitted by all the sources. From these 
considerations, the received data matrix associated with the p-th 
time block can be expressed as

X p = (Ax � Az) D p (W ) S + V p ∈C
N×Ts . (9)

The noiseless term in (9) corresponds to the p-th slice of a 
PARAFAC decomposition of the third-order tensor X ∈ C

N×P×T , 
which can be represented by means of the r-th mode product no-
tation as:

X = I3,M ×1 (Ax � Az) ×2 W ×3 ST, (10)

where ×r, r = 1, . . . , R , is the r-mode product between a tensor 
and a matrix [26], and I3,M is the third-order identity tensor of 
size M × M × M whose elements are equal to one when all indices 
are equal, and zero elsewhere.

Decoupling the first mode of (10) associated with the Khatri–
Rao product Ax � Az into two independent modes, we obtain a 
fourth-order tensor X ∈ C

Nz×Nx×P×T for the received data tensor 
given by
X = I4,M ×1 Az ×2 Ax ×3 W ×4 ST, (11)

where I4,M is the fourth-order identity tensor.
From (10) or (11) estimates for the spatial signature matrices 

Ax and Az can be obtained with a good accuracy by applying 
a PARAFAC decomposition algorithm directly to the received data 
tensor. However, when a large number T of snapshots is con-
sidered, this approach implies a high processing time and may 
become prohibitive. Due to this limitation, the use of estimation 
methods whose computational complexity is independent of T is 
preferable in some situations. This is the case when second or-
der statistics of the received data are used. However, this approach 
usually comes with a tradeoff: when considering a limited number 
T of snapshots, idealistic/asymptotic assumptions such as perfectly 
known source and noise covariances do not hold anymore. In fact, 
even for a moderate number of snapshots, the numerical compu-
tation of sample covariances only leads to approximations on the 
true structure assumed by the source covariance matrix, which is 
usually treated as a diagonal matrix with known diagonal coeffi-
cients as in [8]. Our aim, in contrast to the method presented in 
[8], is propose tensor-based methods that treat the general case in 
which the source covariance matrix is unknown and non-diagonal. 
Before presenting the proposed methods, we briefly discuss the 
baseline tensor-based method for blind spatial signature estima-
tion, which relies on the PARAFAC decomposition.

3.1. The PARAFAC estimator

As proposed in [8], under the assumption that the powers of 
the sources vary across time blocks and that different symbol ma-
trices S p , p = 1, . . . , P , are transmitted per time block, multiple 
spatial covariances of the received data can be stowed in a third-
order tensor following a PARAFAC decomposition. The sample spa-
tial data covariance matrix associated with the p-th time block is 
given by

R p � 1

Ts
X p XH

p ∈ C
N×N . (12)

If the source covariance matrix related to the p-th transmitted 
block is well approximated by a diagonal matrix Rs � 1

Ts
S p SH

p , 
(12) can be rewritten as

R p = (Ax � Az) D p (�) (Ax � Az)
H + E p, (13)

where � = �Rs and � = W � W ∗ . The signal part of (13) cor-
responds to the p-th frontal slice of a PARAFAC decomposition of 
the third-order spatial covariance tensor R ∈ C

N×N×P , which can 
be written using the r-mode product notation as

R = I3,M ×1 (Ax � Az) ×2 (Ax � Az)
∗ ×3 �. (14)

Similar to (10) and (11), estimates for the spatial signature ma-
trices can be obtained with good accuracy from (14) by means of 
the PARAFAC decomposition algorithm based on alternating least 
squares (ALS) [10,27]. Note that, this model relaxes the repetition 
condition of symbols per time block assumed in the direct data 
approach previously presented. However, in this case the PARAFAC-
based estimator work on the assumption that the sample covari-
ance matrix of the sources Rs is perfectly diagonal. Strictly speak-
ing, this is only true in the asymptotic case (Ts → ∞) as well 
as when the source signals are perfectly uncorrelated. Moreover, 
assuming that the covariances are computed over a finite num-
ber Ts of snapshots, the diagonality of the sample covariance does 
not hold, i.e. Rs = 1

Ts
S p SH

p 	= diag(σ 2
1 , . . . , σ 2

M), even for uncorre-
lated sources, which leads to a modeling error of the PARAFAC-
based method proposed in [8]. In the following, we propose tensor 
methods that assume an arbitrary and unknown source covariance 
structure, thus discarding idealized assumptions such as asymp-
totic estimation and source uncorrelatedness.
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4. Proposed tensor-based methods

In this section, we develop the rationale of the proposed 
PARATUCK2 and Tucker4 estimators. The signal model is recast 
by means of a tensor modeling. Then, the receiver algorithms are 
formulated to solve the problem, which make use of spatial and 
spatiotemporal sample covariances of the array observations, re-
spectively.

4.1. Third-order PARATUCK2 estimator

A third-order tensor can be obtained from the sample spatial 
covariance matrix of the received data in each time block, de-
scribed in (12), which follows a PARATUCK2 decomposition [28]. 
The sample covariance matrix R p can be rewritten as

R p = AD p (W )

(
1

Ts
S SH

)
D p (W ) AH + E p,

R p = AD p (W ) R s D p (W ) AH + E p, (15)

where for simplicity of notation we define A = Ax � Az as the over-
all spatial signature matrix. In this case, the noiseless matrix (15)
describes the frontal slices of the PARATUCK2 decomposition of the 
spatial covariance tensor R ∈C

N×N×P . This decomposition can be 
written using the r-mode product notation as follows

R =Rs ×1 A∗ ×2 A ×3

(
W H � W T

)
, (16)

where Rs ∈ C
M×M×P is the core source covariance tensor, the 

p-th frontal slice of which is given by Rs(:, :, p) = Rs , p =
1, . . . , P . The unfoldings [R](1) ∈ C

N2×P , [R](2) ∈ C
N P×N and 

[R](3) ∈ C
N P×N of the PARATUCK2 decomposition (16) admit the 

following factorizations [29]:

[R](1) = (
A∗ ⊗ A

)
diag (vec (Rs))

(
W H � W T

)
, (17)

[R](2) = (I P ⊗ A)�μ AH, (18)

[R](3) = (
I P ⊗ A∗)�τ AT, (19)

where I P represents an identity matrix of size P × P , and

�μ =

⎡
⎢⎢⎣

�1

...

� P

⎤
⎥⎥⎦ ∈C

P M×M , �τ =

⎡
⎢⎢⎣

�T
1

...

�T
P

⎤
⎥⎥⎦ ∈C

P M×M , (20)

where

� p = D p (W ) Rs D p
(
W ∗) , p = 1, . . . , P . (21)

Our first approach, related to the proposed PARATUCK2 receiver, 
consists of estimating the spatial signature matrix A without the 
knowledge of the source covariances contained in Rs from the spa-
tial data covariance tensor R only. This is done by assuming that 
the power loading matrix W is known at the receiver. From the 
matrix unfoldings (18) and (19), two LS estimation steps can be 
derived to estimate A and A∗ independently. We call attention to 
that fact that the sources covariance matrix Rs is assumed to be 
unknown and should also be estimated jointly with the spatial sig-
natures. Applying the property (2) to (17) we get

vec
([R](1)

) =
[(

W H � W T
)T � (

A∗ ⊗ A
)]

vec (Rs) . (22)

In general, to estimate the matrices of interest we propose 
the use of the PARATUCK2-based alternating least squares (ALS-
PARATUCK2) algorithm. This algorithm provides an iterative solu-
tion that consists in estimating, at each time, a given factor matrix 
by fixing the other matrices to their values obtained at previous 
estimation steps. An estimate of vec (Rs) is also extracted in the LS 
sense from (22) at each iteration of the algorithm. In application to 
our problem, the ALS-PARATUCK2 estimator can be formulated as 
follows.

ALS-PARATUCK2 Estimator

Define B = A∗ .
1. Set i = 0;

Initialize randomly R̂
(i=0)

s and Â(i=0);
2. i ← i + 1;

3. According to Eqs. (20) and (21), construct �̂
(i)
μ and �̂

(i)
τ ;

4. Using [R](2) , find a LS estimate of B̂(i):

B̂(i) =
[[(

I P ⊗ Â(i−1)

)
�̂

(i)
μ

]† [R](2)

]T

;

5. Using [R](3) , find a LS estimate of Â(i):

Â(i) =
[[(

I P ⊗ B̂(i)

)
�̂

(i)
τ

]† [R](3)

]T

;

6. Using [R](1) , find a LS estimate of R̂
(i)
s :

vec
(

R̂
(i)
s

)
=

[(
W H � W T

)T �
(

B̂(i) ⊗ Â(i)

)]†
vec

([R](1)

)
;

R̂
(i)
s = unvecM×M

(
vec

(
R̂

(i)
s

))
;

7. Repeat steps 2–6 until convergence.
8. Compute an estimate of Â = Âx � Âz → ( Â + B̂

∗
)/2.

4.2. Fourth-order Tucker4 estimator

In our second approach, we rely on the spatiotemporal covari-
ance structure of the data collected during the P time blocks. To 
this end, let us define the extended data matrix

⎡
⎢⎢⎢⎢⎣

X1

X2

...

X P

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
X

=

⎡
⎢⎢⎢⎢⎣

AD1 (W )

AD2 (W )

...

AD P (W )

⎤
⎥⎥⎥⎥⎦ S +

⎡
⎢⎢⎢⎢⎣

V 1

V 2

...

V P

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
V

,

or, more compactly,

X = (W � A) S + V ∈C
P N×Ts . (23)

From the noiseless matrix Xo = (W � A) S ∈ C
P N×Ts , let us now 

introduce the spatiotemporal multimode sample covariance ma-
trix

Rmm = 1

Ts
Xo XH

o ∈C
P N×P N , (24)

or, equivalently,

Rmm = (W � A) Rs (W � A)H . (25)

This equation denotes a symmetrical multimode unfolding of a 
fourth-order spatiotemporal covariance tensor R ∈ C

N×P×N×P

given by

R =Rs ×1 A ×2 W ×3 A∗ ×4 W ∗. (26)

This tensor follows a symmetrical Tucker4 tensor decomposition 
[30]. In our case, the core tensor Rs ∈ C

M×M×M×M is uniquely 
associated to the sample covariance matrix R s by the following 
relation:

Rs(:, :,m,m) = diag (Rs(:,m)) , m = 1, . . . , M. (27)
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Note that in (25) the first and second modes of the spatiotem-
poral covariance tensor R are row-wise merged, while the third 
and fourth modes are column-wise merged, i.e. [R](1,2);(3,4) =
Rmm ∈ C

P N×P N . Due to the partial symmetry of the spatiotem-
poral covariance tensor R, we also have [R](1,4);(3,2) = Rmm.

Special Case: Note that, as a special case, and under the assumption 
of perfectly uncorrelated sources with known unit variances, the 
Tucker4 decomposition (26) simplifies to

R = I4,M ×1 A ×2 W ×3 A∗ ×4 W ∗. (28)

In this case, the spatiotemporal data covariance tensor follows a 
fourth-order PARAFAC decomposition.

Let us construct the unimodal unfolding matrices of the spa-
tiotemporal covariance tensor, [R](1) ∈ C

N×P 2 N , [R](2) ∈ C
P×P N2

, 
[R](3) ∈C

N×P 2 N and [R](4) ∈C
P×P N2

. It can be shown that these 
unfoldings admit the following factorizations, respectively:

[R](1) = A[Rs](1)(W ∗ ⊗ A∗ ⊗ W )T , (29)

[R](2) = W [Rs](2)(W ∗ ⊗ A∗ ⊗ A)T , (30)

[R](3) = A∗[Rs](3)(W ∗ ⊗ W ⊗ A)T , (31)

[R](4) = W ∗[Rs](4)(A∗ ⊗ W ⊗ A)T , (32)

where [Rs](1) , [Rs](2) , [Rs](3) and [Rs](4) ∈ C
M×M3

represent 
the unimodal unfoldings of the sources’ covariance tensor Rs .

By capitalizing on the multilinear structure of the spatiotem-
poral covariance tensor (26), represented by these four unfoldings, 
conditional LS estimates of the matrices of interest can be obtained 
using a Tucker4-based alternating least squares (ALS-Tucker4) algo-
rithm. Note that, since the source covariances are not known here, 
an additional LS step for estimating vec (Rs), and consequently Rs
is necessary. This LS step can be derived by applying the property 
(3) to (25), yielding

vec (Rs) =
[
(W � A)∗ ⊗ (W � A)

]†
vec (Rmm) . (33)

Remark 1. A lower computational complexity can be achieved 
in the calculation of the pseudo-inverse by using some proper-
ties of the Kronecker and Khatri–Rao products. Let us define for 
simplicity of notation the matrices ϒ1 = (W � A)∗ ∈ C

P N×M and 
ϒ2 = (W � A) ∈ C

P N×M . Then, we have:

[ϒ1 ⊗ ϒ2]† =
[(

ϒH
1 ϒ1

)−1 ⊗
(
ϒH

2 ϒ2

)−1
]

(ϒ1 ⊗ ϒ2)
H . (34)

Using (34) and applying the property (4), the pseudo-inverse term 
in (33) can be rewritten as

[
(W � A)∗ ⊗ (W � A)

]† =
{[(

W HW � AH A
)∗]−1 ⊗

[
W HW � AH A

]−1 }[
(W � A)∗ ⊗ (W � A)

]H
. (35)

Note that (35) is a computationally efficient form of calculating 
the LS solution in (33), which is exploited in our ALS-Tucker4 al-
gorithm.

The proposed ALS-Tucker4 estimator is summarized as follows.
ALS-Tucker4 Estimator

Define B = W , C = A∗ and D = W ∗ .
1. Set i = 0;

Initialize randomly R̂s
(i=0)

, B̂(i=0) , Ĉ (i=0) and D̂(i=0);

2. From R̂s
(i=0)

construct the matrices unfolding [R̂s
(i=0)](1) ,

[R̂s
(i=0)](2) , [R̂s

(i=0)](3) and [R̂s
(i=0)](4);

3. i ← i + 1;
4. Using [R](1) , find a LS estimate of Â(i):

Â(i) = [R](1)

[
[R̂s

(i−1)](1)

(
D̂(i−1) ⊗ Ĉ (i−1) ⊗ B̂(i−1)

)T
]†

;

5. Using [R](2) , find a LS estimate of B̂(i):

B̂(i) = [R](2)

[
[R̂s

(i−1)](2)

(
D̂(i−1) ⊗ Ĉ (i−1) ⊗ Â(i)

)T
]†

;

6. Using [R](3) , find a LS estimate of Ĉ (i):

Ĉ (i) = [R](3)

[
[R̂s

(i−1)](3)

(
D̂(i−1) ⊗ B̂(i) ⊗ Â(i)

)T
]†

;

7. Using [R](4) , find a LS estimate of D̂(i):

D̂(i) = [R](4)

[
[R̂s

(i−1)](4)

(
Ĉ (i) ⊗ B̂(i) ⊗ Â(i)

)T
]†

;

8. From Â(i) , B̂(i) , Ĉ (i) and D̂(i) obtain the following matrices:

ϒ̂
(i)
1 = B̂(i) � Â(i) and ϒ̂

(i)
2 = D̂(i) � Ĉ (i);

9. From (33) and using (35), find a estimate of R̂s
(i)

:

vec
(

R̂s
(i)

)
=

[
ϒ̂

(i)
1 ⊗ ϒ̂

(i)
2

]†
vec (Rmm);

R̂s
(i) = unvecM×M

(
vec

(
R̂s

(i)
))

;

for m = 1 : M
R̂s

(i)
(:, :, m, m) = diag

(
R̂s

(i)
(:,m)

)
;

end
10. Get the unfolded matrices of R̂s

(i)
;

11. Repeat steps 3–10 until convergence.
12. Compute an estimate of Â = Âx � Âz → ( Â + Ĉ

∗
)/2.

Let R̂(i)
be the spatial or spatiotemporal covariance tensor re-

constructed from the estimated matrices at the i-th iteration. For 
both estimators, the convergence can be declared when the resid-

ual error e(i) = ‖R−R̂(i)‖2
F does not significantly change between 

two successive iterations. Herein, we assume that the estimators 
has converged at the i-th iteration when |e(i) − e(i−1)| ≤ 10−6.

Note that in (15) and (26) the source covariance matrix is un-
known and fixed in all time blocks. This condition is satisfied 
when using the transmission scheme shown in Fig. 3. Therefore, 
a tradeoff can be observed between the method proposed in [8]
and our proposed estimators. In [8], the data transmission rate is 
not affected, however idealized assumptions such as asymptotic 
covariance estimation and source uncorrelatedness must be sat-
isfied. On the other hand, the proposed PARATUCK2 and Tucker4 
estimators decrease the transmission rate but are able to operate 
in a challenging scenario where source covariance structure is un-
known and arbitrary (non-diagonal).

Remark 2. The PARATUCK2 and Tucker4 tensor decompositions, 
described in (15) and (26), respectively, naturally capture any 
structure for the sources covariance into the core matrix Rs and 
core tensor Rs , meaning that the assumption of uncorrelated 
source signals (or perfectly diagonal and known source covariance 
matrix) is not a necessary assumption of the proposed methods, as 
we mentioned previously. Instead of adopting simplifying assump-
tions on the covariance of the sources, the proposed estimators do 
incorporate the covariance structure into the algebraic PARATUCK2 
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and Tucker4 models, allowing its blind estimation. Moreover, the 
proposed higher-order tensor methods are preferable over deter-
ministic tensor methods in the case of a large number T of snap-
shots, since the computational complexity for the first is inde-
pendent of T . Note also that the ALS-Tucker4 estimator, which 
exploits higher-order information from the spatiotemporal covari-
ances, does not assume the knowledge of the power loading ma-
trix at the receiver, corresponding to a more challenging scenario 
where the sources transmissions are not coordinated. When W is 
known, the steps 5 and 7 of the ALS-Tucker4 estimator are skipped.

5. Conventional spatial smoothing

For the sake of completeness, let us first briefly introduce the 
conventional spatial smoothing scheme. Consider that the sensor 
array is divided into L subarrays each having N(sub) = N − L + 1
sensors. From the received data matrix X in (7), we can define 
the resulting matrix Xss ∈C

N(sub)×LT from the concatenation of the 
data matrices collected by the L subarrays as follows [31]

Xss =
[

J (L)
1 · X, J (L)

2 · X, · · · , J (L)
L · X

]
,

= A(s) ·
[

S,�S, · · · ,�L−1 S
]
+ V ss, (36)

where

J (L)

l = [
0N(sub)×(l−1) I N(sub) 0N(sub)×(L−l)

]
(37)

is the selection matrix of the l-th subarray, A(s) ∈ C
N(sub)×M is the 

spatial signature matrix of the reference subarray (or the first sub-
array) given by

A(s) = J (L)
1 · A, (38)

and � ∈ C
M×M is a diagonal matrix, V ss ∈ C

N(sub)×LT is the result-
ing noise matrix given by

V ss =
[

J (L)
1 · V , J (L)

2 · V , · · · , J (L)
L · V

]
. (39)

In [17], the spatial smoothing preprocessing scheme is rewrit-
ten using a convenient tensor notation, which is also adopted 
here. Let X ∈ C

N1×N2×···×NR ×T be the received data tensor. Ap-
plying the spatial smoothing scheme considering Lr subarrays in 
the r-th mode, for r = 1, 2, . . . , R , we obtain a spatially smoothed 
tensor X ss of size N(sub)

1 × N(sub)
2 × · · · × N(sub)

R × LT with N(sub)
r =

Nr − Lr + 1 and L = ∏R
r=1 Lr , such that

X ss = [
X 1,1,...,1 �R+1 X 2,1,...,1 �R+1 · · ·
· · · �R+1 X l1,l2,...,lR · · · �R+1 X L1,L2,...,LR

]
, (40)

where the operator [A �r B] denotes the concatenation of the ten-
sors A and B along the r-th mode. The subtensor X l1,l2,...,lR can 
then be expressed as

X l1,l2,...,lR = X ×1 J (L1)

l1
×2 J (L2)

l2
· · · ×R J (LR )

lR
, (41)

where the selection matrix in the r-th mode is defined as

J (Lr)

lr
=

[
0

N(sub)
r ×(lr−1)

I
N(sub)

r
0

N(sub)
r ×(Lr−lr)

]
. (42)

Note that in both cases (matrix- or tensor-based spatial smooth-
ing), the array aperture reduces from N to N(sub) (or Nr to N(sub)

r ) 
while the number of snapshots increases from T to LT .
Fig. 4. Planar array with spatial smoothing.

6. Expanded spatial smoothing with denoising

In the following, we propose a preprocessing strategy that can 
be incorporated to the PARATUCK2 and Tucker4 estimators to im-
prove their blind estimation resolution. The idea of these strategies 
is to use a spatial smoothing scheme that expands the order of the 
data tensor by returning extra spatial dimensions in comparison 
with the traditional approaches. By operating on the resulting ex-
panded data tensor, a multidimensional low-rank approximation is 
then used to obtain an effective denoising. As will be shown later 
in our numerical results, this approach results in a more efficient 
noise reduction improving the spatial resolution of the proposed 
estimators.

6.1. Expanded spatial smoothing scheme

Let us subdivide the planar sensor array into L 2-D subarrays of 
N(sub) = N(sub)

x · N(sub)
z sensors each, as shown in Fig. 4. Assuming 

that the index pair (i, j), i = 1, . . . , I , j = 1, . . . , J , is associated 
with the l-th subarray, l = 1, . . . , L, we can define two matrices 
�z ∈ C

I×M and �x ∈ C
J×M that capture the delay suffered by the 

M planar wavefronts impinging the l-th subarray. The i-th and j-th 
rows of these matrices are given, respectively, by

�z(i, :) =

⎡
⎢⎢⎢⎣

e− j 2π
λ

(i−1)dz cos α1

...

e− j 2π
λ

(i−1)dz cos αM

⎤
⎥⎥⎥⎦

T

, (43)

and

�x( j, :) =

⎡
⎢⎢⎢⎣

e− j 2π
λ

( j−1)dx sin α1 cos β1

...

e− j 2π
λ

( j−1)dx sin αM cos βM

⎤
⎥⎥⎥⎦

T

. (44)

Based on these considerations, and exploiting the two-dimensional 
shift-invariance property of the planar array, the matrix containing 
the useful data received at the l-th subarray during the p-th time 
block X i,p,t, j ∈ C

N(sub)
z ×N(sub)

x can be written as

X i,p,t, j = A(s)
z Di (�z) D p (W ) Dt

(
ST

)
D j (�x) A(s)T

x . (45)

This matrix corresponds to the (i, p, t, j)-th frontal slice of a 
PARAFAC decomposition of the sixth-order measurement tensor

X ss = I6,M ×1 A(s)
z ×2 A(s)

x ×3 W

×4 ST ×5 �z ×6 �x. (46)

In this tensor model the matrices A(s)
x ∈ C

N(sub)
x ×M and A(s)

z ∈
C

N(sub)
z ×M denote the responses of the sensors positioned along the 

x and z axis of the reference planar subarray, respectively.
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Remark 3. Note that (46) corresponds to an expanded form of 
the received data tensor described in (11) where two extra spatial 
modes are added. In the general case, in which a tensor of order N
is received, the proposed expanded spatial smoothing scheme re-
sults in a tensor of order N + D , where D denotes the number of 
dimensions of the sensor array. Since we are assuming a planar ar-
ray (D = 2), two spatial dimensions (associated with �x and �z) 
are added to the observations tensor. This is in contrast to the con-
ventional spatial smoothing scheme (40), where the tensor order 
does not change. Increasing the tensor order yields more flexible 
identifiability conditions while offering more degrees of freedom 
for noise reduction via multidimensional low-rank approximation.

6.2. Spatial smoothing across the snapshots mode

Let us introduce X i, j ∈ C
N(sub)

z ×N(sub)
x ×P×Ts as the received data 

tensor associated with the l-th subarray, i.e. in the subarray de-
scribed by the index pair (i, j). From (45), the received data are 
reorganized along the fourth mode (i.e. along the snapshots di-
mension) in accordance with (40). Thanks to shift invariance, we 
can get a new tensor structure of fourth-order given by

X ss = [
X 1,1 �4 · · · �4 X i, j · · · �4 X I, J

]
, (47)

where X ss ∈ C
N(sub)

z ×N(sub)
x ×P×LTs and L = I J . Using the r-mode 

product notation, X ss can be written as

X ss = I4,M ×1 A(s)
z ×2 A(s)

x ×3 W ×4 �, (48)

where � = �z � �x � ST ∈C
LTs×M .

Note that the representation described in (40) denotes a par-
ticular case of the proposed expanded spatial smoothing scheme 
formulated in (46), where the expanded version of the data ten-
sor is reduced to a structure with a smaller number of dimen-
sions, where the spatial dimensions associated with �x and �z

are merged with the snapshots dimension.

6.3. Spatial smoothing by merging spatial modes

In (47) the data tensor has been reorganized with respect to 
the snapshots (temporal) dimension. Herein, we present a sec-
ond structure, now fully exploring the available spatial dimensions, 
which are doubly coupled. From (45), let us perform the following 
concatenation

X p,t, j =

⎡
⎢⎢⎢⎢⎣

X1,p,t, j

X2,p,t, j

...

X I,p,t, j

⎤
⎥⎥⎥⎥⎦ ∈C

N(sub)
z I×N(sub)

x . (49)

By grouping X p,t, j for j = 1, . . . , J , we obtain

X p,t = [
X p,t,1 X p,t,2 · · · X p,t, J

] ∈ C
N(sub)

z I×N(sub)
x J , (50)

or, equivalently,

X p,t =
(
�z � A(s)

z

)
D p (W ) Dt

(
ST

)(
�x � A(s)

x

)T
. (51)

Using the r-mode product notation, we have

X ss = I4,M ×1

(
�z � A(s)

z

)
×2

(
�x � A(s)

x

)
×3 W ×4 ST

∈ C
N(sub)

z I×N(sub)
x J×P×Ts . (52)

In the approaches presented in Subsections 6.2 and 6.3, the 
expanded form of the received data tensor (46) is reduced to 
fourth-order tensor structures, where the snapshots dimension is 
evidenced in the first case and spatial dimensions in the second 
case. Therefore, this structures are particular cases of the our pro-
posed expanded spatial smoothing scheme. These expanded ver-
sions of the received data tensor with a higher order compared 
with previous approaches is preferable, since it has an increased 
identifiability, better denoising and higher robustness due to the 
higher order of the tensor.

6.4. Denoising step via HOSVD

In order to achieve an improved performance in the estima-
tion of the directions of arrival of the sources, the low multilinear 
rank approximation via higher-order SVD (HOSVD) [26,17] can be 
applied as a preprocessing step to reduce the noise level in the 
received data tensor. We propose to apply HOSVD preprocessing 
directly to the resulting expanded tensor model (46). In this situ-
ation, the multidimensional data structure is completely exploited, 
since the HOSVD-based low-rank approximation is also applied to 
the two extra spatial dimensions associated with the matrices �x

and �z which are not exploited in (48) and (52). Next, we briefly 
present the denoising procedure based on low-rank tensor approx-
imation.

Assuming that the expanded tensor X ss described in (46) has 
known rank equal to M , a low-rank approximation X̃ ss with a 
lower influence of noise can be obtained from the following ex-
pression:

X̃ ss = I6,M ×1 U (1)
s ×2 U (2)

s · · · ×6 U (6)
s , (53)

where U (n)
s ∈ C

In×M , n = 1, . . . , 6, represents the bases for the 
estimated multilinear signal subspace and are determined by trun-
cating the M left singular vectors corresponding to the M greatest 
eigenvalues of the SVD of the matrix unfoldings [X ss](n) as follows

[X ss](n) = U (n) · �(n) ·
(

V (n)
)H

≈ U (n)
s · �(n)

s ·
(

V (n)
s

)H
, n = 1, . . . ,6. (54)

The steps of the HOSVD-based low-rank approximation algorithm 
for noise reduction are described hereafter for completeness.

HOSVD-based noise reduction preprocessing

N ← order of X ss.
1. for n = 1, . . . , N

[X ss](n) = U (n) · �(n) · (V (n)
)H

;
end
where we just selected the M left singular vectors U (n)

s
corresponding to the M greatest eigenvalues, where M
is the model order.

2. Compute the low-rank approximation of X ss:
X̃ ss = IN,M ×1 U (1)

s ×2 U (2)
s · · · ×N U (N)

s .

As shown in Sections 7 and 8, an increased identifiability 
and better spatial resolution are achieved with the proposed ex-
panded spatial smoothing scheme when compared to the reception 
scheme without spatial smoothing. Moreover, the expanded spa-
tial smoothing in conjunction with the multilinear noise reduction 
preprocessing step based on low multilinear rank approximation 
provides a more efficient denoising, improving the performance of 
the proposed PARATUCK2 and Tucker4 estimators. The gains ob-
tained in this case are more evidenced over conventional spatial 
smoothing schemes previously presented in Subsections 6.2 and 
6.3, especially at low signal-to-noise ratios.
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6.5. Exploiting Khatri–Rao structure for DoA estimation

The Sections 4, 6.1 and 6.4 have discussed the proposed 
PARATUCK2 and Tucker4 estimators and refinements based on 
the expanded spatial smoothing and denoising schemes. After the 
estimation of the overall spatial signature matrix A using the pro-
posed estimators, the final step is to extract estimates for the 
elevation and azimuth angles of the sources. For this purpose, we 
present below two strategies that incorporate the least squares 
Khatri–Rao factorization (LS-KRF) algorithm [23,32] as the final 
step of our tensor-based methods.

1) Reception scheme without spatial smoothing: After the conver-
gence of the proposed ALS-PARATUCK2 and ALS-Tucker4 estima-
tors previously presented in Section 4, estimates for the spatial 
signature matrices Âx and Âz can be obtained by applying di-
rectly the LS-KRF algorithm on the overall spatial signature matrix 
Â = Âx � Âz . The algorithm used for spatial signature estimation in 
the LS-KRF stage is summarized as follows:

LS-KRF Algorithm

Set m = 1;
1. Let am be the m-th column of the matrix Â.

Reshape the vector am into a matrix Ãm ∈ C
Nz×Nx such

that vec
(

Ãm

)
= am .

2. Compute the singular value decomposition of Ãm:
Ãm = U m · Σm · V H

m

3. Obtain the estimates for the m-th column of Âx and Âz:
Âx(:, m) = √

σ 1 · v∗
1 and Âz(:, m) = √

σ 1 · u1
where u1 = U m(:, 1) and v1 = V m(:, 1) and σ1 is the
largest singular value.

4. If m < M , set m = m + 1 and repeat steps 1–3.

From the LS-KRF stage output, the estimates for the elevation 
α̂m and azimuth β̂m angles, m = 1, . . . , M , are found from the aver-
age over the values obtained in each row of the estimated matrices 
Âx and Âz , as follows:

α̂m = 1

Nz − 1

Nz∑
nz=2

arccos

⎡
⎣−

λ·arg
{

Âz(nz,m)

}
2π (nz − 1)dz

⎤
⎦, (55)

β̂m = 1

Nx − 1

Nx∑
nx=2

arccos

⎡
⎣−

λ· arg
{

Âx(nx,m)

}
2π (nx − 1)dx sin α̂m

⎤
⎦. (56)

2) Reception scheme with expanded spatial smoothing: Applying 
the property (2) to Equations (45) and (51), and concatenating the 
received data during the Ts snapshots that make up the p-th time 
block, we obtain

X p =
(
�x � A(s)

x � �z � A(s)
z

)
D p (W ) S ∈C

LN(sub)×Ts . (57)

Based on Equation (57), equivalent versions of the third-order spa-
tial covariance tensor (16) and fourth-order spatiotemporal covari-
ance tensor (26) can be derived for the reception based on the 
proposed expanded spatial smoothing scheme by following the 
procedures (15) and (24), respectively. Then, we obtain

R =Rs ×1

(
�x � A(s)

x � �z � A(s)
z

)∗ ×2(
�x � A(s)

x � �z � A(s)
z

)
×3

(
W H � W T

)
, (58)

which denotes the equivalent form of PARATUCK2 tensor decom-
position described in (16) and
Fig. 5. Illustration of the multi-stage LS-KRF solution for spatial signature estimation 
in which the second and third stages are executed in parallel.

R =Rs ×1

(
�x � A(s)

x � �z � A(s)
z

)
×2 W ×3(

�x � A(s)
x � �z � A(s)

z

)∗ ×4 W ∗, (59)

which denotes the equivalent form of Tucker4 tensor decomposi-
tion described in (26), respectively.

From Equations (58) and (59), the estimates of the overall spa-
tial signature matrix, now defined as

A = �x � A(s)
x � �z � A(s)

z ∈C
LN(sub)×M , (60)

can be obtained by means of the proposed ALS-PARATUCK2 and 
ALS-Tucker4 estimators. By operating on (60), we propose a so-
lution based on multi-stage extension of the LS-KRF algorithm. 
This approach consists in successively applying LS-KRF across three 
stages to provide the joint estimation of the spatial signature ma-

trices Â
(s)
x and Â

(s)
z . In the first LS-KRF stage, the algorithm is 

applied on the overall matrix (60) providing as output the matrices 
Â(0) and Â(1) as follows

Â = Â(0) � Â(1), (61)

where Â(0) = �̂x � Â
(s)
x ∈ C

N(sub)
x J×M and Â(1) = �̂z � Â

(s)
z ∈

C
N(sub)

z I×M . In the second and third LS-KRF stages, the estimated 
matrices Â

(s)
x and Â

(s)
z are obtained by applying the LS-KRF algo-

rithm respectively on the matrices Â(0) and Â(1) estimated in the 
first stage. Being Â(0) and Â(1) independent matrices note that the 
second and third stages of LS-KRF procedure can be executed in 
parallel which reduces the processing time. Finally, estimates for 
the elevation and azimuth angles of the sources are obtained by 
means the Equations (55) and (56). Note that, if the expanded spa-
tial smoothing approach takes place, then Nx, Nz, Âx and Âz are 
simply replaced by N(sub)

x , N(sub)
z , Â

(s)
x and Â

(s)
z , respectively. An il-

lustration of the multi-stage LS-KRF solution is provided in Fig. 5.
In contrast to the application of multi-stage LS-KRF, we can 

cite as alternative to the final stage of our proposed tensor-based 
estimators a procedure based on the rank-1 approximation of a 
fourth-order tensor obtained from the tensorization of each col-
umn of the overall spatial signature matrix described in (60), as 
proposed in [34]. The study of this alternative approach is left for 
a future work.

Fig. 6 summarizes all contributions of this work. Our approach 
begins from the expanded version of the data tensor (46), ob-
tained using the proposed expanded spatial smoothing preprocess-
ing scheme presented in Subsection 6.1. A version of X ss with 
less additive noise contamination, in comparison with the standard 
spatial smoothing approaches described in Subsections 6.2 and 6.3, 
is obtained from a multidimensional low-rank approximation via 
the HOSVD of (46), according to Subsection 6.4. From (57), the 
blind spatial signature estimation problem is solved by capitalizing 
on the spatial or spatiotemporal sample covariance structure using 
the proposed PARATUCK2 or Tucker4 estimators, respectively. As a 
final step, a multi-stage LS-KRF solution is applied in Â from which 
estimates for the elevation and azimuth angles of the sources are 
obtained by means the Equations (55) and (56), respectively.
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Fig. 6. Illustration of the processing stages of the proposed tensor-based 
methods.

7. Identifiability, uniqueness and computational complexity

The identifiability is a crucial issue and must be considered in 
a blind estimation problem. It is related to the unique recovery of 
the spatial signatures, power loadings and sources’ covariance ma-
trices (A, W and Rs) in the least squares (LS) sense using the 
proposed PARATUCK2 and Tucker4 estimators presented in Sec-
tion 4. In the following, we examine the identifiability conditions 
for both estimators. These conditions are derived from two scenar-
ios: standard reception scheme and reception using the proposed 
expanded spatial smoothing scheme, respectively.

1) Identifiability of PARATUCK2 estimator: Let us rewrite the Equa-
tions (17), (18) and (19), respectively, as vec

([R](1)

) = Z 1vec (Rs), 
[R](2) = Z 2 AH and [R](3) = Z 3 AT, where Z 1 = (

W H � W T
)T �(

A∗ ⊗ A
) ∈ C

P N2×M2
, Z 2 = (I P ⊗ A)�μ ∈ C

P N×M and Z 3 =(
I P ⊗ A∗)�τ ∈ C

P N×M . For the PARATUCK2 estimator, the blind 
estimation of the spatial signatures requires satisfying the follow-
ing two necessary conditions:

M ≤ P N and M2 ≤ P N2. (62)

These two conditions correspond to LS identifiability conditions 
that are necessary for Z 1, Z 2 and Z 3 be full column-rank to be 
left-invertible, so that steps 4, 5 and 6 of the ALS-PARATUCK2 
algorithm (Section 4) yield unique solutions. In particular, the con-
ditions (62) are also sufficient for identifiability of the spatial sig-
natures if (i) A and W have no proportional columns and contain 
no zeros, and (ii) �μ and �τ have full column-rank. The first as-
sumption implies that the sources do not share the same azimuth-
elevation angle and that the power loading matrix is properly 
chosen (e.g. randomly drawn from an absolutely continuous dis-
tribution). Under these assumptions, Z 1 will be full column-rank 
provided that at least one of the two constituent Khatri–Rao prod-

uct terms 
(
W H � W T

)T
or A∗ ⊗ A is full column-rank. For the 

second assumption (which is related to the rank of Z 2 and Z 3), 
note that the rank of Z 2 is conditioned on the rank of �μ , while 
the rank of Z 3 depends on the rank of �τ . Let us have a closer 
look at the structure of �μ and �τ defined in Equations (20) and 
(21). It follows from (20) that both matrices are composed of a 
row-wise concatenation of P matrix blocks, where each block is 
defined in (21). Since the source covariance matrix Rs is nonsin-
gular by definition, and under the assumption (i), both � p and 
�τ will be full column-rank, since their constituent blocks are full 
column-rank, and condition (62) will guarantee identifiability.

2) Essential Uniqueness of PARATUCK2 estimator: In the noise-
less term of the PARATUCK2 decomposition (15) if the matrices 
A and R s are full rank and the identifiability conditions derived in 
(62) are satisfied, then the estimated matrices Â and R̂ s are es-
sentially unique. In this case, the estimated matrices are written 
as Â = AΔA and R̂s = Δ

(2)
R R sΔ

(1)
R . In our proposed PARATUCK2 

approach, permutation ambiguity does not exist due to the knowl-
edge of the power loading matrix W at the receiver. By replacing 
the matrices Â and R̂ s into model (15) and then applying some 
basic manipulations using properties of the Kronecker product, we 
obtain the following relation:(
ΔA∗Δ(1)

Rs

)
⊗

(
ΔAΔ

(2)
Rs

)
= I M2 , (63)

where ΔA∗Δ(1)
Rs

= (1/α)I M , ΔAΔ
(2)
Rs

= α I M and α is an arbitrary 
scalar factor. These expressions come from the fact that the Kro-
necker product between any two diagonal matrices is equal to the 
identity matrix if and only if these diagonal matrices are (scaled) 
identity matrices that compensate each other, which implies that 
A and R s are unique up to a scalar factor. This scaling ambiguity 
can be eliminated by normalizing the first row of Â to one. Then, 
the sources’ DoA can be recovered by following the procedure pre-
viously presented in Section 6.5.

3) Identifiability of Tucker4 estimator: Let us rewrite Equa-
tions (29)–(33), respectively, as [R](1) = AT T

(1) , [R](2) = W T T
(2) , 

[R](3) = A∗T T
(3) , [R](4) = W ∗T T

(4) , and vec (Rmm) = T (5)vec (Rs), 
where T T

(1) = [Rs](1)(W ∗ ⊗ A∗ ⊗ W )T ∈ C
M×P 2 N , T T

(2) =
[Rs](2)(W ∗ ⊗ A∗ ⊗ A)T ∈ C

M×P N2
, T T

(3) = [Rs](3)(W ∗ ⊗W ⊗ A)T ∈
C

M×P 2 N , T T
(4) = [Rs](4)(A∗ ⊗ W ⊗ A)T ∈ C

M×P N2
, and T (5) =

(W � A)∗ ⊗ (W � A) ∈ C
N2 P 2×M2

. The LS identifiability conditions 
for the Tucker4 estimator requires the following condition to be 
satisfied

M ≤ min(P N, P N2, P 2N). (64)

Along the same lines of the identifiability analysis adopted 
for the PARATUCK2 estimation, for the Tucker4 estimator the full 
column-rank property of {T i}, i = 1, 2, 3, 4, 5, must hold so that 
unique solutions are provided in steps 4, 5, 6, 7 and 9 of the 
ALS-Tucker4 algorithm described Section 4. Due to the symme-
try between Equations (29) and (31), and between Equations (30)
and (32), the full column-rank property of {T i}, i = 1, 2, 3, 4, 5 im-
plies P N ≥ M , P N2 ≥ M and P 2 N ≥ M , respectively. Satisfying the 
three conditions simultaneously implies the condition (64). Under 
the full-rank assumptions made previously on A and W , this con-
dition will guarantee the blind recovery of the spatial signatures.

4) Essential Uniqueness of Tucker4 estimator: In general the Tucker 
decomposition is not unique. In other words, this tensor decompo-
sition allows arbitrary linear transformations on the factor matri-
ces, provided that the inverse of these transformations are applied 
to the core tensor, without affecting the reconstructed version 
of received data tensor. However, when several elements of the 
core tensor are constrained to be equal to zero, the solution be-
comes unique up to permutations and scaling ambiguities similar 
to the PARAFAC decomposition [33]. This constraint is satisfied in 
our proposed Tucker4 estimator. For instance, the unfolded matrix 
[Rs](1) ∈C

M×M3
of the core tensor (27) has the following pattern:

[Rs](1) = [
D1

(
Rs

T
)

0M×M2 D2
(

Rs
T
)

0M×M2 · · ·
· · · D M−1

(
Rs

T
)

0M×M2 D M
(

Rs
T
) ]

(65)
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Table 1
Computational complexity of proposed iterative algorithms.

Proposed estimator No. of FLOPS operations O(·) by iteration

PARATUCK2 (known W ) P
(
N M2

)2 + 2P N M2

Tucker4 (known W ) 2M3 + P (MN)2 + N(P M)2

Tucker4 (unknown W ) 2M3 + 2P (MN)2 + 2N(P M)2

where only M2 nonzero elements are arranged as M block diago-
nal matrices Dm

(
Rs

T
)
, m = 1, . . . , M , and the remaining elements 

are equal to zero. Note that each column of [Rs](1) has not more 
than one element nonzero. A transformed version of the unfolded 
matrix (65) is given by

G̃ = T −1
A [Rs](1)

(
T −1

W ∗ ⊗ T −1
A∗ ⊗ T −1

W

)T
, (66)

where T −1
A , T −1

A∗ , T −1
W e T −1

W ∗ are matrices of size M × M that pro-
mote inverse transformations suffered by factor matrices. For this 
structure, uniqueness is guaranteed when the m-th block diagonal 
matrix of G̃ is given by

G̃
(block)

m = T −1
A(m,m)Dm

(
Rs

T
)(

T −1
W ∗(m,m)

T −1
A∗(m,m)

T −1
W (m,m)

)
(67)

is a permuted and scaled version of Dm
(

Rs
T
)
. This is true when 

T −1
A , T −1

A∗ , T −1
W and T −1

W ∗ are diagonal matrices (with column per-
mutation or not) in which the same permutation matrix Π of size 
M × M is applied at all factor matrices and core tensor.

5) Identifiability and uniqueness to expanded spatial smoothing ap-
proach: In this case, the LS identifiability conditions can be easily 
deduced using the same reasoning of the previous items. How-
ever, we have A = �x � A(s)

x ��z � A(s)
z ∈C

LN(sub)×M , where N(sub) =
N(sub)

x · N(sub)
z and L = I J . From this consideration, we can rewrite 

the inequalities (62) and (64), respectively, as
• PARATUCK2 estimator:

M ≤ L P N(sub) and M2 ≤ L2 P (N(sub))2. (68)

• Tucker4 estimator:

M ≤ min(L P N(sub), L2 P (N(sub))2, L P 2N(sub)). (69)

Assuming that the number P of time blocks exceeds the num-
ber M of sources, all conditions of identifiability of the proposed 
PARATUCK2 and Tucker4 estimators are satisfied. This assumption 
is considered in our computational experiments presented in Sec-
tion 8. The same uniqueness conditions previously commented ap-
ply here because the proposed expanded spatial smoothing does 
not change the rank of the overall spatial signature matrix and 
core tensor structure.

Being P N ≥ M and L P N(sub) ≥ M the more restrictive condi-
tions, we can note that the reception scheme based on the pro-
posed expanded spatial smoothing provides an increased degrees 
of freedom, represented by the number L of subarrays, for sepa-
rating the spatial signatures.

6) Computational Complexity: In the following, the computa-
tional complexity of the proposed PARATUCK2 and Tucker4 esti-
mators is evaluated in terms of FLoating point OPeration (FLOP) 
counts. For the sake of simplicity, we assume here that the num-
ber of FLOP operations refers to the dominant cost associated with 
the SVD used to calculate the matrix pseudo-inverses [35,36]. The 
overall SVD computational cost for a matrix of size I1 × I2 is as-
sumed to be O (I1 · I2 · min(I1, I2)). Following the above reasoning 
the computational complexity at each iteration of the proposed al-
gorithms is given in Table 1.

We can note that the computational cost of proposed PARA-
TUCK2 estimator is higher compared to the proposed Tucker4 es-
timator when a large number of sources is considered. Specifically, 
the PARATUCK2 estimator has a complexity of order M4, while the 
Tucker4 estimator has a complexity of order M3. Note that, when 
the proposed expanded spatial smoothing preprocessing scheme 
is incorporated on top of the proposed estimators, the number of 
FLOPS related to the denoising procedure via HOSVD of the spa-
tially smoothed tensor X ss should be added to the values shown 
in Table 1.

8. Numerical results

In this section, we present extensive simulation results to eval-
uate the proposed tensor-based blind spatial signature estimators. 
Our objective is to show the effectiveness of the proposed solu-
tions in comparison with competing methods such as standard 
matrix-based 2-D ESPRIT [37] and standard Tensor-ESPRIT [17], as 
well as the competing PARAFAC-based method proposed in [8]. Our 
interest is also to show that the proposed algorithms can deal chal-
lenging scenarios where sample covariances are computed from a 
finite number of snapshots. In the simulations, we assume a pla-
nar array with N = Nx · Nz omnidirectional sensors spaced half a 
wavelength in both dimensions and M binary phase shift keying 
(BPSK) sources impinging on the sensor array with directions of 
arrival {αm, βm}M

m=1. The power loading term is changed between 
different time blocks and follows a uniform distribution in the in-
terval [0, 1]. The obtained results represent an average over 1000 
independent Monte Carlo runs.

Fig. 7 illustrates the performance in terms of the total root 
mean square error (RMSE) of the estimated elevation and azimuth 
angles (extracted from matrices Âx and Âz after the LS-KRF pro-
cedure) defined as

RMSE = 1

1000

1000∑
τ=1

√√√√ 1

M

M∑
m=1

(
αm − α̂

(τ )
m

)2 +
(
βm − β̂

(τ )
m

)2
,

(70)

where α̂(τ )
m and β̂(τ )

m are the elevation and azimuth angle estimates 
of the m-th source obtained in the τ -th Monte Carlo run, respec-
tively. In this experiment, we consider a scenario with M = 2, 
N = 16 (Nx and Nz equals to 4), P = 10 and Ts = 50. The direc-
tions of arrival of the sources are {25.4◦, 31.3◦} and {76.2◦, 70.5◦}, 
respectively. Note that the proposed PARATUCK2 and Tucker4 esti-
mators outperform the PARAFAC estimator of [8]. The best perfor-
mance offered by the Tucker4 estimator comes from the fourth-
order tensor structure exploited by our proposed method pre-
sented in Subsection 4.2, which provides an improved use of the 
multidimensional structure of the received data tensor. The floor 
exhibited by the PARAFAC estimator is directly related to the mod-
eling errors coming from the assumption of the diagonality of the 
sources’ covariance matrix. This experiment also shows that the 
proposed tensor-based methods are preferable when working with 
real sample covariances computed from a finite number of snap-
shots. When compared to standard matrix-based and tensor-based 
ESPRIT algorithms, under the same simulation conditions, the pro-
posed methods clearly present superior performance, being more 
accentuated in Tucker4 estimator for all the considered SNR range. 
Furthermore, a stronger preference can be given to the Tucker4 
estimator because it does not have any performance degradation 
when the power loading matrix W is unknown, which is a more 
challenging scenario, representing a noncooperative system.

In Fig. 8, the proposed expanded spatial smoothing scheme 
is confronted with the conventional spatial smoothing scheme in 
ESPRIT-based algorithms. In this experiment, we assume I = 2
and J = 2 as the previous scenario, resulting in four subarrays 
with nine sensors each. Note that, by adding the proposed spa-
tial smoothing scheme on top of the proposed estimators, smaller 
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Fig. 7. RMSE vs. SNR for M = 2, N = 16, P = 10 and Ts = 50.

Fig. 8. Performance of the spatial smoothing preprocessing schemes.

estimation errors are obtained when compared to the conven-
tional approach. In both results shown in Figs. 7 and 8, the pro-
posed tensor-based estimators offer improved performance com-
pared with matrix-based and tensor-based competing methods. 
Our solutions provide more accurate estimates for all SNR levels, 
however, for medium-to-high SNR regimes the gain is even more 
significant.

Figs. 9 and 10 show the mean processing time and total RMSE 
as functions of the number of snapshots per time block (Ts), re-
spectively. In both cases, the SNR is fixed at 15 dB. For this experi-
ment, we use a desktop with the following settings: Intel� core 
i5@3.20 GHz processor and 16 GB RAM. Note that the sources’ 
direction of arrival can be estimated with good accuracy when 
comparable to the proposed methods by fitting a PARAFAC model 
to the received data tensor according to (10) and (11). However, for 
a large number of snapshots per time block the proposed sample 
covariance-based methods are preferable since its computational 
complexity are independent os Ts .

Fig. 11 depicts the typical convergence curves of the differ-
ent tensor-based estimators. We evaluate the convergence of the 
proposed PARATUCK2 and Tucker4 estimators compared with the 
PARAFAC-based competitor. In this case, the same scenario of Fig. 7
is considered. The median values of the normalized estimation 
Fig. 9. Mean processing time vs. number of snapshots per time block (Ts) for M = 2, 
N = 9, P = 10 and SNR = 15 dB.

Fig. 10. RMSE vs. number of snapshots per time block (Ts).

Fig. 11. Convergence analysis of the proposed PARATUCK2 and Tucker4 estimators.
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Fig. 12. NMSE of Âfinal vs. SNR for M = 2, N = 16, P = 10 and Ts = 50.

errors (equal to e(i)/(N2 P ) in the third-order tensor case and 
e(i)/(N2 P 2) in the fourth-order tensor case), where e(i) is defined 
in Section 4, are plotted as a function of the number of iterations. 
Note that the ALS-PARAFAC algorithm exhibits a fast convergence. 
However, the proposed estimators yield more accurate estimates. 
Moreover, the Tucker4 estimator exhibits a fast convergence in 
comparison to the proposed PARATUCK2 estimator in the coop-
erative scenario (i.e. when W is known in the receiver). On the 
other hand, a convergence rate close to the PARATUCK2 estimator 
is achieved by the Tucker4 estimator in the noncooperative sce-
nario, being preferred in both cases.

In Fig. 12, we evaluate the performance in terms of the normal-
ized mean square error (NMSE) of the estimated spatial signature 
matrix Â, which is defined as

NMSE = 1

1000

1000∑
τ=1

‖A − Â
(τ )‖2

F

‖A‖2
F

, (71)

where Â
(τ )

is the estimated total spatial signature matrix asso-
ciated with the τ -th Monte Carlo run. In this experiment, the 
proposed PARATUCK2 estimator is analyzed in three different sit-
uations: (i) the ALS-PARATUCK2 algorithm is applied directly to 
the third-order tensor (15), (ii) the ALS-PARATUCK2 is applied in 
the spatially smoothed tensor (46) obtained from proposed ex-
panded spatial smoothing scheme and (iii) the ALS-PARATUCK2 is 
applied after the denoising procedure in the spatially smoothed 
tensor (46). The results show that an improved performance is ob-
tained when the denoising procedure is performed in conjunction 
with the expanded spatial smoothing. In this case, a more effec-
tive noise reduction is achieved since the higher-order structure is 
explored.

In Fig. 13, we evaluate the noise reduction efficiency by consid-
ering different flavors of the expanded spatial smoothing scheme, 
presented in Section 6. Note that, from the data tensor (46) ob-
tained using the proposed expanded spatial smoothing, an im-
proved spatial resolution is achieved in scenarios with low SNR. 
In this situation, the denoising procedure applied on the ex-
panded sixth-order structure is more attractive than the competing 
schemes. In scenarios with high SNR, the noise reduction applied 
in (46) and (52) presents identical performances. In this case, the 
increased tensor order does not influence the performance. More-
over, the spatial merging smoothing schemes present better per-
formance than temporal merging ones.
Fig. 13. RMSE performance of the Tucker4 estimator under different expanded spa-
tial smoothing schemes.

9. Conclusions

In this paper, we have proposed tensor-based methods to solve 
the blind spatial signature estimation problem from spatial and 
spatiotemporal sample covariances, by means of two iterative al-
gorithms based on alternating least squares. We have also pro-
posed an expanded spatial smoothing scheme that increases the 
tensor order, leading to an improved resolution while allowing 
an effective denoising via multidimensional low-rank approxima-
tion. As the final step of our estimator, the multistage Khatri–Rao 
factorization can be incorporated from which the sources’ ele-
vation and azimuth angles are extracted. The proposed methods 
have attractive features in practical scenarios, since they do not 
require any knowledge about the propagation channel, array man-
ifold and, more importantly, the sources’ covariance structure. The 
main distinguishing feature is related to their ability to work un-
der unknown and arbitrary covariance structure for the sources. In 
comparison with classical methods, the obtained gains are more 
evidenced when the proposed expanded spatial smoothing is in-
corporated in our tensor-based estimators, thanks to the resulting 
higher-order tensor structure.
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