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Accurate attitude estimation is crucial for Unmanned Aerial Vehicles (UAVs) in order to facilitate 
automated activities such as landing or trajectory tracking. Recently antenna array based communication 
systems have been installed in UAVs. This array structure can also be applied for attitude estimation by 
computing the line-of-sight (LOS) path between the base station and UAV. In this paper, we propose 
a complete framework for attitude estimation by exploiting 3D LOS vector obtained from the antenna 
array system. We present all the steps to incorporate the estimated LOS vector into the TRIaxial 
Attitude Determination (TRIAD), QUaternion ESTimator (QUEST) and Kalman algorithms. As an additional 
contribution, the error covariance matrix of the LOS vector is analytically calculated by first finding the 
phase shift mean squared error using the known perturbation model from Singular Value Decomposition 
and assuming that the antenna array measured data error can be modeled as a circularly symmetric 
white noise. We evaluate five array configurations via Monte Carlo simulations. We show that array 
configurations that provide orthogonal components of the LOS vector achieve a better performance. The 
usage of more than three pairs of antennas to improve the estimation of the LOS vector is also proposed 
for low and intermediate signal-to-noise ratio regimes.

© 2016 Elsevier Inc. All rights reserved.
1. Introduction

Attitude, also known as pose, corresponds to the orientation of 
an object, e.g., a Unmanned Aerial Vehicle (UAV), with respect to 
some reference, such as the horizon plane and the north direc-
tion. Mathematically, the attitude is described by the relationship 
between two coordinate frames: a frame fixed in the UAV, known 
as the body frame Sb , and the North-East-Down (NED) reference 
frame SNED.

Attitude estimation is important in several UAV’s automated 
tasks, such as waypoint following [1], target tracking [2], ren-
dezvous between UAVs [2], formation flight [3,4] and automated 
aerial refueling [5].

* Corresponding author.
E-mail addresses: thiagocordeiro@unb.br (T.F.K. Cordeiro), 

joaopaulo.dacosta@ene.unb.br (J.P.C.L. da Costa), desousa@unb.br (R.T. de Sousa), 
hcso@ee.cityu.edu.hk (H.C. So), gaborges@unb.br (G.A. Borges).
http://dx.doi.org/10.1016/j.dsp.2016.07.006
1051-2004/© 2016 Elsevier Inc. All rights reserved.
Vector-defined properties, such as in magnetic or gravitational 
fields, depend on the frames and are used for attitude estimation. 
While the SNED representation of a vector-defined property is as-
sumed to be known, the Sb representation can be provided from 
the signals of specialized sensors. Once measurements are ob-
tained by at least two types of different sensors, several algorithms 
can be applied for attitude estimation, which include Triaxial Atti-
tude Determination (TRIAD) [6], Quaternion Estimator (QUEST) [6], 
and Extended Kalman Filter (EKF) [7,8].

Examples of traditional sensors for attitude estimation are mag-
netometers, accelerometers and cameras. Magnetometers measure 
the magnetic field direction with respect to the Earth magnetic 
north pole [9–11], whereas accelerometers measure the gravity 
vector direction [9]. Cameras can be used to point and track points 
of interest.

The magnetometer is a low-cost sensor [10], and provides a 
very high sampling rate measurement [11]. However, the measure-
ments are significantly affected by near metal structures, e.g., the 
vehicle structure, and a calibration process [11] is required to com-
pensate such influence. In addition, the magnetometer is affected 
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by electromagnetic or other time-varying interferences, generated 
by, e.g., electrical components of the vehicle, which can be dif-
ficult to compensate [11]. Finally, the true magnetic field must be 
known. Earth’s magnetic field can be accurately estimated by using 
the International Geomagnetic Reference Field (IGRF) model [12]. 
However, near Earth’s surface, such as in very low altitude flights, 
artificial and natural sources of metal or electromagnetic interfer-
ence, such as buildings, magnetized crust rocks, voltage transform-
ers and lightning, can locally distort the magnetic field, which is 
not accounted by the IGRF model [13].

Accelerometers are usually present in UAVs as a component of 
the inertial measurement unit (IMU). Microelectromechanical sys-
tem (MEMS) type accelerometer has similar cost and sampling 
rate to magnetometers. However, accelerometers are affected by 
non-gravitational accelerations generated by maneuvers or Coriolis 
effect [9,14]. These non-gravitational accelerations can be detected 
and the corresponding corrupted measurement can be rejected 
[14], or can be partially compensated by the use of extra sensors, 
such as GPS and gyro. However, the side effect is the increment of 
the measurement noise covariance [9].

There are several camera-based attitude estimation approaches. 
Some examples are to use a camera to track known landmarks to 
obtain the line-of-sight (LOS) vector between the UAV and these 
locations [15] or to find the horizon line. This approach is similar 
to what human pilots do. However, in comparison with magne-
tometers and accelerometers, the camera-based approach is more 
computationally intense. Moreover, the camera cannot track if the 
object is occluded or too far away or if it is night or a foggy day. A 
new research topic related to camera is the estimation of the rela-
tive attitude between a leader and a follower UAV [2,4,5]. Relative 
attitude estimation goes beyond the scope of this paper. Therefore, 
we do not consider relative attitude estimation schemes in this 
work.

With antenna arrays being installed in UAVs to improve com-
munication to base stations, we propose to exploit such antenna 
arrays for attitude estimation without additional hardware cost. 
The proposed approach can be combined with current sensors, 
such as magnetometer and accelerometer, or replace one of them 
depending on the scenario.

The patented Wireless Local Positioning System (WLPS) [16] is 
a localization system, which uses only one antenna array known 
as dynamic base station (DBS) and estimates time-of-arrival (TOA) 
and direction-of-arrival (DOA) in order to locate any cooperative 
antenna, called transceiver (TRX). Its TOA is obtained by measuring 
the time between transmitting a pre-determined digital signal, and 
its reception in a two-way link. The DOA in WLPS is obtained by 
the use of an antenna array at the DBS.

In [17,18], the set of reference antennas, i.e. DBS in WLPS, has 
known static position, while a mobile single antenna element has 
unknown position. The orientation of the DBS antennas is known. 
In [19–21] the DBS antenna array is located at the moving ob-
ject, with unknown position. The attitude, however, is assumed as 
perfectly known. Note that in this work the goal is the attitude es-
timation and, for this task, we propose a framework that exploits 
the DOA information.

In our previous works, a cross-shaped four element antenna ar-
ray [22,23], a cross-shaped six element antenna array [23,24] and 
a hexagon-shaped seven element electronically steerable parasitic 
antenna radiator (ESPAR) array [25] are proposed for UAV attitude 
estimation. Except by [24], these works exploit a set of non-linear 
attitude dependent equations that describe the relative position 
between the UAV antennas and the ground antenna. These non-
linear equations are numerically and analytically solved in [22,23]
and in [25], respectively.

In [24], we propose to use the DOA estimates from an antenna 
array system as a unitary-norm vector in Sb instead of a pair of 
angles, i.e., the Cartesian coordinate system replaces the polar one. 
Such approach allows to incorporate known attitude estimation al-
gorithms, such as TRIAD and EKF, into our antenna array based 
framework. As discussed in [24], this technique is more robust 
against noise and has less singularity points when compared with 
our previous schemes [22,23,25].

In order to apply the EKF, the error covariance of the phase shift 
estimate is required. In [24], the error covariance is assumed con-
stant. In practice, for array based attitude estimation systems, the 
error covariance can be obtained in a previous calibration process 
by comparing the true phase shifts with the ESPRIT-estimated ones 
via Monte Carlo trials. However, such calibration is not robust due 
to the restriction to a specific scenario and due to the variations of 
the calculated covariance.

In this paper, we propose an antenna array based attitude es-
timation framework by extending [24]. First we relax the assump-
tion of a specific scenario by incorporating the algorithm from [26]
to estimate the error covariance. Such incorporation removes the 
need of a calibration process before using the estimator. Another 
improvement over [24] is the use of less antennas, namely, reduc-
ing from six to four, while obtaining similar performance. Such 
achievement is only possible by locating the antennas in specific 
parts of the UAV. Therefore, we also relax the restriction on how 
to physically position and align the antennas in the UAV incurring 
a possible penalty in terms of performance. Another contribution is 
to consider combinations of pairs of antennas resulting into more 
than three phase shifts. In a noiseless scenario, the LOS vector can 
be completely defined with the use of three pairs of antennas. 
However, as we show in this work, in low signal-to-noise ratio 
(SNR) regimes, redundant estimates of phase shifts can increase 
the precision of the estimated LOS vector.

This paper is divided into eight sections including this introduc-
tion. In Section 2, we overview basic concepts and definitions on 
the coordinate systems and attitude. In Section 3, we show how to 
obtain the measurement vectors from a magnetometer and from 
an antenna array system. In Section 4, we propose TRIAD, QUEST 
and Kalman-based attitude framework incorporating the proposed 
antenna array LOS as well as the magnetometer. In Section 5, 
we propose the error covariance estimator for attitude estimation 
based on the ESPRIT algorithm. In Section 6, we propose different 
antenna array designs to improve the estimation of the LOS vector. 
In Section 7, the results of our Monte Carlo simulation campaign 
are presented considering a UAV moving around a base station. 
Section 8 concludes this paper.

2. Coordinate systems and attitude

The attitude of a UAV can be formally described as an angu-
lar relationship between two frames, namely, the Sb body frame 
and the SNED North-East-Down frame. The Sb is fixed at the UAV, 
therefore, it moves and rotates in space with the vehicle, and can 
be used to represent positions of parts of the UAV (e.g., antennas) 
and measurements made by sensors fixed in the vehicle (e.g., mag-
netometer, IMU). On the other hand, the SNED frame is based on 
the directions of north and vertical (or horizon line) at the UAV 
position. The SNED axes, namely, n, e, and d are orthonormal vec-
tors directed, respectively, to the north, east and to the center of 
Earth, whereas Sb axes, xb, yb, and zb are orthonormal vectors 
originated on the center of mass of the UAV and directed, respec-
tively, forward to the right and to the bottom of the vehicle.

Let v be a vector represented in a chosen frame given by a sub-
script. For instance, vNED and vb are representations of the same 
vector considering the frames SNED and Sb, respectively.

We can obtain vb by applying a rotation in vNED. These vec-
tor rotations can be calculated by the linear transformation matrix 
DNED

b ∈ R
3×3, which is called rotational matrix or DCM, and is an 

orthonormal matrix that changes the reference from SNED to Sb:
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vb = DNED
b · vNED. (1)

The inverse transformation can be performed by Db
NED =

(DNED
b )T:

vNED = Db
NED · vb. (2)

As shown in [27], we can generalize a transformation Dx
y from 

any frame Sx to another S y by defining it as

Dx
y = [[x1]y [x2]y [x3]y

]
, (3)

where [xi]y is the i-th Sx basis vector represented on S y ba-
sis. This generalization is used in this work to represent a non-
orthogonal frame for different antenna array configurations. The 
inverse transformation matrix, D y

x , is equal to (Dx
y)

−1. The rela-

tionship D y
x = (Dx

y)
T holds only when both bases are orthonormal.

Another way to describe attitude is by a rotational quaternion, 
which is a four-element vector with unitary norm. These four el-
ements can be split into two parts. The first part is called scalar 
(or real) part q1 and the remaining component is called vector 
(or imaginary) part ρ = [q2 q3 q4 ]T. Analogous to [3,7–10,15], this 
work uses the quaternion attitude representation in the EKF atti-
tude estimator. A discussion of the benefits and drawbacks of this 
representation related to the others can be found in navigation, 
guidance and control books, such as [28].

Each attitude representation can be converted to any other as 
shown in [8,28].

3. Data model of measurement vectors

In this section, we show the data model of the measurement 
vectors using the definitions in Section 2. In Subsection 3.1, we 
consider the measurement vector obtained by a magnetometer, 
while, in Subsection 3.2, the measurement vector obtained by an 
antenna array is considered.

3.1. Magnetometer and magnetic field vector

In this work, the magnetometer is combined with the antenna 
array as one of the two necessary sensors for the vector measure-
ments. Being the antenna array the main focus of this work, we 
adopt a simplified model for the magnetometer, which assumes 
that the magnetic field points to the geographical north and that 
the magnetic field has unitary norm. Therefore, the magnetic field, 
which is aligned with the n reference vector of the SNED frame, is 
given by

mNED = [1 0 0]T. (4)

A more complex model for the magnetic field can be found 
in [29].

By considering (1), we can mathematically model the measure-
ment vector mb from the magnetometer by using the mNED plus 
additive noise vm as follows

mb = DNED
b · mNED + vm, (5)

where vm ∈ R
3×1 is an i.i.d. zero mean Gaussian random vector 

that represents the measurement errors in the magnetic compo-
nents xb , yb and zb . The covariance matrix of vm is given by Rm
and is a diagonal matrix with variance σ 2

m in the main diagonal. 
Practical values for σ 2

m can be found on the sensor datasheet.

3.2. Antenna array and LOS vector

In [24], the DOA estimates provided by the antenna array are 
used to measure the LOS vector d connecting the base station to 
the UAV. As depicted in Fig. 1, the antenna array measures db , 
which is the LOS vector represented in the Sb frame.
Fig. 1. A base station transmitting data to an antenna array on a UAV. The LOS vector 
is given by the difference between the position vector of the UAV pUAV and the 
position vector of the base station pbs . Assuming no multipath and no obstruction, 
the DOA of the signal is the DOA of the LOS vector.

Fig. 2. A spherical Earth of radius R0, and its latitude λ and longitude � polar 
coordinate reference.

The array LOS measurement is based on DOA estimation, which 
uses the received signal phase shift estimates between sets of an-
tennas. Examples of phase shift estimators are ESPRIT [30] and 
MUSIC [31]. In [22], both approaches provide similar results. Be-
ing the ESPRIT the simpler and less computationally intensive ap-
proach, we incorporate it in our proposed framework.

In [24], the antenna array in conjunction with the ESPRIT es-
timator is applied for attitude estimation. However, dNED, the LOS 
vector represented in SNED, must be also measured. Such informa-
tion can be obtained by a GPS receiver, which is commonly found 
in UAVs.

Assuming that both the UAV and the base station are equipped 
with GPS receivers, the difference between the positions of the 
UAV pUAV and the base station pbs (Fig. 1) in any Cartesian frame 
is the LOS vector:

d = pUAV − pbs. (6)

The latitude, longitude and altitude (LLA) position of the base 
station is defined as, respectively, λbs, �gs, and hbs, and, similarly, 
the UAV LLA position is defined as λUAV, �UAV, and hUAV. The vec-
tor d̃NED is the difference between the base and the plane positions 
in the SNED frame, which is after normalized to dNED.

Fig. 2a shows the LLA coordinate system at the surface of a 
perfectly spherical Earth. Circles of constant longitude are concen-
tric to the Earth’s center, as shown in Fig. 2b, and have the same 
radius as Earth. Increasing λ is equivalent to a south–north move-
ment. Circles of constant λ, except for λ = 0, are not concentric to 
the Earth’s center, and their radii are equal to R0 cos(λ), as shown 
in Fig. 2c. Increasing � is equivalent to a west-east movement.

Assuming that the UAV and the base station are close enough, 
and near the Earth’s surface, the effects of the curvature of the 
Earth are negligible. The latitude and longitude differences be-
tween the UAV and ground station given by �λ = λUAV − λgs and 
�� = �UAV − �gs respectively, can be transformed to linear dis-
tances by calculating the length of the arc circles, and assuming 
that the arcs are almost straight lines [32]. Therefore, the three 
dNED components are obtained by the two arcs and the altitude 
difference between the UAV and the ground station:
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d̃NED,x = R0 · (�λ), (7)

d̃NED,y = R0 · (��) · cos(
λUAV + λgs

2
), (8)

d̃NED,z = hUAV − hgs, (9)

dNED = d̃NED/||d̃NED||, (10)

where R0 = 6378138 meters is the Earth radius.
If the plane and the base station are very far from each other, 

the Earth’s curvature cannot be neglected. In this case, the distance 
between the base station and the UAV can be calculated using the 
SECEF frame which is detailed in [28,33,34].

The GPS measurements have uncertainty, which means that 
d̃NED can be modeled as the sum of the true distance d̃NED,0 and 
an error ṽGPS, i.e.:

d̃NED = d̃NED,0 + ṽGPS. (11)

The vector ṽGPS is the sum of the errors of the base station and 
UAV GPS receivers, and can be modeled by the covariance matrix 
RGPS.

The attitude estimator algorithms, however, use the normal-
ized vector dNED from (10) instead of ṽGPS. Since the normalization 
changes the scale of the measured vector, the noise vector is also 
re-scaled. Also, since the normalization process of the vector uses 
its own noise-corrupted components when calculating the norm, 
cross-correlations between components are inherently inserted. As 
shown in [35,36], the covariance matrix R̂

∗
d,GPS of the error vector 

vGPS from the normalized vector dNED can be calculated as:

R∗
d,GPS = [dNED×]2 RGPS([dNED×]2)T/||d̃NED||2, (12)

where [a×] is the cross product matrix defined as

[a]× =
⎡
⎣ 0 −a3 a2

a3 0 −a1
−a2 a1 0

⎤
⎦ . (13)

Due to the unit-norm restriction, R∗
d,GPS is singular. As shown 

in [37] and explained by [35], an alternative non-singular covari-
ance matrix Rd,GPS can be used without modifying the likelihood 
function:

Rd,GPS = R∗
d,GPS + 0.5 · dNEDdT

NED · trace(R∗
d,GPS). (14)

The antenna array measurement vector db and GPS measure-
ment vector dNED can be related to each other by:

db = DNED
b · (dNED − vGPS) + vd, (15)

where vd ∈ R
3×1 is an i.i.d. zero mean Gaussian random vector 

that represents LOS measurement error components described in 
Sb. Vectors vGPS and vd presented in (15) indicate that neither 
db nor dNED are perfectly known, since both are affected by noise. 
The covariance matrix of vd is defined as Rd , and is derived in 
Section 5.2.

The attitude estimation algorithms compare the array mea-
sured db with the estimated d̂b obtained by rotating the GPS 
measurement vector dNED using DNED

b . The noise covariance ma-
trix RAA+GPS of this difference, which includes both antenna array 
noise vd and the rotated GPS noise DNED

b vGPS, must be provided 
to the Kalman filter, and is given by [8,35,36]

E[(db − d̂b)(db − d̂b)
T]

= RAA+GPS = Rd + DNED
b Rd,GPS[DNED

b ]T . (16)

We describe the LOS measurement vector for some antenna ar-
ray configurations in Sant in Section 6. Equations (15) and (16) can 
be rearranged accordingly:
Fig. 3. The intermediate orthonormal basis S int frame (in blue) generated by succes-
sive normalization and cross product calculations of two vectors (in black) that lie 
in a plane. (For interpretation of the references to color in this figure, the reader is 
referred to the web version of this article.)

dant = DNED
ant · (dNED − vGPS) + vd, (17)

E[(dant − d̂ant)(dant − d̂ant)
T]

= RAA+GPS = Rd + DNED
ant Rd,GPS[DNED

ant ]−1. (18)

4. Attitude estimation via TRIAD, QUEST and EKF

In order to obtain an initial estimate of the attitude, the two 
linear independent measurement vectors db and mb from Section 3
are needed. Such initial estimate can be obtained by the TRIAD al-
gorithm as explained in Subsection 4.1, or by the QUEST algorithm 
as explained in Subsection 4.2. Once there is an initial estimate of 
the attitude, we show in Subsection 4.3 that the EKF can be used 
to predict the attitude in the next time instant, and, afterwards, 
to fuse this predicted attitude with new sensor information. Note 
that the TRIAD or QUEST can also be used in standalone mode, i.e., 
without the EKF.

4.1. Attitude obtained by vector measurements via TRIAD

In this subsection, we present the relationship between the 
measurement vectors db and mb obtained in Section 3 and the 
desired attitude defined by DNED

b , q, or ψ , θ and φ.
The TRIAD algorithm [6,38] creates an intermediate orthonor-

mal frame S int by applying two non-orthonormal vectors. This 
process is shown in Fig. 3. In order to describe the three basis 
vectors of S int in terms of SNED, the vectors dNED and mNED are 
required, as shown in Fig. 3a.

Normalization and cross product operations are used to gener-
ate the orthonormal basis vectors [xint]NED, [yint]NED, and [zint]NED, 
which are described by, respectively, (19), (20), (21) and depicted 
by, respectively, Figs. 3b, 3c, and 3d.

[xint]NED = dNED, (19)

[yint]NED = dNED × mNED

||dNED × mNED|| , (20)

[zint]NED = [xint]NED × [yint]NED. (21)

Using (3)

D int
NED = [ [xint]NED [yint]NED [zint]NED

]
. (22)

The same process is made with the array measured LOS vec-
tor db and the magnetometer-measured magnetic field vector mb
resulting in D int

b

[xint]b = db

||db|| , (23)

[yint]b = db × mb

||db × mb|| , (24)

[zint]b = [xint]b × [yint]b. (25)

D int
b = [ [xint]b [yint]b [zint]b

]
. (26)

The DNED
b is the attitude of the UAV represented as an DCM, 

and is calculated as:
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Fig. 4. EKF attitude estimator flowchart diagram. The EKF can be split in the prediction and update steps.
DNED
b = D int

b

[
D int

NED

]T
. (27)

According to [39], the uncertainty related to the TRIAD estima-
tion can be calculated as:

P qq = σ 2
d mbmT

b + σ 2
mdbdT

b

||db × mb||2 + σ 2
d [yint]b[yint]T

b, (28)

where P qq is a 3 × 3 error covariance matrix, in which the error 
is represented by small rotations around the xb , yb , and zb body 
axes, and σ 2

d and σ 2
m represent the variance of the error in each 

element from db and mb . Equation (28) is not used in the TRIAD 
algorithm, but only in the proposed Kalman based attitude estima-
tor. Note also that the magnitude of ||db × mb|| decreases as db
and mb tend to align with each other and, as a consequence, the 
uncertainty P qq increases.

4.2. Attitude estimation using QUEST

The TRIAD algorithm presents basic limitations for possible ap-
plications. For instance, it is unable to use measurements of a third 
sensor to increase its performance. In addition, it does not take 
into account the relative uncertainty between sensors, weighting 
significantly more the first sensor in comparison with the second. 
On the other hand, the QUEST algorithm can tackle such limita-
tions.

The QUEST algorithm [6] aims to find the attitude estimate qest, 
in quaternion representation, that can best relate a set of at least 
two vectors on SNED with their measured Sb counterpart, weighted 
by wi scalar weights, which gives the relative confidence of the 
i-th sensor measurement related to the others. Here we define 
the weights wd and wm , from respectively, the antenna array and 
magnetometer, as the inverse of the trace of the respective covari-
ance matrix.

wd = 1/ trace(Rd), wm = 1/ trace(Rm). (29)

The equations and full derivation of the QUEST algorithm can 
be found in [6].

4.3. Attitude estimation using extended Kalman filter

The Kalman filter can be used for any scenario involving dy-
namical systems and noisy measurements. In non-linear problems, 
its extended variant can be applied. In this subsection, we show 
an attitude estimation framework based on the Extended Kalman 
filter [7,8].

In contrast to QUEST and TRIAD, the EKF reuses the estimation 
from the previous time instant, which improves the quality and 
reduces the uncertainty of the actual estimation. This dynamical 
characteristic, that is estimated in a time instant and propagated 
to the next one, is described by the state variables xk related to 
the k-th time instant. The propagation is based on angular rate 
measurements provided by gyro sensors. The EKF as well as QUEST 
can also incorporate measurements from extra sensors by weight-
ing the uncertainty of each sensor. However, in contrast to QUEST, 
EKF can independently weight each vector component.

The EKF can also estimate the sensor errors as measurement 
bias including these errors as a component of the state of the sys-
tem. Since the gyro sensor usually has a measurement bias, which 
is, for historical reasons, commonly named as gyro drift, this bias 
is also estimated by our EKF.

There are several quaternion-based Kalman attitude estimation 
schemes [7,8,40]. Due to the rotational quaternion unit-norm re-
striction, there are discussions about its effects on the performance 
of the EKF, and the best way to incorporate the unit norm restric-
tion in the structure of the EKF. A common approach [3,7,40] is 
to reduce the estimated attitude quaternion error covariance from 
a 4 × 4 matrix to a 3 × 3 one. This work uses the reduced rep-
resentation of covariance matrix Kalman based attitude estimation 
scheme [7].

In this approach, the estimated state vector x̂ contains seven 
elements: four from the attitude quaternion q̂ and three from the 
gyro drift b̂,

x̂k =
[

q̂k

b̂k

]
. (30)

Fig. 4 depicts the EKF based attitude estimator split in predic-
tion and update steps. From the Kalman filter perspective, one of 
the contributions of this work is to propose a sensor model and 
sensor measurement equations to the antenna array. Such contri-
butions are depicted in Fig. 4 as Blocks 4 and 5.

In the prediction step, the algorithm starts in Block 1 from 
Fig. 4 using previous state estimation x̂k−1|k−1 composed of atti-
tude and gyro drift. The subscript k − 1|k − 1 stands for the (k −
1)-th estimate obtained using the information from the (k − 1)-th 
time instant. Except by the first iteration, the previous state esti-
mation is provided by the previous update step of the Kalman filter 
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in Block 9. In the first iteration, the attitude estimation is origi-
nated from the TRIAD algorithm in Block 0, where the result must 
be converted from DCM to the quaternion representation, and the 
gyro drift estimate is assumed to be null. The estimated state has 
the uncertainty P k−1|k−1 given by

P k−1|k−1 =
[

P qq,k−1|k−1 P qb,k−1|k−1

P T
qb,k−1|k−1 P bb,k−1|k−1

]
, (31)

where the attitude uncertainty block P qq,k−1|k−1 is initialized with 
the TRIAD estimation uncertainty (28), the gyro drift uncertainty 
block P bb,k−1|k−1 is initialized based on the gyro calibration, and 
the cross correlation between the two uncertainties P qb,k−1|k−1 is 
initialized null, since the initial attitude and drift estimates are ob-
tained by non-correlated sources.

A dynamical model mathematically predicts the next state 
x̂k|k−1, i.e., the estimation of the state at k-th time instant us-
ing only information from the (k − 1)-th time instant and from 
gyro measurements, as depicted in Block 2 from Fig. 4 in predic-
tion step. Based on model and state uncertainty, the Kalman filter 
calculates the uncertainty of this prediction, as depicted in Block 3 
from Fig. 4. This work uses the same dynamical model and Kalman 
filter equations as in [7], and they are omitted here for the sake of 
brevity.

As shown in [7], the source of the model (or process) noise 
wd,k includes the gyro noise and the slow changes of the gyro 
drift, and it increases the uncertainty of the predicted state. Here 
we model wd,k as a zero mean white Gaussian vector, defined by 
the covariance matrix Q d,k

E[wd, j · wT
d,k] = Q d,kδ( j,k). (32)

Here it is assumed that the gyro noise covariance Q ω and the 
drift covariance Q b are uncorrelated, i.e.

Q =
[

Q ω 03x3
03x3 Q b

]
. (33)

In the update step, sensor measurements are used to increase 
the precision of the state estimate. The zk in Block 7 is the vector 
concatenation of all measurements. In this work, zk is the con-
catenation of the antenna array and magnetometer measurements, 
respectively dant and mb , depicted respectively by Blocks 5 and 6 
from Fig. 4.

zk = [
mT

b dT
ant

]T
, (34)

where dant is a more generic antenna array measurement than db, 
and its exact definition varies with the antenna configuration as 
detailed in Section 6.

The uncertainty of the measurement is described by the covari-
ance matrix Rk in Block 7. In this work, Rk is composed of Rm
and RAA+GPS, respectively, from the magnetometer noise in Block 
6 and from the sum of LOS measurement noise from the array in 
Block 5 and the GPS.

R =
[

Rm 03×n

0n×3 RAA+GPS

]
. (35)

Rm can be found in the sensor datasheet or via calibration pro-
cess. RAA+GPS depends on SNR and DOA of the signal, and on GPS 
noise, and can be calculated as shown in Subsections 3.2 and 5.2.

The EKF computes the prediction of zk given by ẑk . Such pre-
diction step illustrated in Block 4 in Fig. 4 uses the state estimation 
x̂k|k−1 from Block 3, since the measurements are related to the UAV 
attitude. The Kalman filter weights ẑk and zk in Block 8 based on 
the prediction and measurement uncertainties. Next this weighting 
process is used to minimize the uncertainty of the updated state 
x̂k|k in Block 9.
The predicted measurement in Block 7 is:

ẑk = h(x̂k|k−1) (36)

where h(·) denotes the concatenation of the known vectors mNED

and dNED, rotated from SNED to Sb using D̂
NED
b and to Sant using 

D̂
NED
ant . Note that D̂

NED
b and D̂

NED
ant are estimated DCMs calculated by 

using x̂k−1|k .

m̂b = D̂
NED
b (x̂k|k−1) · mNED, (37)

d̂ant = D̂
b
ant D̂

NED
b (x̂k|k−1) · dNED

= D̂
NED
ant (x̂k|k−1) · dNED,

(38)

h(xk|k−1) =
[

m̂T
b d̂

T
b

]T
. (39)

Since (36) is non-linear, in order to calculate the uncertainty 
of the ẑk based on the x̂k|k−1 uncertainty, the non-linear model is 
linearized at x̂k|k−1, applying a Jacobian in h(.):

Hk = ∂h(x)

∂x

∣∣∣∣
xk|k−1

=
[

H mb,k 03×3
H dant,k 0n×3

]
, (40)

where H mb,k ∈ R
4×3 and H dant,k ∈R

4×n are blocks of the Jacobian 
matrix relating, respectively, the three magnetometer and the n
antenna array normalized phase shift measurements to the four at-
titude quaternion elements. Note that the two zero blocks indicate 
that the magnetometer and array measurements are unaffected by 
the three gyro drift elements present in the state vector.

In order to calculate the Jacobian blocks in a general fashion 
for any sensor measurement vectors on Sb , as the magnetometer 
ones, we refer to [8]. However, this is not the case with antenna 
array measurements, since they can be described in a more general 
frame Sant.

As a contribution of the present work, we evaluate the case 
where the sensor is not aligned in Sb and/or the measurement 
vector components are not orthogonal to each other and/or it is 
redundantly measured with more than three vector components. 
Since the transformation D̂

b
ant from Sb to Sant is a constant matrix, 

we can put it outside the Jacobian J(.) operation. This allows us to 
use the steps described in [8] to obtain H db,k, which is the Jaco-
bian related to the antenna array measurement assuming that it is 
measured on Sb , and after obtaining the desired H dant,k

H dant,k = J
(

D̂
b
ant D̂

NED
b (x̂k|k−1) · dNED

)

= D̂
b
ant · J

(
D̂

NED
b (x̂k|k−1) · dNED

)

= D̂
b
ant · H db,k

(41)

The measurement sensibility matrix Hk , together the measure-
ment noise covariance matrix Rk , sensor measurement model h(.)

and the predicted state xk|k−1 and its uncertainty P k|k−1 are used 
to update the state estimation to x̂k|k and to calculate its uncer-
tainty P̄ k|k . They are the output of the filter at k-th time instant. 
They are also the input of the next Kalman filter iteration at 
k + 1-th time instant. As in the prediction step, the EKF update 
step equations are the same as from [7], and we omit them for the 
sake of simplicity.

5. Antenna array and LOS vector for attitude estimation

In Subsection 5.1, we overview the ESPRIT algorithm [30] in the 
context of attitude estimation, which is applied to estimate the 
phase shifts from the same source considering the sets of spatially 
distributed antennas. In Subsection 5.2, we propose a method to 
compute the phase shift error covariance in real time.
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Fig. 5. A base station transmitting data to an antenna array in a UAV is illustrated 
in two distinct scenarios (a) and (b).

Fig. 6. The LOS vector db in Sb frame measured by pairs of antennas.

5.1. ESPRIT algorithm for attitude estimation

Consider a base station transmitting a signal to a UAV as de-
picted in Fig. 5. Since the signal travels with a finite speed from the 
transmitting antenna to each receiving antenna, each antenna of 
the UAV receives a differently delayed version of the same signal. 
Since the signal propagation speed and the inter-antenna spacing 
of the UAV are known, it is possible to find the DOA.

According to Fig. 5, variations in the attitude imply modifica-
tions of the antenna positions relative to the base station. The 
closest antenna from the antenna array to the base station receives 
the data first, i.e. the nose antenna in Fig. 5a and the left antenna 
in Fig. 5b.

In the literature, the DOA is usually defined as a set of two 
angles, elevation and azimuth. In [24], this pair of angles is de-
noted as a unitary vector described in polar coordinates. Therefore, 
another possible DOA representation is to use the Cartesian coor-
dinates.

In Fig. 6a, a 2-D example shows an antenna configuration in 
which the Cartesian components db,x and the db,y, or projections, 
of the unitary norm db are measured, and the equivalent polar co-
ordinate α is shown. The 2–1 and 2–3 pairs of antennas measure, 
respectively, the db,x and db,y components. Assuming that the sig-
nal comes directly from the base station to the antenna array at 
the UAV, the Cartesian DOA represents a unitary vector db in Sb
that points to the direction of the base station.

In Fig. 6b, three projections are measured by pairs of antennas, 
which can be used to reconstruct the full LOS vector. This unitary 
norm vector can be equivalently described by the two angles α
and β .

A set of antennas arranged in a linear way gives only one an-
gle of DOA, but this response is prone to ambiguity, since there are 
two possible angles for the same delay. A set arranged in a plane 
gives two angles also with ambiguity. However, a set arranged in a 
3-D configuration gives the two angles without ambiguities. Next 
we relate the distribution of antennas with the db 3-D LOS vec-
tor components. For instance, in case of a linear configuration, we 
have only one component of db . In case of a planar configuration, 
there are two components of db , while in case of a 3-D configura-
Fig. 7. Antenna positioning on the UAV. Note the pairs of antennas placed, respec-
tively, along the xb , yb , zb axis.

Fig. 8. Example of a rotation that does not affect antenna array measurements. The 
UAV is not shown in this figure, but only its antennas positions.

tion, there are three components of db . Since db has unitary norm, 
and if two of the three components are known, then the absolute 
value of the third one is also known. Note that the 3-D configura-
tion removes the sign ambiguity of the planar one.

Fig. 7 shows an array configuration capable to measure all three 
db components or, equivalently, to obtain both DOA angles.

Note that the DOA alone cannot be used to fully determine the 
attitude, since there is no way to use only two angles, α and β , to 
estimate all three Euler angles, ψ , θ and φ. In Fig. 8, when an arbi-
trary magnitude rotation is applied on yb axis, the wing antennas 
do not change positions. The tail, nose, upper, and lower anten-
nas rotates within a plane parallel to the wavefront plane, which 
means that these four antennas are reached by the wavefront at 
the same time. The DOA, the phase shifts and time of arrival are 
constant, regardless of the rotation.

To obtain the DOA, or, equivalently, to obtain the 3 LOS vector 
components, the first step is to receive the data transmitted by 
the base station and record N samples gathered by each antenna. 
Applying the Hilbert transform, the narrowband signal changes to 
its analytical form, in which the time delay between two signals is 
transformed to a phase shift between two complex signals.

In this work, we adopt ESPRIT [30] to estimate the spatial fre-
quencies. The ESPRIT algorithm is based on the shift invariance 
of the antenna array. By selecting K antenna equally spaced, the 
phase delay between antennas i and i + 1 is constant and equal to 
μLOS, for 1 ≤ i ≤ K − 1.

The ESPRIT algorithm estimates the phase delay by the use of 
the eigenvalue decomposition (EVD) of the sample covariance ma-
trix of the signal. The greatest d eigenvalues are related to the d
signals, and the K − d eigenvalues are related to noise. To estimate 
d, we refer to model order selection schemes in [41–43]. Since LOS 
vector has the strongest power, then the greatest eigenvalue also 
corresponds to it.

To measure this signal DOA, we choose pairs of antennas, i.e., 
K = 2. For each pair, the ESPRIT estimates only one element μi j , 
the phase shift between antennas i and j. We can normalize the 
obtained phase shifts using



56 T.F.K. Cordeiro et al. / Digital Signal Processing 59 (2016) 49–65
μ̄i j = μi j · λ

2π · Li j
, (42)

where λ is the wavelength of the signal and Li j is the distance be-
tween antennas i and j. Note that Li j normalizes the phase shift 
to 0 if there is no phase shift and 1 or −1 if it is the maximum 
physically allowed phase shift. In Section 3 it is explained how to 
use μ̄i j to obtain the db . It is also worth noting that, in this work, 
we are not interested in α and β , but in db,i components. This ex-
plains why there is no arcsin in (42), although it is the case in DOA 
estimator algorithms. To be best of our knowledge, the normaliza-
tion step to obtain a Cartesian coordinate instead of arcsin for a 
polar coordinate is a minor contribution of this paper.

5.2. Phase shift error covariance

As important as estimating the phase shift is to know how good 
this estimation is, since the Kalman filter and QUEST approaches 
need both information in real time. Here we present, as contribu-
tion, the noise covariance calculation of the normalized phase shift 
measurement, based on the phase shift mean squared error calcu-
lation from [26].

The quality of the estimated phase shift μ̂i j can be described by 
its error covariance Rμ̂i j

as a function of the true (and unknown) 
phase shift μi j :

Rμ̂i j
= E[(μi j − μ̂i j)

2]. (43)

We assume that V from the received signal X is a circularly 
symmetric white noise, i.e. its covariance R V can be written as:

R V = σ 2
n · I K . (44)

Since the ESPRIT algorithm is capable to obtain an estimation of 
the signal subspace of the received transmission, i.e., it can sepa-
rate the signal from the noise, we can reconstruct an estimation 
of the noiseless signal. Subtracting the estimated noiseless sig-
nal from the received signal provides an estimate of the noise. 
Calculating this noise covariance it is obtained, assuming a pair 
of antennas, a 2 × 2 real matrix R̂ V , containing the variance of 
each antenna noise and the cross-covariance between each an-
tenna noise. Assuming that R̂ V has approximately the assumed 
structure described in (44), an estimate of σ 2

n can be obtained by:

σ̂ 2
n = mean(diag(R̂ V )). (45)

Under the circular symmetric white noise assumption, the Rμ̂i j

can be calculated as explained on the Appendix C from [26], which 
is what is done in this work. Rμ̂i j

can also be calculated, in a more 
sophisticated fashion, without this circular symmetric white noise 
assumption, as explained in [26]. Both variants can be used in our 
framework.

As shown in (42), this work uses a normalized phase shift. The 
Kalman filter needs the error covariance of this normalized esti-
mate, which can be calculated by

E[�μ̄2
i j] = Rdij =

(
λ

2π · Li j

)2

· Rμ̂i j
. (46)

Note that Rdij is inversely proportional to the square of Li j . 
Therefore, the farther are the consecutive antennas, the lower is 
the covariance error. Nevertheless, the antennas must not be far-
ther than λ/2, i.e., half the wavelength of the signal due to the 
spatial aliasing. Note that this normalization step is different from 
the dNED normalization in (10), since here the normalization scale 
factor Li j is constant, assumed to be perfectly known and indepen-
dent from the antenna array measurement or its error. This holds 
even when using three pairs of antennas to measure a unit-norm 
vector, as in (49). Hence, the covariance calculation in (46) or in 
(49) is simpler and does not include cross-correlation factors as 
in (12).

6. Improving LOS vector by exploiting antenna array design

In Section 5, the normalized phase shift μ̄i of some i-th pair 
of antennas is calculated. The TRIAD algorithm needs the db LOS 
vector containing all 3 vector components as input.

The Kalman filter has a weaker requirement, i.e. it only needs 
a relationship between the normalized phase shifts and the GPS-
obtained LOS vector that includes some information about Sb and 
SNED. Equation (15) can be relaxed to the broader version as fol-
lows

dant = D̃
b
ant DNED

b · dNED = D̃
b
antdb (47)

where dant is a vector made of N stacked normalized phase shifts 
measurements, and can be understood as a vector measured in 
some Sant antenna coordinate frame. D̃

b
ant is a RN,3 linear trans-

formation matrix that changes db in the N phase-shifts. Note that, 
depending on the antenna configuration, the matrix D̃

b
ant is not a 

DCM.
The Kalman filter also needs the error covariance from the nor-

malized phase shifts as shown in (35). As a contribution of this 
work, we find ways to provide the required information db , dant, 
and D̃

b
ant in several antenna configurations. The suggested config-

urations, and the provided analysis for each one, assume that the 
reception and noise are not affected by the antenna position, i.e., 
it is the relative antenna position design that it is evaluated. How-
ever, the designs can be configurable to treat problems in practical 
scenarios, such as the disturbance caused by the approximation 
between the antenna and the noisy engine.

As depicted in Fig. 6, a pair of antennas measures the projec-
tion of db in the normalized vector connecting the first antenna to 
the second one. In Subsections 6.1 and 6.2, the array is designed 
to have pairs of antennas physically displaced in each of the three 
Sb axis, which directly provides the three Sb components of db . 
In Subsections 6.3 and 6.4, the antenna positioning restriction is 
relaxed, at the cost of extra computational complexity and, in Sub-
section 6.4, of loss of precision. In Subsection 6.5, it is shown that 
more ingenious choices of pairs of antennas in previous designs 
can provide better results in some scenarios. Finally, in Subsection 
6.6, we propose to use more than three pairs of antennas in low 
SNR regimes.

6.1. Previous cross-shaped six antenna array

In [24], it is studied the antenna configuration shown in Fig. 7. 
In this scenario, the UAV is equipped with six antennas with a pair 
in each UAV axis. This configuration is also symmetric relative to 
the GPS, i.e. the GPS is at the center of the UAV, and antennas from 
same pair are equally spaced with respect to the GPS.

In such straightforward configuration, each pair provides one of 
the three db components. For instance, the normalized phase shift 
from the antenna pair 1–4 on x axis provides the db,x component 
from db . Note that the vector that starts at antenna 1 and points to 
antenna 4 has the same direction and sign as xb , whereas the se-
quence 4–1 has the opposite sign. Defining μ̄i, j as the normalized 
phase shift between antennas i and j, db can be written as

db = [
μ̄1,3 μ̄2,4 μ̄5,6

]T
. (48)

The estimated normalized phase shift error covariance matrix 
Rd is equal to

Rd = diag(
[

Rd1,3 Rd2,4 Rd5,6

]
). (49)
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Fig. 9. Four antenna array configuration.

Fig. 10. Alternative four antennas configuration.

In this configuration, the Kalman filter uses the measurement in 
the same way as the TRIAD algorithm, i.e., dant = db and D̃

b
ant = I 3.

6.2. Proposed four-antenna array aligned with body axis

Aiming to reduce the hardware cost, here we propose to reduce 
the number of antennas obtaining similar results. As shown along 
this subsection, the minimum amount of antennas to measure all 
components of a 3D LOS vector is four. Each pair of antennas 
creates a basis vector of the frame Sant. If there are only three 
antennas, they certainly are contained on a single plane, and any 
combination of pairs of antennas generates a basis in this plane. 
Four antennas can map a 3-D space as shown in Fig. 9. In this 
configuration, the pairs of antennas are aligned with the Sb axis in 
a way that the Sb and Sant frames are exactly the same.

In contrast to the six antenna array configuration in Fig. 7, the 
four antenna array configuration in Fig. 9 needs to repeat the an-
tennas to obtain db , since three pairs of antennas are necessary. 
Choosing pair of antennas that generates vectors that are parallel 
and with the same sign as respectively xb , yb , and zb , db is ob-
tained as:

db = [
μ̄2,1 μ̄3,1 μ̄4,1

]T
. (50)

In this four antenna array configuration, the antenna one is 
used in all three measurements. If for some reason this antenna 
measurement is noisier than the other antenna measurements, this 
extra noise will be present in all three components of db. Further-
more, there is a cross-correlation Rdi,1; j,1 between the measure-
ments from the pairs i, 1 and j, 1:

Rd =
⎡
⎣ Rd2,1 Rd2,1;3,1 Rd2,1;4,1

Rd2,1;3,1 Rd3,1 Rd3,1;4,1

Rd2,1;4,1 Rd3,1;4,1 Rd4,1

⎤
⎦ . (51)

For the sake of simplicity, we assume that the cross correlations 
in (51) are equal to zero.

An alternative configuration that uses each antenna no more 
than twice is shown in Fig. 10. This is an example showing that 
the pairs of antennas do not need to have a common origin, and 
other similar examples can be obtained by the use of the same 
idea. In this case, db is calculated as:

db = [
μ̄2,1 μ̄3,1 μ̄4,2

]T
. (52)

The structure of Rd is shown in (53). Note that there is no 
cross-correlation between μ̄3,1 μ̄4,2, since they do not share an-
tennas. Here we assume that all the cross correlations are zero.
Fig. 11. An example where the antennas make an orthogonal coordinate system Sb

(shown by the dashed lines) that is not aligned with Sb , where xb is shown as a 
continuous line.

Rd =
⎡
⎣ Rd2,1 Rd2,1;3,1 Rd2,1;4,2

Rd2,1;3,1 Rd3,1 0
Rd2,1;4,2 0 Rd4,2

⎤
⎦ . (53)

Due to the simplicity of the configurations in Fig. 9 and in 
Fig. 10, the Kalman filter uses the measurement in the same way 
as the TRIAD algorithm, i.e., dant = db and D̃

b
ant = I 3.

6.3. Proposed four-antenna array for any orthogonal configuration

A more realistic assumption is that the antennas are positioned 
in an arbitrary fashion in order to optimize the communication 
link instead of attitude estimation.

One special case is that the four antenna array still generates an 
orthogonal set of basis vectors when defining one of the antennas 
as an origin and the vectors as the normalized vectors connecting 
the origin antenna to the other three antennas. Fig. 11 shows an 
example where a misalignment is caused by a single rotation α
around the zb axis in Fig. 9.

In this special case, this set of vectors defines a new orthogonal 
coordinate system Sant. This new frame can be related to Sb in the 
same way we relate Sb to SNED. For instance, we can use a DCM 
Db

ant to rotate a vector from Sb to Sant, i.e.

dant = Db
ant DNED

b · dNED = Db
antdb. (54)

Since the antennas are in a fixed position related to the UAV, 
Db

ant is constant, and can be calculated off-line. Also, being a DCM, 
its inverse is equal to its transpose:

Dant
b = (Db

ant)
T. (55)

In the example, the measurement vector dant, Db
ant and db are:

db = [
μ̄2,1 μ̄3,1 μ̄4,2

]T
, (56)

Db
ant =

⎡
⎣ cos(α) sin(α) 0

− sin(α) cos(α) 0
0 0 1

⎤
⎦ , (57)

db = Dant
b dant. (58)

Note that the measurement error covariance Rd is the same 
as (53). In this case, D̃

b
ant from the Kalman filter approach is equal 

to Db
ant.

6.4. Proposed arbitrary four-antenna array configuration

Here we relax the assumption that the four antenna array is 
aligned with the body axis and provides an orthogonal basis. The 
only restriction is that the basis formed by the antennas maps a 
3D space. In other words, the four antenna positions must not all 
lie on a single plane, or line or point.

According to (3), it is possible to find a transformation matrix 
from Sb to Sant by simply describing the basis vector from Sant in 
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Fig. 12. An example where the antenna positions do not follow any pattern. Each 
antenna has a coordinate (ai, bi , ci) at Sb .

Sb frame. Defining one antenna as origin, the normalized vector 
connecting the origin with the other antennas can be seen as ba-
sis. Note that the basis vectors are simply the normalized relative 
position between each antenna and the origin antenna.

As shown in Fig. 12, each antenna has one position described 
using the Sb frame. Assuming that antenna 0 is the origin, the 
three relative positions �p1,i are equal to:

�pi = [
ai − a0 bi − b0 ci − c0

]T
. (59)

The normalized �pi is used to find the transformation matrix 
D̃

b
ant:

D̃
b
ant =

[
�p1||�p1||

�p2||�p2||
�p3||�p3||

]T
. (60)

Since the antennas are in a fixed position with respect to the 
UAV, D̃

b
ant is constant, and can be calculated off-line. Since D̃

b
ant is 

not a DCM, its inverse is not equal to its transpose. In order that 
D̃

b
ant be invertible, the three basis vectors must be linear indepen-

dent. Therefore, in this configuration, the four antennas cannot lie 
on a single plane.

D̃
ant
b = (D̃

b
ant)

−1. (61)

In Fig. 12, the measurement vector dant, its representation in 
the Sb frame db, and its error covariance matrix Rd are:

dant = [
μ̄0,1 μ̄0,2 μ̄0,3

]T
, (62)

db = D̃
ant
b dant, (63)

Rd =
⎡
⎣ Rd0,1 Rd0,1;0,2 Rd0,1;0,3

Rd0,1;0,2 Rd0,2 Rd0,2;0,3

Rd0,1;0,3 Rd0,2;0,3 Rd0,3

⎤
⎦ . (64)

To analyze the antenna positioning effect in the estimation per-

formance, we use an unnormalized matrix transformation Ď
b
ant in-

stead of D̃
b
ant:

Ď
b
ant = [

�p1 �p2 �p3
]T

. (65)

When using Ď
b
ant, all related algorithms must be adjusted. We use 

the phase shifts instead of the normalized phase shifts as a mea-
surement vector. In addition, the noise covariance is calculated as 
Rμ̂i j

from [26] instead of (46), i.e., the unnormalized covariance is 
used instead of the normalized one. The inverse of the unnormal-
ized Ď

b
ant normalizes in Sb the unnormalized measurement vector 

in Sant:

db = (Ď
b
ant)

−1ďant. (66)

Since Ď
ant
b = (Ď

b
ant)

−1 transforms not only the vector, but also 
the noise, this matrix can be used to measure how much the phase 
shift uncertainty is magnified or reduced, helping to choose the 
combination of antenna pairs for which the magnification of noise 
is minimized. Since evaluating the full matrix is not easy, then 
here we propose a scalar parameter. Assuming that all unnormal-
ized phase shifts noise have the same magnitude, we can define a 
magnifying factor f :

f = det(Ď
ant
b ) = 1

det(Ď
b
ant)

, (67)

where the smaller is the f , the better is the choice of the pairs 
of antennas. This idea is based on the Covariance Intersection (CI) 
algorithm [44], where the determinants of a set of covariance ma-
trices are used to decide which one provides the lowest noise. The 
determinant is the product of the matrix eigenvalues describing 
their overall effect. This criterion has a drawback of not describing 
the effect of each eigenvalue individually.

If the distance between pairs of antennas is constant, it can be 
seen from (67) that the uncertainty grows when the pairs of an-
tennas tend to become linearly dependent. Such increased uncer-
tainty comes from the fact that matrices with linearly dependent 
columns provide a null determinant.

6.5. Proposed selection of unusual phase shifts in an arbitrary 
four-antenna array configuration

As shown in Subsection 6.3, the antenna configuration from 
Fig. 10 is more robust than Fig. 9, since the last one relies heavily 
in a single antenna. Here it is discussed how this extra robust-
ness can be obtained by software from configurations according to 
Fig. 9 without changing the antenna position.

In Subsection 6.4, it is explained how to use sets of phase shifts 
from antennas aligned in any direction. This idea can be used in 
any configuration, even in orthogonal ones. Then we choose pairs 
of antennas that meet some desired criteria, instead of being lim-
ited to choosing pairs that are aligned to some axis or orthogonal 
to another pair. For example, in Fig. 9, we can use a set of phase 
shifts that does not include the same antenna more than twice:

dant = [
μ̄2,1 μ̄3,2 μ̄4,2

]T
. (68)

In this case, the covariance matrix from dant, Rd , is equal to (53). 
In the same way as in Fig. 12, D̃

b
ant and db can be calculated 

by (60) and (63). Equation (67) can be used to choose the best 
combination of antenna pairs, in which the measurement noise is 
smaller.

6.6. Inclusion of additional phase shifts in an arbitrary four-antenna 
array

Up to this subsection, we are assuming that we can use only 
three phase shifts to obtain dant, D̃

b
ant and db. If there is no noise, 

this is true, as extra phase shifts can be seen as vectors that are 
linear dependent from the three basis vectors bringing no new 
information. However, being the phase shift imperfect measure-
ments, using extra phase shifts can reduce the uncertainty.

The Kalman filter can process more, or less, than three mea-
surements with no special modification. It is necessary only to 
obtain the relationship between the LOS vector in SNED and all 
the measurements, i.e., we need to find the linear transformation 
that, when applied in dNED, results in dant, the concatenation of all 
normalized measured phase shifts. This relationship is described in 
(47). For n normalized phase shifts measurements, the D̃

b
ant Rn×3

matrix can be obtained in a similar way from (60):

D̃
b
ant =

[
�p1||�p1|| · · · �pn||�pn||

]T
, (69)

where �pi is the vectorial distance between the i-th pair of two 
arbitrary antennas j and k, j �= k:
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Table 1
Sensors specifications for each one of the three axis.

Sensor Measurement bias Noise covariance

GPS 0 100 m2

Magnetometer 0 nmf* 1.2 · 10−4 nmf2

Gyro 9.7 · 10−3 rad/s 1.2 · 10−2 (rad/s)2

* A unit in which the local magnetic field has unitary norm.

�pi = [
a j − ak b j − bk c j − ck

]T
. (70)

If we want to use these extra phase shift estimates in the TRIAD 
or QUEST algorithms, we must solve db from dant using (47). Since 
we have three parameters to be determined and have n equations 
(rows), this is an over-determined system. Moreover, the covari-
ance of the estimation error of each component of dant is not 
equal. Therefore, the best estimate of db can be obtained by the 
generalized least squares method:

db = [(D̃
b
ant)

T R−1
d D̃

b
ant]−1 D̃

b
ant R−1

d dant (71)

Since it is possible to use more than three phase shift estimates, 
one can wrongly assume that the best is to use all the phase 
shifts, i.e., all distinct antenna pair combinations. In the four an-
tenna case, for example, this means six phase shifts. However, this 
is not true. The extra phase shifts have correlations with the ini-
tial ones, since each new measurement shares one antenna from 
the pair used in some previous measurement. In addition, when 
measuring unitary norm vector projections, there is the norm re-
striction, which is a non-linear characteristic. Neither the EKF, nor 
the generalized least squares method, works perfectly well with 
non-linearities, and each new measurement strengthens the non-
linear effect.

From simulations, we obtained best results when following 
these empirical rules:

• Choose three pairs of antennas that form an orthogonal ba-
sis, or at least basis vectors that have low projections between 
each other, i.e., vectors that provide the highest value of f in 
(67).

• Choose one to three extra pairs. Each pair relates a basis vector 
to another. Example: choose one antenna from the first basis 
and another one from the second basis, then one from the 
second and another one from the third, then another one from 
the third and another one from the first.

• Whenever possible, try to reduce the number of repeated an-
tennas.

7. Simulation results

All the developed algorithms are evaluated by simulation using 
the Simulink graphical programming environment from MATLAB 
R2013b. The simulation consists in a UAV flying about 1000 m 
away from a base station. For each scenario, 500 Monte Carlo trials 
are used to produce the mean performance.

The UAV is equipped with a GPS receiver, magnetometer and 
gyro sensors. All sensor measurements are corrupted by a zero 
mean white Gaussian noise. The gyro is corrupted also by drift, 
i.e. a biased measurement error, and also corrupted by the Earth 
rotation, which is 2π/(24 h) = 73 · 10−6 rad/s. All sensors provide 
data at 100 Hz. Table 1 summarizes the sensors specifications.

The UAV also carries an antenna array containing four or six 
antennas according to the configurations described in Section 6. 
Tables 2 to 4 summarize the evaluated antenna configurations.

Six physical antenna positioning are evaluated. In configuration 
1), six antenna array from Fig. 7 is considered. In 2), four antenna 
array orthogonal configuration from Fig. 9 is considered. 3) four 
Table 2
Antenna positions in several 4-antennas configurations related to the position of the 
antenna 1, described in Sb .a

Cfg. Antenna 2 (x, y, z) Antenna 3 (x, y, z) Antenna 4 (x, y, z)

2 (−Lx,0,0) (0,−L y ,0) (0,0,−Lz)

3 (−Lx,0,0) (0,−L y ,0) (−Lx,0,−Lz)

4b −Lx(c(π/4), s(π/4),0) −L y(−s(π/4), c(π/4),0) (0,0,−Lz)

5c −Lx(c(α1), s(α1),0) −L y(−s(α2), c(α2),0) (0,0,−Lzc(β))

a Lx = 0.76 m, L y = 1.2 m, Lz = 0.3 m, unless otherwise stated.
b c(·) and s(·) means, respectively, the cosine and sine functions, written in a 

compact way.
c α1 = π/4 + β/2, α2 = π/4 − β/2, β changes in each scenario.

Fig. 13. Non-orthogonal configuration 5.

Table 3
Pairs of antennas that are source of phase shift estimations 
in four and six antenna array configurations.

Configuration Pairs of antennas

a 2–1, 3–1, 4–1
b 2–1, 3–1, 4–2
c 1–4, 2–3, 5–6
d 1–4, 2–3, 5–6, 1–2, 3–5, 4–6

antenna array orthogonal alternative configuration from Fig. 10
is considered. In 4), four antenna array orthogonal, rotated from 
Sb , from Fig. 11, is considered. In 5), four antenna array in non-
orthogonal configuration, as described by Fig. 13, with a varying 
angle β , is considered. Configuration 5) from Fig. 13 starts from 
rotated configuration 4), shown as dotted lines. Varying the angle 
β , one antenna stays at the same place, 2 antennas move within 
the horizontal plane, approaching each other, and the last antenna 
approaches the horizontal plane. The distance between the moving 
antennas and the fixed antenna is constant. For β = 90◦ , all an-
tennas stay in the same line. Table 2 shows the physical antenna 
positioning for the four antenna array configurations 2) to 5).

Table 2 describes the antenna positions for the four antenna 
array configurations 2) to 5). In configuration 1), the pairs of an-
tennas 1–4, 2–3 and 5–6 are, respectively, Lx , L y and Lz distant 
from each other, where Lx = 0.76 m, L y = 1.2 m and Lz = 0.3 m
and each pair is, respectively, aligned with the x, y, z from Sb .

As described in Section 6, we obtain the normalized phase 
shifts from chosen pairs of antennas. Table 3 shows the evalu-
ated antenna pairs configurations, with cases a) and b) using a 
four antenna array and cases c) and d) using a six antenna array 
configuration.

Table 4 fully describes each antenna configuration, and name 
each configuration as it is referred in simulation results plots.

The base station transmits a narrowband signal with frequency 
f = 30 kHz. The antenna array receives this signal corrupted by 
a zero mean white Gaussian noise. The antenna array provides 
DOA estimates at 100 Hz calculated using ESPRIT according to Sec-
tion 5. To calculate a DOA estimate, each antenna collects Nsamples
measurements at sample frequency of f s = 1/[ f · (Nsamples − 1)]. 
Nsamples = 64 in all scenarios, except by the first one, which is 
Nsamples = 1024. For the sake of simplicity, the sampled signals are 
already in analytical (complex) form. The received data is simu-
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Table 4
Full description of antenna array configurations.

Config.a Nameb Description

1-c 6 ant. or 3 6-antenna, 3 measured phase shifts
1-d 6 6-antenna, 6 measured phase shifts
2-a 4 ant. The simplest 4-antenna configuration
2-b Phase Same as 2-a, but unusual phase shift choice
3-b Alternative Alternative orthogonal antenna positioning
4-a Rotated Orthogonal positioning, rotated from Sb

5-a β = . . . Non-orthogonal positioning

a See Tables 2 and 3 for configuration descriptions.
b Short name shown in plot legends.

Fig. 14. Trajectory 1 viewed from above. The central cross is the base station po-
sition and the circle is the UAV trajectory. The UAV starts at position (1000,0), i.e., 
at a), and rotates counter-clockwise. At 12.5 s it is at b), at 25 s is at c), at 37.5 s is 
at d), and completes a full circle at 50 s.

lated for different signal-to-noise ratios (SNRs), which are defined 
as:

SNR = 10 log10

(
σ 2

s

σ 2
n

)
, (72)

where σ 2
s and σ 2

n are the signal and noise variances, respectively.
Two trajectories are simulated. In the first one, from [24], the 

UAV is flying around the base station in a circular path of radius 
1000 m at constant speed starting at angle 0◦ as shown in Fig. 14. 
The speed is calculated to make the UAV complete the circle in 50 
seconds. The UAV xb axis and velocity vector are always tangent to 
the trajectory circle, i.e. the UAV flies without sideslip and the yaw 
is uniformly changing. The UAV flies with constant altitude (100 
meters above the base station) with constant pitch of 0 rad. The 
roll angle is constant and equal to −π/6 rad.

Note that the trajectory assumed in [24] is very simplistic from 
the ESPRIT perspective, since the true phase shifts are constant all 
over the simulation and the distance between the UAV and the 
base station is constant.

Since this work improves the EKF from [24] to be tuned in real-
time, the algorithms here are tested in a more complex scenario. 
In the new simulated trajectory, the phase shift between each pair 
of antennas and the distance between the UAV and the base sta-
tion varies with time. The UAV starts at the same position: 100 m 
above from the ground and 1000 m west from the base station. 
The yaw, pitch and roll angles are described, respectively, as (an-
gles in degrees):

ψ = −45◦, (73)

θ = 360 · t

50
− 5 cos(360/5 · t), (74)

φ = 360 · t

5
− 2 cos(360 · t). (75)

The speed of the UAV is constant and equal to 50 m/s. Like the 
first trajectory, the UAV xb is aligned with the tangent of the trajec-
tory. The trajectory positions and attitude are depicted in Fig. 15. 
Note that, when θ = 90◦ , which is the maximum allowed θ angle, 
the UAV is upside down, which instantly changes ψ to −ψ and 
φ to −φ. This type of discontinuity can occur when using Euler 
angles. The movement, however, is continuous.

The angular displacement Ik for each algorithm is calculated 
using

Ik =
∣∣∣arccos

(
0.5 trace

(
DNED

b · D̂b
NED

))
− 0.5

∣∣∣ , (76)

where DNED
b is the true DCM and D̂b

NED is the transpose of the 
estimated one. If the estimate is perfect, Ik results in zero, and 
Ik is greater if the estimation is worse. The maximum value of Ik
is 180◦ .

The TRIAD, QUEST and the EKF were tested in all antenna con-
figurations, except in the first and in the lat one, where only the 
EKF performance is relevant. Results are shown by using Īk , which 
is the mean of Ik from 500 Monte Carlo trials in each case.

Note that the EKF estimator is more sophisticated than QUEST, 
which is more sophisticated than TRIAD. While the EKF makes use 
of a system model, this is not the case of TRIAD or QUEST. Further-
more, the EKF and QUEST use information about the uncertainty of 
measurements, which is not the case of TRIAD. As expected, in all 
scenarios the EKF outperforms QUEST, which outperforms TRIAD. 
In the next plots, the TRIAD and QUEST plots are plotted side-by-
side in the same scale, which allows an easy comparison between 
TRIAD and QUEST results. The EKF results are plotted with a dif-
ferent scale from TRIAD and QUEST, since the EKF performance is 
significantly better.

The results are presented in Subsections 7.1 to 7.6. In Subsection 
7.1, the tuning method proposed in [24] is compared with our new 
proposed tuning method, using the 6-antenna array from Fig. 7, 
both presenting similar results. In Subsection 7.2, the performance 
of all orthogonal and Sb-aligned array configurations, Figs. 7, 9, 
and 10, and Fig. 9 with alternative choice of pairs of antennas 
are compared, presenting similar results. Subsection 7.3 uses the 
same scenario from Subsection 7.2, but with one antenna receiving 
a noisier signal. The array configurations in which antenna reuse 
is lower when choosing antenna pairs perform better. In Subsec-
tion 7.4, the 4-antenna orthogonal Sb-aligned configuration from 
Fig. 9 is compared with the orthogonal Sb-misaligned configura-
tion from Fig. 11 and with non-orthogonal configurations based 
on Fig. 13. The orthogonal arrays perform similar, and the use of 
a non-orthogonal array implies in a performance cost. In Subsec-
tion 7.5, the use of six pairs of antennas instead of tree provides 
an increase of performance in the 6-antenna configuration from 
Fig. 7 in a low SNR scenario. Finally, Subsection 7.6 shows that 
the reduction of frequency in which the array provides LOS vec-
tor measurements to the EKF implies in a tolerable performance 
degradation.

7.1. Ad-hoc tuning versus real-time tuning

Fig. 16 shows the mean performance of two alternative tun-
ing methods for the EKF-based algorithm over time, the ad-hoc
method from our previous work [24], and by our new proposed 
method described in Subsection 5.2. The simulation parameters are 
described in the simulation scenario number 1 in Table 4, while 
the sensors are described in Table 1. TRIAD and QUEST results are 
not shown, since the main objective is to evaluate the EKF tuning 
methods.

Both EKF variants in Fig. 16 have a performance degradation 
around 12.5 and 37.5 seconds. As discussed in [24], this is related 
to an alignment between the north direction and LOS. In order to 
remove such performance degradation, a new measurement vector 
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Fig. 15. Trajectory 2, where (a) and (b) are, respectively, the UAV position and attitude. The north, east and vertical labels indicate the distance from the UAV to the base 
station, in SNED.
Fig. 16. Mean performance criterion Ik from scenario number 1 from Table 4.

Table 5
Simulation scenarios.

N. Traj. SNR (dB) Nsamples Antenna 
configurationsa

Extra description

1 1 0 1024 1-c Two EKF tuning 
methods, ad-hoc and 
in real-time

2 2 20 64 1-c, 2-a, 3-b, 2-b –

3 2 20 64 1-c, 2-a, 3-b, 2-b Antenna 1 SNR is 
10 dB lower

4 2 20 64 2-a, 4-a, 5-a –

5 2 0 64 1-c, 1-d –

6 2 20 64 2-a Array LOS sample 
rate reduced to 1 Hz

a See Table 4.

not aligned with the LOS should be added. This should be obtained 
from another sensor, as accelerometer or camera.

Comparing the two EKF variants, note that both have similar 
performance with the ad-hoc approach performing slightly better. 
However, the ad-hoc approach consists in fine tuning the expected 
phase shift estimation error covariance to a very specific scenario 
by simulating this scenario hundreds of times and evaluating the 
ESPRIT performance. Such fine tuning approach is unrealistic, since 
the UAV must follow a pre-determined path to guarantee the per-
formance of the estimator. Our new real-time tuning method from 
Subsection 5.2, however, does not have any previous knowledge 
about the scenario calculating on-the-fly the estimated phase shift 
error covariance and adapting according, if necessary. This new 
tuning method is used on the next simulated scenarios.

7.2. The 4-antennas orthogonal configurations

Here, all 4-antenna orthogonal configurations (simple, alterna-
tive and unusual phase shift) are simulated and compared with 
the 6-antenna configuration. The EKF is tuned in real-time (Sec-
tion 5.2). The main objective is to evaluate if the reduced hardware 
cost of using less antennas implies in performance degradation in 
an usual scenario. The four evaluated configurations are described 
by scenario number 2 in Table 5.

The Nsamples was reduced from the first scenario, since the 
real-time tuning is computationally costly, and the cost increases 
significantly with the amount of samples. The SNR was slightly in-
creased to compensate the reduction of samples. This change is 
made in all subsequent simulations. In a real scenario, the SNR 
is not adjustable, but the amount of samples is. The amount of 
samples can be increased to improve the results, if the UAV has 
a compatible computational power. An alternative approach is to 
calculate the tuning less often. For instance, one tuning can be 
performed after 10 phase shift estimations, and can be assumed 
that the scenario does not change so much between each tun-
ing.

Fig. 17 shows the obtained results. Note that changing from 6 
to 4 antennas does not significantly affect the attitude estimation 
performance in any of the estimators. The alternative and unusual 
phase shift configurations are proposed to minimize the degrada-
tion of performance when there is a faulty antenna. Since this is 
not the case in this scenario, the different configurations perform 
similarly.

7.3. The four-antenna orthogonal configurations with a single highly 
noisy antenna

As an evaluation of fault tolerance of a noisy antenna reception, 
the scenario number 3 from Table 5 reduces the SNR of the first 
antenna to 10 dB, which is 10 dB lower than the other antennas. 
The results are shown in Fig. 18.

The usual four antenna configuration relies heavily on the first 
antenna, since all of the three phase shifts are between the first 
antenna and another one. This results in a performance degrada-
tion of the estimation. The other four antenna configurations rely 
less on the first antenna, since each one uses the first antenna in 
only two of the three phase shifts measurements, whereas the 6 
antenna configuration only uses the first antenna in one of three 
phase shifts estimations. The alternative phase shift configuration 
provides better noise tolerance in the EKF estimator, whereas the 
alternative configuration provides better noise tolerance in the 
TRIAD and QUEST estimators. The 6-antennas configuration atten-
uates the performance degradation caused by the faulty antenna in 
all estimators.
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Fig. 17. Mean performance criterion Ik from scenario number 2 from Table 5. For each estimator, the results from all configurations are almost indistinguishable.

Fig. 18. Mean performance criterion Ik from scenario number 3, where one antenna has noisier reception.

Fig. 19. Mean performance criterion Ik from scenario number 4.
7.4. Orthogonal versus non-orthogonal configurations

Here, the simple 4-antenna orthogonal configuration is com-
pared to the rotated and non-orthogonal configurations, as de-
scribed by scenario number 4 in Table 5. Lx , L y and Lz are changed 
all to 1 m, in all configurations to simplify the analysis and β

equals to 30◦ , 60◦ , and 75◦ in configuration 5-a. The main ob-
jectives are to show that the rotated variation does not imply in 
performance gain or loss, and to evaluate the performance degra-
dation caused by non-orthogonality.

Fig. 19 shows the results from all estimator algorithms. The 
four antenna and rotated configurations perform very similarly, 
as expected. As the non-orthogonality increases, the performance 
becomes poorer. This shows that non-orthogonal antennas are pos-
sible, if a performance penalty is tolerable.

7.5. Using more than 3 phase shifts

Here, the configurations 1-c and 1-d from Table 4 are com-
pared. The 1-c configuration uses 3 phase shifts, whereas 1-d uses 
6 phase shifts, as described by scenario number 5 in Table 5. The 
SNR is changed to 0 dB, to amplify the difference between each 
configuration performance. The main objective is to verify if the 
use of extra phase shifts brings extra performance.
Figs. 20a and 20b show the results when using the TRIAD and 
QUEST estimators. In both cases, the 6 phase variant performs 
slightly better showing that the extra phase shifts bring new infor-
mation to the estimator, even reusing antennas and creating extra 
vectors.

Fig. 20c shows the results when using the EKF estimator. In this 
case, the 6 phase variant works better only at the beginning and 
then performs slightly worse.

7.6. Use of lower LOS measurement sample rate

Up to this subsection, it is assumed that the antenna array is 
providing measurements at 100 Hz, which is the same sample rate 
as the magnetometer and gyro. However, the ESPRIT algorithm is 
way more complex than a simple capture of data from magne-
tometer or gyro. Here it is evaluated the effect of reducing the 
DOA estimate sample rate to 1 Hz, as a way to reduce the compu-
tational cost and, by extension, the energy cost. This is evaluated in 
scenario 6 from Table 5. The magnetometer and gyro measurement 
rate, and the EKF prediction and update steps, are maintained at 
100 Hz. In EKF, at each 100 updates, 99 includes only the mag-
netometer one, and one includes both magnetometer and antenna 
array LOS estimate.
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Fig. 20. Mean performance criterion Ik from scenario number 5, where the same configuration uses 3 or 6 phase shifts measurements.
Fig. 21. Mean performance criterion Ik from scenario number 6, where a same an-
tenna array configuration is evaluated at 1 Hz and 100 Hz. The lower sample time 
case provides, as expected, lower performance.

Fig. 21 shows the EKF results from the 100 Hz and 1 Hz sample 
rate. The 1 Hz version has a slight degradation as expected. In ad-
dition, a saw toot pattern is easily visible. Sensible increments in 
performance, i.e. sensible decrements at mean Ik , occurs at each 
second, when the antenna array LOS measurement is included in 
the update step of the EKF estimator. This result is expected, since 
the magnetometer alone does not provide full attitude information.

8. Conclusion

In this paper, an antenna array based attitude estimation frame-
work is proposed. Phase shifts of a received signal between pairs 
of antennas are obtained via ESPRIT algorithm. Such estimates 
are represented as a LOS vector measurement, and incorporated 
into attitude estimation algorithms, such as TRIAD, QUEST or EKF. 
A real-time phase shift error covariance calculation algorithm is 
proposed. The framework is also expanded to arbitrary antenna ar-
ray configurations.

The real-time noise covariance calculation algorithm allows 
similar performance to the previous ad-hoc approach in [24]. How-
ever, in contrast to the approach in [24], our new approach exploits 
the EKF in complex scenario characterized by variable parameters 
including the attitude, the relative distance between the UAV and 
the base station and/or the SNR without any type of configura-
tion or parameter adjustment. Moreover, our approach facilitates 
the evaluation of several scenarios, since it does not require ad-hoc
tuning the EKF for each scenario.

Several array configurations are analyzed and evaluated in sim-
ulations. The 4-antenna configuration performs similarly to the 
6-antenna in [24], but using less antennas and resulting in lower 
cost. Other 4-antenna configurations, i.e., the rotated or the non-
orthogonal, allow implementing the attitude estimator relaxing the 
restrictions on the antenna positions. Such procedure can be use-
ful, for example, if the antennas are pre-installed, or if there is 
some limitation in the UAV structure, or if there is the need for 
dedicating energy to improve the communication. The unusual 
phase shift can help to find better estimation in specific scenar-
ios, such as in scenarios with a faulty antenna. The use of extra 
phase shifts shows a slight improvement of the TRIAD and QUEST 
algorithms, but small performance degradation of the EKF. In other 
scenarios, the extra phase shifts cause degradation in both esti-
mators. This shows that more research should be conducted for 
exploiting the cross correlation matrix of the extra phase shifts.

8.1. Improvements and future works

There are several interesting topics that can be pursued from 
this paper. The first one is the hardware implementation. Since the 
ESPRIT is based on the fast Fourier transform (FFT) to obtain the 
analytical signal, and EVD and singular value decomposition (SVD) 
calculation, a digital signal processor (DSP) is the most appropriate 
hardware to implement the ESPRIT algorithm. As an example, the 
Overo WaterSTORM COM computer-on-module [45] includes both an 
1 GHz ARM Cortex-A8 processor and an 800 MHz DSP packed as 
a single chip DaVinci DM3730, and is compatible with the Aerocore 
2 micro-aerial-vehicle (MAV) control board [46]. This configuration 
allows the ESPRIT algorithm, the EKF, and the guidance and control 
algorithm of the UAV to execute, respectively, at the DSP, ARM, and 
MAV control board. As an example of the computational power 
of the proposed DSP, the 64-point FFT calculated in this paper to 
obtain the analytical signal can be calculated in 182 cycles [47], 
which results in around 23 μs when computing at 800 MHz.

Besides being a DSP capable of processing the ESPRIT algorithm, 
it is interesting to reduce the computational cost, since this allows 
the execution of other algorithms, and the reduction on energy 
consumption and reduction on hardware cost. The EVD cost of ES-
PRIT can be avoided by obtaining a signal subspace estimate by 
computationally efficient non-EVD methods. This can be made by 
recursive algorithms that can track the signal subspace, such as the 
projection approximation subspace tracking (PAST) algorithm [48]
or by using a Kalman filter based subspace tracking approach [49], 
which also provides robustness when operating in impulsive noise 
environment. Such Kalman based approach returns a fast attitude 
estimation via TRIAD, which does not need the uncertainty esti-
mation, and via QUEST, if the relative weight of sensors is tuned as 
off-line. The usage of cascade recursive filters provides sub-optimal 
or unstable results [50], therefore, the use of the PAST algorithm 
cascaded to the proposed EKF must be carefully evaluated.

The Kalman filter also needs the noise covariance estimate, 
which is calculated by using the SVD of a matrix. However, as ver-
ified during simulations in [24], this covariance is a function of the 
SNR and the true phase shift, which is related to the true atti-
tude. By using this property, the usage of look-up table for several 
estimated phase shifts and SNR can avoid the real-time SVD calcu-
lation.

During hardware implementation, examples of sources of un-
certainties are the positioning errors and the coupling of the an-
tenna array elements. There are generalizations of the ESPRIT al-
gorithm as well as interpolation schemes that can reduce these 
uncertainties as shown in [51–53].
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