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Due to the advances on electronics, applications of antenna array signal processing are becoming more 
frequent. When employing antenna arrays for beamforming, the signal to interference and noise ratio 
(SINR) should be assessed. Many factors can affect the SINR such as the array element positioning 
error and the direction of arrival (DOA) estimation error. In these cases, the assessment is traditionally 
performed via the SINR average obtained using Monte Carlo (MC) simulations. However, this approach 
requires a great amount of realizations that demand a high computational effort and processing time 
due to its slow convergence. In this paper, we propose a low complexity performance assessment of the 
average SINR via unscented transformation. Compared to MC simulations, our proposed method requires 
only a few trials and has a negligible computational complexity, yet giving a comparable SINR when 
the DOA estimation is perturbed. When the antenna elements positioning is perturbed, a multivariate 
scenario arises. For multivariate scenario the proposed scheme has an exponential increase in complexity, 
therefore, still being advantageous for a small number of antennas.

© 2017 Elsevier Inc. All rights reserved.
1. Introduction

Applications such as speech and audio acquisition [1,2], wire-
less communications [3] and RADAR [4] make use of array signal 
processing in order to enhance their capabilities. One of the most 
common uses of antenna arrays is spatial filtering by the use of 
beamformers [5]. However, idealistic assumptions such as a known 
direction of arrival (DOA) of the desired signal or perfectly spaced 
array elements are usually made [6]. Therefore, a performance as-
sessment in the presence of deviations should be considered for 
practical implementations.

Geometry based beamformers, e.g. delay and sum (DS), gener-
alized sidelobe cancellers (GSC) and minimum variance distortion-
less response (MVDR), take one or more DOAs as input parameters 
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of the associated optimization problem. Though, DOA estimation 
is always prone to a certain degree of error. Moreover, the posi-
tioning of the antenna elements is not always perfectly known and 
it may affect the beamformer’s quality. In this paper, the quality 
is measured as the average of the achieved signal to interference 
and noise ratio (SINR). The average is important, since the ran-
dom nature of these perturbations will lead to random SINR values 
that may cause inconclusive results. For example, a simulation in a 
more favorable scenario may result in an SINR that is lower than 
that of a simulation in a less favorable one. However, these values 
vary around a mean and computing the average gives the system 
designer an overall SINR, i.e. which SINR level is expected when 
the system is subject to a certain degree of error.

The Monte Carlo (MC) method [7] is a commonly used simula-
tion technique for the computation of the average SINR [8] due to 
its simplicity and easiness of implementation. However, it requires 
a large number of trials [9] to converge to a satisfactory result, im-
plying a long simulation time. Currently, performance assessment 
of embedded systems takes 30% of the development time and it 
could increase to 70% [10]. Therefore, improving the efficiency of 
performance assessment tools implies reducing production costs 
and delivering new solutions faster to the market.
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Previous works derive analytical expressions to assess the sys-
tem’s quality by using first order expansions of the perturbed 
parameters [11,12]. These analytical expressions evaluate the per-
turbation due to noise and are exact for high signal to noise ratio 
(SNR) values, but they do not present a good fit for low SNR cases. 
In this paper, we study the effect of other type of perturbations, 
more precisely the DOA estimation error and antenna element po-
sitioning error on the SINR. We show that, in these cases, the 
computation of such analytical expressions is hard or not prac-
tical and we propose the use of the unscented transformation 
(UT) to numerically evaluate the SINR. The UT maps a continuous 
probability distribution into a discrete one with the same statis-
tical moments [13]. When a non-linear function is applied to the 
mapped distribution, in our case the SINR function, the results give 
us a good fit in comparison to the traditional MC approach, yet 
with a negligible computational time for univariate perturbation 
models. When the perturbation is multivariate, e.g. error in the 
position of each antenna element, the complexity grows exponen-
tially with the number of antennas. Therefore, the complexity is 
still lower than the MC method’s complexity for a small number 
of antennas and greater for a large number of antennas. In order 
to alleviate the effect of the array spacing perturbation using the 
UT, the reader is referred to [14].

In this work, two perturbations are considered, a DOA es-
timation error and array element positioning error. We assume 
uncorrelated and equipowered sources so that the source signal 
covariance is an identity matrix and the covariance matrix can 
be computed as explained in Section 4. The evaluation of these 
perturbations gives raise to a univariate and a multivariate UT, 
respectively. For the sake of demonstration, one type of pertur-
bation is considered for each case. In future work, the UT may 
also be applied for other types of perturbations such as frequency 
shift, mutual coupling, amplitude error and phase error. Also, other 
integration methods such as the quadrature and cubature trans-
forms [15] showed better results than the UT for filtering purposes. 
Even though the quadrature and cubature transforms might also 
be considered for sensor array performance assessment, we regard 
them as future work and focus on the simplicity and ease of im-
plementation of the UT.

The remainder of this paper is divided as follows. Section 2
shows the data model containing the considered perturbations. In 
Section 3, we overview basic concepts of the UT. In Section 4, we 
propose the performance assessment of a beamformer using the 
UT. Section 5 presents the simulations results. Finally, Section 6
draws the conclusions of this work.

2. Data model

We start with the received signal model of an ideal uniform 
linear array (ULA) containing M antenna elements

x(t) =
∑

i

a(θi)si(t) + v(t) ∈C
M×1, (1)

where a(θi) is the steering vector, θi is the DOA azimuth of i-th 
source signal si(t) and v(t) is the additive noise term. Since we are 
dealing with a ULA, the steering vector contains the phase delays 
am,i = e j2πμi , where μi = (m −1) d

λ
cos θi , m is the antenna element 

index and d is the inter-element spacing in wavelengths. If d is 
given in wavelengths, the wavelength can be dropped from the 
phase delay μi .

Let us consider the case where DOA and element positioning 
errors are present as depicted in Fig. 1.

Fig. 1 shows that a plane wavefront reaches the ULA with a 
DOA angle θi and is subject to an additive deviation represented 
by the Gaussian distributed random variable � ∼ N (0, σ 2). There-
θ
Fig. 1. Illustration of a plane wavefront impinging on an antenna array containing 
DOA and element positioning errors.

fore, the received signal in the presence of DOA estimation error 
becomes:

x(�)(t) = a(�)(θ0)s0(t) +
∑
i �=0

a(θi)si(t) + v(t) ∈ C
M×1, (2)

where a(�)(θ0) = a(θ0 + �) is the steering vector perturbed by a 
random variable � and the signal of interest (SOI) corresponds to 
the i = 0 source signal. Note that (2) models the DOA estimation 
error as a physical change in the signal’s direction.

Also, in Fig. 1, the solid dots represent the antenna element po-
sitions. The first element is the reference of the Cartesian axes. The 
remaining elements are positioned at (m − 1)d along the x axis. 
Each of the elements, except the reference element, is subject to a 
positioning error in all of the 3 space dimensions x, y and z and 
are modeled by the random variables Dx , Dy and Dz , respectively.

When the three dimensions are considered, not only the az-
imuth θi of the DOA, but also its elevation φi matters. Expanding 
the phase delays for the three dimensions we obtain

μm,i = (m − 1)d cos θi cosφi +Dx,m cos θi cosφi

+Dy,m sin θi cosφi +Dz,m sinφi, (3)

where the subscript m indicates the antenna index, since the ran-
dom variables are independent with respect to each other.

The received signal for a random array positioning can be writ-
ten as

x(D)(t) =
∑

i

a(D)(θi, φi)si(t) + v(t) ∈C
M×1, (4)

where a(D)(θi, φi) = [e jμ1,i , e jμ2,i , . . . , e jμM,i ]T is the steering vec-
tor perturbed by the random vector D = [Dx,1, Dy,1, Dz,1, Dx,2,

. . . , Dz,M ].

3. Unscented transformation

The Unscented Transformation (UT) is based on the mapping of 
a continuous probability distribution into a discrete one and can 
be used to compute the moments of non-linear transformations of 
a random variable [16]. Traditionally, such moments are computed 
via MC simulations. However, this approach requires large compu-
tational efforts and, depending on the accuracy, the computational 
complexity can be prohibitive.

In this section we review the concepts of the UT. The UT for 
a single random variable is reviewed in Section 3.1 and its exten-
sion for multiple i.i.d. random variables is reviewed in Section 3.2, 
respectively.
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Fig. 2. Comparison between a continuous PDF and a 3-point UT and 5-point UT PDF 
approximation.

3.1. Univariate UT

Let us define the k-th moment of a continuous distribution [17]

μ(κ) = E
{

Uκ
} =

∞∫
−∞

fU (u)uκdu, (5)

where fU (u) is the probability density function (PDF) of the ran-
dom variable U . Then, we make a discrete approximation of fU (·),

fU (u) ≈ ω(pn) =
∑

n

ωnδ(u − pn), (6)

where pn is the n-th UT sigma point, ωn is the n-th weight and 
δ(u)|u=0 = 1 and δ(u) = 0 for any other values of u. Using (6), we 
write the discrete version of (5) [18]:

μ̂
(κ)
ut =

∑
n

ωn pκ
n . (7)

To summarize, ω(pn) is a discrete approximation of fU (u) with 
value (weight) ωn at the sigma point pn . The number of sigma 
points is chosen in accordance with the application and the desired 
accuracy. The weights and sigma points are calculated by solving 
the nonlinear system generated from the expansion of Equation (7)
and by setting different values for κ , as follows:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ω1 + ω2 + ... = 1

ω1 p1 + ω2 p2 + ... = E
{

U
}

...

ω1 pK
1 + ω2 pK

2 + ... = E
{

U K
}
,

(8)

where K is the highest order used for the computations. The mo-
ments are known and the variable K depends on the number of 
sigma points and the type of distribution. Note that some moments 
might be zero depending on the distribution.

For instance, in the case of a Gaussian random variable with 
zero mean, we can take advantage of symmetry, i.e. ω1 = ω3, 
p1 = −p3 and p2 = 0. Using this symmetry, we use 3 moments 
in order to find the 6 parameters resulting in p1 = −p3 = √

3σ 2, 
p2 = 0, ω1 = ω3 = 1/6 and ω2 = 2/3. Fig. 2 compares a continu-
ous PDF with its approximation using a 3-point UT and a 5-point 
UT. Note that the increase in UT points translates to a better PDF 
approximation such that the UT with infinite sigma points is equiv-
alent to the continuous PDF.

The mapped points and weights hold the same moments as 
fU (·) up to the biggest values used for κ . Therefore, we can re-
place the mean computed using MC simulation by the UT, i.e. the 
mean of a non-linear function of a random variable [18]

E
{

g(U )
} =

∑
n

ωn g(pn), (9)

where g(·) is a non-linear function which depends on the applica-
tion and scenario (in Section 4 we use the SINR function).

The fastest way to acknowledge Equation (9) is to expand g(U )

in its Taylor series

E
{

g(U )
} = E

{
g(0) + dg(u)

du

∣∣∣∣
u=0

u + 1

2! · d2 g(u)

du2

∣∣∣∣
u=0

u2

+ 1

3! · d3 g(u)

du3

∣∣∣∣
u=0

u3 + . . .
}

(10)

= a0 + a1E{U } + a2E{U 2} + a3E{U 3} + . . . , (11)

where ai is the i-th Taylor series coefficient. Therefore, if the mo-
ments (5) and (7) are equal, Equation (9) is exact. However, by 
computing the UT, (11) is truncated at the K -th moment as de-
fined in (8).

The condition on g(·) is that the derivatives should be con-
tinuous. Also note that the probability distribution of the original 
function is unknown and only its statistical moments are needed 
to compute the UT.

3.2. Multivariate UT

In the case where multiple random variables are present in the 
system model, a random vector U = [U1, U2, . . . , U M ]T is consid-
ered. For i.i.d. random variables, the expected values of the cross-
products are zero. Thus, the expected values of U result in a set of 
univariate integrals

E[Uκ1
1 , . . . , Uκm

m , . . . , UκM
M ] =

∫
R

fUm (um)uκm
m dum, (12)

where κm ∈ {1, 2, . . . } and κ j �=m = 0. Therefore, computing the UT 
for i.i.d. random variables simplifies to (8). Also, the expected value 
of g(U ) :RM → R is expressed as

E[g(U )] =
∫

RM

f (u1, u2, . . . , uM)g(u)du

=
∫

RM

∏
m

fUm (um)g(u)du. (13)

Since the multivariate polynomial can be written as the prod-
uct of univariate polynomials [19] and by considering that g(U )

is approximated by a multivariate polynomial, Equation (13) can 
be easily computed if U is i.i.d. Hence, (13) becomes a product 
of univariate integrals leading to the final result in Equation (18). 
However, the polynomial approximation can be dropped by us-
ing (6) and the i.i.d. assumption to get the multivariate PDF

fU (u) ≈
∏
m

∑
nm

ωnmδ(um − pnm ). (14)

Via (14), E[g(U )] can be evaluated without the polynomial as-
sumption in the following way

E[g(U )] ≈
∫

RM

g(u)
∏
m

∑
nm

ωnmδ(um − pnm )du (15)

=
∫

RM

g(u)
∑
n1

· · ·
∑
nM

∏
m

ωnmδ(um − pnm )du (16)

=
∑
n1

· · ·
∑
nM

∫

RM

g(u)
∏
m

ωnmδ(um − pnm )du. (17)
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Using the multidimensional sifting property in (17), we find the 
UT mapping for the i.i.d. multiple random variables

E[g(U )] ≈
∑
n1

· · ·
∑
nM

g(pn1,...,nM )

(∏
m

ωnm

)
, (18)

where pn1,...,nM = [pn1 , . . . , pnM ]T is the vector of sigma points.

4. Proposed performance assessment of array response via UT

In this section, we propose a beamforming performance evalu-
ation technique in the presence of DOA and positioning deviations 
using the UT. For the beamformer, the classical Delay and Sum (DS) 
technique [20] is chosen. The DS filter is w = a(θ0) and our goal is 
to evaluate the signal to interference plus noise ratio (SINR). The 
SINR for uncorrelated signals is

SINR = wHRssw

wH(Rint + σ 2I)w
, (19)

where σ 2 is the white noise variance. For uncorrelated signals, the 
SOI correlation matrix Rss and the interference correlation matrix 
Rint become

Rss = a(θ0)aH(θ0), (20)

Rint =
∑
i �=0

a(θi)aH(θi). (21)

The result of inserting perturbations, as modeled in (2) and (4), 
implies the replacement of a(θi) for a(�)(θi) in (20) and (21) for 
the case where DOA estimation error is considered. When per-
turbations on the antenna element positions are considered, we 
replace a(θi) for a(D)(θi). From the random nature of a(�)(θi) and 
a(D)(θi), it becomes clear that the SINR is also random. However, it 
is expected that the random SINR values vary around a mean. The 
mean can be used as a reference by the system designer to verify 
the impact of the DOA estimation error and element positioning 
error on the output SINR. In Sections 4.1 and 4.2, we present the 
classical MC approach and the proposed UT approach for the com-
putation of the SINR mean. In this paper, the averaged SINR will 
be denoted as SINR.

4.1. Univariate case: evaluating the SINR under DOA estimation error

We first consider the univariate case, i.e. a DOA estimation error 
is present. This error is univariate because the same perturbation 
equally affects all the elements of a�(θ0 + �). When the random 
variable is independent for each element of the steering vector, it 
is said to be multivariate (see Section 4.2).

The traditional method for evaluating the SINR is to compute 
the mean of the SINR over N realizations of �. The average value 
is then expressed as:

SINR
(�)

MC = 1

N

N∑
n=1

wHR(�)
ss (�[n])w

wH(R(�)

int (�[n]) + σ 2I)w
, (22)

where �[n] is the n-th realization of �, and the resulting correla-
tion matrices are given by:

R(�)
ss (�[n]) = a(θ0 + �[n])aH(θ0 + �[n]), (23)

R(�)

int (�[n]) =
∑
i �=0

a(θi + �[n])aH(θi + �[n]). (24)

Note that this average can be very time consuming since it 
could take thousands of realizations to average the SINR to a rea-
sonable level. In order to reduce the computational burden of such 
calculations, we propose the use of (9) to average the SINR in a 
Fig. 3. Number of generated random samples.

more computationally efficient way. Typically, less than 10 sam-
ples need to be generated, reducing drastically the computational 
time in comparison to MC simulations. With the knowledge of a 
few first moments of the random variable �, we deterministically 
compute the UT weights and sigma points as described in Sec-
tion 3. The UT average of the SINR is obtained by replacing g(·) in 
Equation (9) by the SINR and �n by p(�)

n :

SINR
(�)

UT =
NUT∑
n=1

ωn
wHR(�)

ss (p(�)
n )w

wH(R(�)

int (p(�)
n ) + σ 2I)w

. (25)

Since typically NUT 
 NMC, Equation (25) turns out to be an 
efficient way to compute the SINR average. Fig. 3 shows the com-
parison between NUT and NMC for the 3 and 5-point UT and NMC
ranging from 102 to 105 realizations.

4.2. Multivariate case: evaluating the SINR under antenna element 
positioning error

In this Section we consider the case where a beamforming sys-
tem is perturbed by an antenna element positioning error. Since 
the perturbation occurs independently in each element, we need to 
consider a multivariate case. The traditional Monte Carlo method 
consists of taking the mean over N realizations of the random vec-
tor D yielding

SINR
(D)
MC = 1

N

N∑
n

wHR(D)
ss (D[n])w

wH
(
R(D)

int (D[n]) + σ 2I
)
w

. (26)

In a similar manner as in (23) and (24), the SOI and interference 
correlation matrices in the presence of element positioning pertur-
bations are written as:

R(D)
ss (D[n]) = a(D[n])(θ0, φ0)[a(D[n])(θ0, φ0)]H, (27)

R(D)

int (D[n]) =
∑
i �=0

a(D[n])(θi, φi)[a(D[n])(θi, φi)]H. (28)

By analyzing Equation (18) to find a UT equivalent for (26), it 
is seen that a sum over all random variables is needed. Therefore, 
we end with a sum over the three dimension for each antenna 
element

SINR
(D)

UT =
NUT∑

nx,1=1

NUT∑
ny,1=1

NUT∑
nz,1=1

NUT∑
nx,2=1

. . .

NUT∑
n =1

ωnx,1ωny,1ωnz,1ωnx,2 . . .ωnz,M ·

z,M
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Fig. 4. Comparison between the number of points generated by MC and the UT with 
a varying number of array elements.

· wHR(D)
ss (pnx,1,...,nz,M )w

wH
(
R(D)

int (pnx,1,...,nz,M ) + σ 2I
)
w

, (29)

where pnx,1,...,nz,M = [pnx,1 , pny,1 , pnz,1 , pnx,2 ..., pnz,M ]T.
Even though Gaussian distributions have non-zero tails, the ac-

tual generation of very large or very small numbers is unlikely. 
This work, as in common practice [21,22], uses Gaussian distribu-
tions to model the array elements positioning errors in order to 
simplify the UT validation while making very little to no compro-
mise to the validation process. For a theoretically more precise dis-
tribution, the reader is referred to the circular normal distribution, 
also known as the Von Mises distribution [23]. The characteristic 
of a Gaussian distribution allows us to simplify (29) by consider-
ing Dx , Dy and Dz as zero mean Gaussian random variables with 
variance σ 2

d . Since the sum of Gaussian random variables results 
in a Gaussian distribution with variance equal to the sum of the 
original variances [17], we can write simplified perturbed phase 
delays

μ
(D)
m,i = (m − 1)d cos θi cosφi +Dm, (30)

where Dm ∼ N
(
0, σ 2

D
)
. The total variance σ 2

D =
σ 2

d (cos2 θi cos2 φi + sin2 θi cos2 φi + sin2 φi) is actually equal to σ 2
d , 

given that the sum inside the parenthesis is equal to 1 after the 
use of trigonometric identities. Therefore, the mean SINR com-
puted via the UT for a perturbed element positioning can be 
simplified to

SINR
(D)

UT =
NUT∑

n1=1

NUT∑
n2=1

· · ·
NUT∑

nM=1

ωn1ωn2 . . .ωnM

· wHR(D)
ss (pn1,n2,...,nM )w

wH(R(D)

int (pn1,n2,...,nM ) + σ 2I)w
. (31)

In the multivariate case, the amount of points to be averaged 
by the UT varies not only with the amount of sigma points, but 
also with the amount of antenna elements. The comparison be-
tween the number of points needed for the MC and UT averages 
are shown in Fig. 4.

The total number of points computed by the UT grows ex-
ponentially in a N M

UT manner while the MC has a linear growth. 
However, the UT can be advantageous since MC simulations may 
require millions of randomly generated points. In Fig. 4, we see 
that the usage of the 3-point UT can be advantageous for up to 15 
antennas if compared to 106 generated positions in a MC fashion. 
The same is true for 10 antenna elements in the 5-point UT case.
Fig. 5. Sample variance versus the number of trials in Monte Carlo simulations.

5. Simulation results

In Section 4, we showed how the SINR is computed using the 
UT and the number of points required for both MC and the UT 
simulations. In this section, we simulate and show the SINR aver-
ages.

One fundamental question that arises from Figs. 3 and 4 in 
Section 4 is: over how many points do we need to compute MC 
mean? The answer is not straightforward. The number of MC sim-
ulations has a direct impact on the precision of the mean, i.e. how 
close the sample mean is to the ground truth. The ground truth is 
hard to compute and, in this case, not known. Therefore, we can-
not verify the achieved precision. However, we may consider the 
error of the computed mean as a random variable that also has 
an associated variance and, of course, the smaller the variance, the 
better the estimate.

To illustrate the statement above, the light gray line in Fig. 5
shows the change in the sample variance of the SINR mean from 
Equation (22) after 100 samples for a varying number of trials. 
The scenario is the same using 5 antennas as described further 
in this section. In Fig. 5, we see that a few tenths of thousands 
of trials are needed so that the variance is bellow 10−3 dB, i.e. 
small in comparison to the 10 dB SINR range that is shown in 
Sections 5.1 and 5.2. The dark line in Fig. 5 shows the result for 
the multivariate case of Equation (26). The result shows that the 
variance is slightly lower for the multivariate case, as the number 
of points increases. Therefore, by inspection of Fig. 5, we consider 
that the variance needed to accomplish a reasonable precision is 
at least one thousandth of the range in investigation, in this case, 
10−3 dB.

For the simulations we consider 5 antenna elements and 2 im-
pinging signals, one SOI at 90◦ and two interfering signals at 65◦
and 117◦ , respectively. We then vary the DOAs and take the SINR 
mean using the 3 and 5-point UT and 5 and 106 MC realizations. 
The results are shown in Fig. 6. In order to guarantee a precise 
estimate of the mean and after inspecting Fig. 5, 106 MC real-
izations are used as a reference. From Fig. 6, it is seen that the 
SINR estimated using the 3-point UT follows almost exactly the 
106 MC realizations SINR for up to 3◦ of standard deviation. The 
same holds for the 5-point UT for up to σ� = 4◦ . To get a better 
estimation, more points are needed, however, a standard deviation 
of 4◦ is already a large value for most applications. We should also 
remind that the UT computations are done with a small fraction of 
the computational cost of the MC simulations.

For our simulations, we assume that the mean over 106 MC 
realizations, represented by SINR 6 , is very close to the ground
MC10
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Fig. 6. SINR vs σ� due to DOA estimation error.

Fig. 7. Error vs σ� due to DOA estimation errors.

truth mean. Therefore, the error is defined as

Error = |SINR − SINRMC106 |. (32)

Equation (32) is used in Sections 5.1 and 5.2 for the validation of 
the proposed UT-based methods.

In Section 5.1 we evaluate the SINR, error and computational 
time of the univariate UT. In Section 5.2, the SINR, error and com-
putational time are evaluated for the multivariate case.

5.1. Performance evaluation of the univariate UT

In Fig. 6, the region between the average SINR and the variance 
of the estimation is shown by the shaded area. The variance was 
estimated for 100 trials of 105 generated points, where the mean 
over the 100 trials gives the final 106 points average. The shaded 
region gives a degree of confidence in the estimated MC. At the 
bottom-left corner, the graphic is zoomed in the region where the 
UT5 leaves the region of confidence around 4◦ .

Fig. 7 shows the relative error between the UTs and the refer-
ence MC simulation after 106 realizations. From Fig. 7, we see that 
the 5-point UT still follows the MC106 SINR up to σ� = 6◦ with a 
less than 0.5 dB error margin. It is also worth noting that the er-
ror does not grow monotonically, however, the growth trend can 
be clearly seen. In [8], σ� is varied up to 2.63◦ using 1000 MC tri-
als. In Fig. 7, we see that the UT5 give practically zero error up to 
this level, therefore, the 5-point UT can be used to compute the 
SINR.

We then fix the standard deviation in two values σ� = {1, 6}◦
and vary the SNR as shown in Fig. 8. The darker plots show the 
Fig. 8. SINR vs SNR with fixed σ� = {2,10}◦ .

Fig. 9. Computational time of the univariate UT in the presence of DOA estimation 
error.

SINR for σ� = 1◦ and the brighter ones are for σ� = 6◦ . For a small 
standard deviation, both UTs follow the MC simulation exactly. For 
a larger deviation, the UT fits the MC SINR up to an SNR of 2 dB 
for the 3-point UT and 8 dB for the 5-point UT. The reason is that, 
for low SNRs, the noise variance on the denominator of equations 
(22), (25), (26) and (31) is greater than the other terms impact on 
the SINR than the error due to DOA estimation.

In the next simulation, the computational time is assessed and 
the results are shown in Fig. 9. We compare the 3-point UT and the 
5-point UT with a varying number of MC trials. The results show 
that the 3-point UT and the 5-point UT have a low computational 
time in comparison to the MC simulations even when only tens of 
trials are performed. We can clearly see that these results are tied 
to the number of points generated as shown in Fig. 3.

5.2. Performance evaluation of the multivariate UT

In Fig. 10 we simulate the multivariate case with fixed SINR and 
a varying σD for random element positions. Again, the SINRs av-
eraged using the 3-point UT follows the MC curve very closely for 
small deviations. For larger deviations, the 5-point UT fits the MC 
SINR. Such large deviations are, however, improbable to occur in an 
array manufacturing process. In a case where the deviation is large, 
e.g. cooperative array, the MC curve can be followed further by in-
creasing the number of points, although care should be taken due 
to the rapid increase in complexity in multivariate scenarios (see 
Fig. 4). For comparison, we use a comparable computational com-
plexity from Fig. 4. As in Fig. 6, the region between the variances is 
shaded. Also, the zoomed curves are shown in the top-right corner 
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Fig. 10. SINR vs σD due to array element positioning imperfections.

Fig. 11. Error versus σD due to array element positioning imperfections.

focusing the point where the UT5 leaves the shaded region around 
0.09 λ.

Fig. 11 shows the error for the multivariate case. From Fig. 11
we see that the error is virtually zero for the 3 and 5-point UT 
with a standard deviation of up to 0.03 and 0.05, respectively. Also, 
the 3-point UT error grows faster than the 5-point UT as expected. 
Similarly as in the previous scenario, one may not expect a mono-
tonic growth in the error computation for a increasing σD . The 
error for the 625 realizations SINR average varies largely. There-
fore, it is not possible to conclude the error levels.

In Fig. 12, the standard deviation σD is fixed to {0.03, 0.12} and 
the SNR is varied. Similarly as in the univariate case, the UT3 and 
UT5 SINRs follow the MC SINR average. When the noise is low and 
the positioning error is high, the UT SINRs deviate from the MC 
mean. However, this deviation is small and the positioning error is 
high most of the practical applications.

The final simulation assesses the computational time of the 
multivariate UT and the results are depicted in Fig. 13. We com-
pare the 3-point UT and the 5-point UT with a varying number 
of MC trials. The results indicate that the 3-point UT has a low 
computational time in comparison to the MC simulations when 
roughly more than 100 MC trials are needed. The 5-point UT is 
advantageous from the computational point of view when roughly 
more than 1000 MC trials are required. This result is in accordance 
with the number of points that need to be generated for the UT 
and MC simulations as shown in Fig. 4.

6. Conclusion

This work shows a novel method that used the UT for assessing 
the SINR average of a beamformer. We show that the computa-
Fig. 12. SINR vs SNR with fixed σD = {0.03,0.12}.

Fig. 13. Computational time of the multivariate UT in the case of element position-
ing perturbations.

tional burden of the evaluation of a beamformer can be greatly 
reduced while maintaining the reliability of the simulations. We 
chose the DOA estimation error and imperfections of the array el-
ements positions to assess the SINR average of a DS beamformer 
using the proposed method and compared with the traditional MC 
simulations. The simulations show that the UT is very reliable even 
only 5 points are computed for small to medium error.
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the-air testing for terrestrial and satellite communication systems, and 
sparsity promoting reconstruction methods.
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