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ABSTRACT
Accurate estimation of the attitude of unmanned aerial ve-
hicles (UAVs) is crucial for their control and displacement.
Errors in the attitude estimate may misuse the limited bat-
tery energy of UAVs or even cause an accident. For at-
titude estimation, proprioceptive sensors such as inertial
measurement units (IMUs) are widely applied, but they are
susceptible to inertial guidance error. With antenna arrays
currently being installed in UAVs for communication with
ground base stations, we can take advantage of the array
structure in order to improve the estimates of IMUs.

In the state-of-the-art attitude estimation algorithm,
the first crucial step is phase delay estimation, which di-
rectly affects the attitude estimation performance. In this
paper, by exploiting the parallelogram shape of the cross-
shaped antenna array, a 2-D unitary ESPRIT is used for
phase delay estimation to achieve high attitude accuracy as
well as computational efficiency. Moreover, we relax the
known yaw to unknown case by adding an additional pair
of antennas along the normal direction of the body-wing
plane. The extension from one frequency bin to the case of
multiple frequency bins is also included. Simulations show
the feasibility of our proposed solution for different SNR
levels as well as multipath scenarios.

KEY WORDS

tenna array, 2-D unitary ESPRIT

1 Introduction

Accurate attitude estimation for unmanned aerial vehicles
(UAVs) is vital to ensure their correct displacement and
control. The attitude indication of UAVs is usually con-
ducted by inertial measurement units (IMUs) consisting of
proprioceptive sensors such as gyroscopes, magnetometers
and accelerometers. However, IMUs are subject to inertial
guidance error, which arises from accelerometer measure-
ment error and gyroscope drift error [1, 2].

In Figure 1, the definitions of the attitude angles
for pitch, roll and yaw are shown by placing the three-
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dimensional Cartesian coordinate system in the center of
gravity of the UAV. The pitch φ is defined by the elevation
angle between the x-y plane and the longitudinal (body)
axis of the UAV. The roll θ is given by the rotation angle of
the wings about the body axis. In case φ = 0, the roll θ is
the angle between the x-y plane and the lateral (wing) axis.
The azimuth angle, namely, the rotational angle about the z
axis, is referred to as yaw ψ. Note that yaw can be assumed
to be known a priori since it is determined in a different
way from pitch and roll [3].
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Figure 1. Definitions of pitch φ, roll θ and yaw ψ in three-
dimensional coordinate system.

In [1], we have proposed a method for attitude esti-
mation based on cross-shaped antenna array in order to im-
prove the IMUs, e.g., via data fusion. Due to the fact that
such antenna arrays are already installed and become an
essential part in most UAVs for different purposes, e.g., for
RADAR or communication systems [4] [5] [6], our attitude
determination solution is not subject to the incorporation
of additional equipment. Note that in the literature [7, 8],
other attitude estimation solutions based on multi antenna
systems are proposed. However, these solutions are based
on GPS receivers and satellite communication links, and
hence they require additional hardware structure, which in-
creases the cost and the weight of the UAVs.

The first important step in the attitude estimation al-
gorithm is phase delay estimation. In [1], the symmetry
structure of antenna array is not taken into account, since
the 1-D ESPRIT is applied for phase delay estimation.
Moreover, the solution in [1] is restricted to the estimation
of pitch and roll, where the yaw is assumed to be known. In
this paper, as a first novelty, by exploiting the parallelogram
shape of the cross-shaped antenna array, a 2-D unitary ES-
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PRIT is used for phase delay estimation. As a result, the
estimation accuracy can be improved. Meanwhile, up to
2 sources can be identified, which means that one NLOS
multipath component other than the LOS path is regarded
as useful signal instead of interference, while in [1] all the
NLOS multipath components were unsolvable and treated
as interference. As a second novelty, we relax to the case
that the yaw is unknown, and to solve this we add an ad-
ditional pair of antennas along the normal direction of the
body-wing plane. The extension from one frequency bin to
the case of multiple frequency bins is also studied.

The remainder of this paper is organized as follows.
In Section 2 we explain the system model for a UAV
equipped with a cross-shaped antenna array. In Section 3,
our proposed scheme for UAV attitude estimation via 2-D
unitary ESPRIT is presented. In Section 4, extension to
cases when the yaw is unknown and when multiple fre-
quency bins are available are addressed. Section 5 contains
the simulation results. Finally, we draw the conclusions in
Section 6.

2 System Model

In this section, we present the model of our considered sys-
tem, which consists of the scenario description and data
model.

2.1 Scenario Description

We define a three-dimensional coordinate system accord-
ing to Figure 2 [1] with the base station placed at the origin.
A UAV is endowed with four antennas Si, i = 1, · · · , 4, in
a parallelogram manner: one on the nose, two on the wings
and one in the tail. For the sake of simplicity, we assume
that all antennas lie in the same plane and that the wings
lie on a straight line perpendicular to the longitudinal axis.
A GPS sensor is located at the intersection point to provide
the position of the UAV relative to the base station. The
body antenna pair (S1, S4) and wing antenna pair (S2, S3)
are each equidistant from the GPS. Their respective dis-
tances from each other are the body length dbody and wing
length dwing, respectively.

2.2 Data Model

Assume that a source is radiating narrowband signals from
the far field of the array, i.e., its wavefronts can be consid-
ered to be planar at the receiver. In multipath environment,
the received signal is a mixture of a line-of-sight (LOS)
path and (K−1) non-line-of-sight (NLOS) multipath com-
ponents. We assume that a strong LOS is always present.
The base band output of the antenna array at the receiver
can be modeled as

X = AS +Z, (1)

where X ∈ C4×N is the measurement matrix, A ∈ C4×K

denotes the array steering matrix which consists ofK array
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Figure 2. System arrangement depicting communication
link between base station and UAV endowed with a 4-
element cross-shaped antenna array.

steering vectors a1, · · · ,aK , S ∈ CK×N contains the N
symbols from all K multipaths, with average signal power
of σ2

k in the k-th multipath, and Z ∈ C4×N is the noise
matrix collecting the additive noise samples which are as-
sumed to be i.i.d. Gaussian variables with zero mean and
variance of σ2

z .
The inter-element differences in phase delay (ID-

PhDs) between the antenna pairs
−−−→
S1S2 and

−−−→
S1S3, denoted

as µ and ν, respectively, are defined as

µ , ϕ2 − ϕ1 , (2)
ν , ϕ3 − ϕ1 , (3)

where ϕ1, ϕ2 and ϕ3 are the phase delays caused by the
propagation of the wave from the base station to each an-
tenna S1, S2, and S3, respectively.

In Figure 2, we assume that S1 is the reference an-
tenna, which means that its phase delays of the impinging
signals are equal to zero. Due to parallelogram shape of the
antenna array, the array steering vector a can be expressed
in terms of the spatial frequencies as

a (µ, ν) =


1
ejµ

ejν

ej(µ+ν)

 =

(
1
ejµ

)
⋄
(

1
ejν

)
, (4)

where ⋄ denotes the Khatri-Rao product [9].
From (4) it follows that

A = A1 ⋄A2, (5a)

where

A1 =

(
1 1 · · · 1
ejµ1 ejµ2 · · · ejµK

)
, (5b)

and

A2 =

(
1 1 · · · 1
ejν1 ejν2 · · · ejνK

)
. (5c)

Our goal in this paper is to estimate the pitch φ and
roll θ using the cross-shaped antenna array. As shown in the
next section, this can be achieved by using the estimates of
the IDPhDs µ and ν of the LOS path, namely, µ(LOS) and
ν(LOS).
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3 Proposed Attitude Determination Scheme

Our proposed attitude estimation scheme consists of two
stages, namely the phase delay estimation based on the 2-
D Unitary ESPRIT in Subsection 3.1, and calculation of the
pitch and roll as presented in Subsection 3.2.

In the first stage, a 2-D unitary ESPRIT is applied to
estimate the IDPhDs of the LOS path along both parallel
sides, namely, µ(LOS) and ν(LOS). The IDPhDs between
the body and wing antenna pairs

−−−→
S1S4 and

−−−→
S2S3 are ob-

tained as

ωbody , ϕ
(LOS)
4 − ϕ

(LOS)
1 = ν(LOS) + µ(LOS) , (6)

ωwing , ϕ
(LOS)
3 − ϕ

(LOS)
2 = ν(LOS) − µ(LOS) . (7)

In the second stage, based on the geometrical relation-
ship between the UAV attitude and IDPhDs, a set of non-
linear equations are established and then solved to estimate
the pitch and roll.

3.1 2-D Unitary ESPRIT for Phase Delay Estimation

In order to estimate the spatial frequencies along both di-
rections jointly, we use a 2-D unitary ESPRIT algorithm
[10]. The ESPRIT-type algorithms use the signal subspace
to estimate the spatial frequencies. Therefore, the first step
is to compute the eigenvalue decomposition (EVD) of the
sample covariance matrix

R̂xx =
1

N
XXH ∈ CM×M (8)

where H represent the Hermitian transpose of a matrix, and
theK eigenvectors related to theK eigenvalues with great-
est power are assumed to form the signal subspace U s, and
the (M−d) eigenvectors related to the (M−d) eigenvalues
with smallest power are assumed to be the noise subspace.
To estimate the model orderK, we refer the readers to [11].

Then, the spatial frequencies can be estimated based
on the following shift invariance equation:

Jr,1U sΦr = Jr,2U s, (9)

where Jr,1, r = µ, ν are the selection matrices.
The selection matrices can be established based on the

array geometry. As seen from Figure 2, the array is shift
invariant along both parallel sides. In each case, m = 2
out of the M = 4 elements belong to one subarray. Let
us consider the µ-direction first. In this case, antenna S1

is mapped to S2 and S3 to S4. Therefore, the selection
matrices in µ-direction are defined as:

Jµ,1 =

[
1 0 0 0
0 1 0 0

]
(10)

Jµ,2 =

[
0 0 1 0
0 0 0 1

]
. (11)

Similar conditions can be applied to the other direction,
which yields

Jν,1 =

[
1 0 0 0
0 0 1 0

]
(12)

Jν,2 =

[
0 1 0 0
0 0 0 1

]
. (13)

In order to improve the estimation accuracy and com-
putational efficiency, we use the 2-D unitary ESPRIT
[12]. After applying forward-backward averaging on the
measurement data, centro-Hermitian matrices are obtained
which can be mapped to real-values matrices by the follow-
ing transformation [13]

T (X) = QH
M [X, ΠMX∗ΠN ]Q2N (14)

where ∗ denotes complex conjugation of a matrix, and
Qp ∈ Cp×p is a unitary left-Π-real matrix which satisfies
ΠpQ

∗
p = Qp.
We therefore get the following modified shift invari-

ance equations

Kµ,1EsΥµ ≈ Kµ,2Es (15)
Kν,1EsΥν ≈ Kν,2Es, (16)

where Es ∈ RM×K is the signal subspace obtained from
the transformed real-valued data matrix in (14), and the
new selection matrices Kη,i, η ∈ {µ, ν}, i = 1, 2 are
obtained by Jη,i by

Kη,1 = 2 · Re{QH
mJη,2QM} (17)

Kη,2 = 2 · Im{QH
mJη,2QM}. (18)

Here Re{·} and Im{·} represents the real and imaginary
part of a complex matrix, respectively.

Finally, from the matrices Υη, the spatial frequencies
are obtained by

µk = 2 · tan−1(lµ,k)

νk = 2 · tan−1(lν,k)

}
, k = 1, 2, · · · ,K, (19)

where lµ,k and lν,k denote the eigenvalues of the matrices
Υµ and Υν , respectively. Note that to achieve automatic
pairing between the spatial frequencies, after solving (15)
and (16) for Υµ and Υν , their eigenvalues can be com-
puted jointly via the Simultaneous Schur decomposition in-
troduced in [14].

The estimation of source S can be performed via a
linear least squares fit as

Ŝ = Â
†
X, (20)

where † represents the pseudo-inverse of a matrix.
From Ŝ, the signal power of all K multipaths can be

readily estimated. The multipath with the largest signal
power corresponds to the LOS path.
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3.2 Attitude Determination Algorithm

The second step after the estimation of the phase differ-
ences is to calculate the attitude pitch φ and roll θ given the
position of the GPS pGPS and the yaw angle ψ. The main
idea of the algorithm is to determine the coordinates for the
antennas as a function of the attitude, and establish a sys-
tem of equations based on the relationship between the an-
tenna coordinates and IDPhDs ω̂body and ω̂wing obtained in
Subsection 3.1. The solution of the equation system gives
the pitch and roll estimates.
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Figure 3. Illustration of antenna positions in x-y-z system:
a) basic configuration (0, 0, 0) b) configuration with added
roll (0, θ, 0), c) configuration with added pitch (φ, θ, 0) d)
configuration with added yaw movement (φ, θ, ψ)

Figure 3 illustrates how a specified attitude (φ, θ, ψ)
of a UAV is formed. Initially, the body of the UAV is iden-
tical to the x axis, and the wing coincides with the y axis
(Figure 3a). When evoking a roll movement, the wing an-
tennas S2 and S3 rotate about the x axis in the y− z plane,
as depicted in Figure 3b. It follows by the successive pitch
and yaw movement which correspond to the rotations of all
antennas about the y and z axis, respectively, as described
in Figures 3c and 3d. Note that as a consequence of the
chosen rotation order (roll - pitch - yaw), all the rotations
are about the axes.

The nose and tail antennas experience the pitch and
yaw rotation, and hence the coordinates of the nose antenna
are

p′
1(φ,ψ) = dbody ·Rz(ψ)

cosφ0
sinφ

 , (21)

where Rz(ψ) is the rotational matrix which corresponds to
rotation about the z axis by angle of yaw ψ

Rz(ψ) =

 cosψ − sinψ 0
sinψ cosψ 0
0 0 1

 . (22)

Due to symmetry, the tail antenna coordinates are given by

p′
4(φ,ψ) = −p′

1(φ,ψ). (23)

The left and right wing antennas (S2, S3) experience
all the rotations about the x, y and z axes. The coordinates
of the left wing antenna are therefore given as

p′
2(φ, θ, ψ) =

1

2
dwing ·Rz(ψ)Ry(φ)

 0
cos θ
sin θ

 , (24)

where Ry(φ) represents the rotation about the y axis by
angle of pitch φ

Ry(φ) =

 cosφ 0 − sinφ
0 1 0

sinφ 0 cosφ

 . (25)

The same symmetry conditions as above apply, hence

p′
3(φ, θ, ψ) = −p′

2(φ, θ, ψ) . (26)

Finally, the absolute antenna positions pi, i =
1, · · · , 4 are obtained by adding the GPS coordinates pGPS

to the relative positions p′
i

p1(φ,ψ) = p′
1(φ,ψ) + pGPS (27)

p2(φ, θ, ψ) = p′
2(φ, θ, ψ) + pGPS (28)

p3(φ, θ, ψ) = p′
3(φ, θ, ψ) + pGPS (29)

p4(φ,ψ) = p′
4(φ,ψ) + pGPS (30)

Using the IDPhD between the body antenna pair
ωbody estimated in Section 3.1 by the 2-D unitary ESPRIT,
we build the following equation:

∥p1(φ̂, ψ)∥ − ∥p4(φ̂, ψ)∥ =
λ

2π
ω̂body = d̂

∥
body , (31)

where d̂∥body is the estimate of the inter-element difference
in propagation distance (IDPgD) along the body axis.

Once we have obtained an estimate for the pitch φ̂
from (31), we can compute the roll using the estimated ID-
PhD of the antenna pair in the wing ω̂wing along similar
lines:

∥p2(φ̂, θ̂, ψ)∥ − ∥p3(φ̂, θ̂, ψ)∥ =
λ

2π
ω̂wing = d̂

∥
wing ,

(32)
where d̂∥wing is estimate of the IDPgD along the wing axis.

4 Extension to Unknown Yaw and Multiple
Frequency Bins

4.1 Extension to Unknown Yaw

In case the yaw is unknown, we need to estimate it as well.
This can be realized by adding an additional pair of anten-
nas (S5, S6) along the normal direction of the body-wing
plane, as shown in Figure 4.
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Figure 4. System arrangement depicting communication
link between base station and UAV endowed with a 6-
element cross-shaped antenna array.

These 6 antennas form three parallelograms, namely,
−−−−−−→
S1S2S4S3,

−−−−−−→
S1S5S4S6 and

−−−−−−→
S2S5S3S6. We can apply the 2-

D unitary ESPRIT independently to each of the three paral-
lelograms. Two estimates for each of the IDPhDs along the
body, wing and z axes will be obtained. Their mean values
are taken as the final estimates, i.e., ω̂body, ω̂wing and ω̂n.

The coordinates for the z antenna are

p′
5(θ, φ, ψ) =

1

2
dn ·Rz(ψ)Ry(φ) ·

 0
− sin θ
cos θ

 , (33)

The absolute antenna positions pi, i = 5, 6, are ob-
tained by adding the GPS position vector pGPS to the rela-
tive position vectors p′

i as follows:

p5(φ, θ, ψ) = p′
5(φ, θ, ψ) + pGPS (34)

p6(φ, θ, ψ) = p′
6(φ, θ, ψ) + pGPS (35)

Using the IDPhDs between the antenna pair along the
z axis, the third equation is obtained as

∥p5(φ̂, ψ)∥ − ∥p6(φ̂, ψ)∥ =
λ

2π
ω̂n = d̂∥n , (36)

where d̂∥n is the estimate of the IDPgD along the normal
direction.

Solving the system of non-linear equations formed by
(31), (32) and (36) gives the estimates of the pitch, roll and
yaw.

4.2 Extension to Multiple Frequency Bins

Suppose the samples from Q narrowband impinging sig-
nals with different frequencies are collected by the antenna
array. Then Q different estimates will be obtained for
the IDPhDs between each antenna pair along three axes,
namely, ω̂(q)

i , i = 1, 2, 3, q = 1, · · · , Q, where the indices
i = 1, 2, 3 correspond to the body, wing and z axes, respec-
tively. In this section we discuss how we can combine these
different estimates to improve the accuracy of the final es-
timate of the IDPgD along three axes, i.e., d̂∥i , i = 1, 2, 3.

Assume that equal number of samples are collected
forQ narrowband impinging signals in a comparative noise
level. Then different estimates for the IDPhD/IDPgD are
combined using the least square method. This method com-
pares the IDPhD estimates with the ones we would have
obtained in the ideal noiseless case and then select d∥i that
fits best to what we have observed, i.e., that minimizes the
squared error. To this end let us define an error function
J(d

∥
i ) that is to be minimized as

J(d
∥
i ) =

Q∑
q=1

(
ω̂
(q)
i − 2πd

∥
i

λq

)2

. (37)

The minimizer of (37) is given by

d̂
∥
i =

∑Q
q=1 ω̂

(q)
i · 1/λq

2π
∑Q

q=1 1/λ
2
q

=

∑Q
q=1 d

∥,(q)
i · 1/λ2q∑Q

q=1 1/λ
2
q

. (38)

As we can see, the weighting coefficients of differ-
ent IDPgD estimates in calculating the final IDPgD are in-
versely proportional to the square of their wavelength, and
proportional to the square of their frequencies.

5 Simulation Results

In this section, we evaluate the performance of our algo-
rithm proposed in Section 3 and 4 by means of Monte
Carlo simulations. We consider a scenario such that the
UAV has a wing span dwing = 1.2 m and a body span
dbody = 0.76 m and is located approximately 1000 m from
the base station. The pitch φ and roll θ are uniformly gen-
erated from the interval [−π

2 ,
π
2 ].

We define the signal-to-noise ratio (SNR) as

SNR = 10 log10

(
σ2
s

σ2
n

)
, (39)

where σ2
s and σ2

n are the signal and noise variances, respec-
tively. The signal samples are complex sinusoidal with am-
plitude equal to one and frequency of 30 MHz. The noise
samples are modeled as complex-valued i.i.d. zero mean
white Gaussian processes.

We evaluate our proposed solution via the root mean
square error (RMSE) of the pitch and roll, which is defined
as

RMSE =

√√√√ 1

2L

L∑
l=1

[(φ̂l − φ)2 + (θ̂l − θ)2], (40)

where L is the number of independent Monte Carlo runs.
In this simulation, L = 1000 is used.

In Figures 5 and 6, the effect of noise level on the
attitude estimation performance is investigated in the pres-
ence of LOS path only. We compare two different phase
delay estimation schemes: 1-D ESPRIT and our proposed
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2-D unitary ESPRIT in terms of attitude estimation accu-
racy for different SNR. Note that there is marginal perfor-
mance gain of the 2-D ESPRIT over 1-D ESPRIT for low-
to-medium SNR range.

Then, the effect of multipath components is consid-
ered in the absence of noise. The LOS-to-NLOS ratio,
commonly known as the signal-to-interference ratio (SIR),
is given by

SIR = 10 log10

(
σ2
s∑K−1

i=1 σ
2
i

)
, (41)

where σ2
i is the variance of the i-th multipath component,

which in this case is varying. In Figure 7, we consider
K = 2 multipaths, namely, one LOS and one NLOS com-
ponent. In this case, the 2-D ESPRIT by assuming 1 source
has the same performance as its 1-D counterpart. However,
with assuming 2 sources, the 2-D ESPRIT significantly
outperforms the 1-D ESPRIT as well as itself with assum-
ing 1 source. Note that for 1-D ESPRIT, only one source
can be considered, since there are only two antennas in the
ULA used. By increasing the number of multipaths, the
same phenomenon is observed.

In Figure 8, the attitude estimation performance with
unknown yaw is evaluated. The yaw ψ is uniformly gener-
ated from the interval [0, 2π]. We use the Matlab function
’fsolve’ to solve the three nonlinear simultaneous equa-
tions. Here we consider the optimum curve, which is ob-
tained by assuming that µwing, µbody and µn are perfectly
known. Note that in this case, the attitude estimation of
all 1-D ESPRIT, 2-D unitary ESPRIT as well as optimal
case experience serious performance degradation. This
may stem from the sensitivity of solution to the variation in
estimated phase delay due to the increase of number of vari-
ables from 2 to 3. Nevertheless, improvement in 2-D ES-
PRIT can be still observed particularly in low-to-medium
SNR range.

In Figure 9, the effect of using multiple frequency
bins in known yaw case is evaluated. The attitude estima-
tion performance in both cases of LOS path only and mul-
tipath components are improved by increasing the number
of frequency bins.

6 Conclusion

In this paper, we have improved an UAV attitude estimation
algorithm based on a 4-element cross-shaped antenna array.
By exploiting the parallelogram shape of the cross-shaped
antenna array, a 2-D unitary ESPRIT is used for phase de-
lay estimation. The unitary tensor ESPRIT is known for its
high estimation accuracy partly due to the use of forward-
backward-averaging technique as well as computational ef-
ficiency due to real-valued calculation throughout. More-
over, we relax the known yaw to unknown case by adding
an additional pair of antennas along the normal direction
of the body-wing plane. The extension from one frequency
bin to the case of multiple frequency bins is also studied.

By means of simulations, we show the feasibility of our
proposed solution in a wide range of SNR levels as well as
multipath scenarios.
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Figure 5. RMSE of estimated phase delays vs. SNR.
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Figure 6. RMSE of estimated phase delays vs. SNR.
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(b) RMSE of estimated phase delays vs. SIR.
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(b) RMSE of estimated pitch φ and roll θ vs. SIR.

Figure 7. Attitude estimation performance vs. SIR.
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(a) RMSE of estimated phase delays vs. SNR.
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(b) RMSE of the estimated pitch φ, roll θ and yaw ψ vs. SIR.

Figure 8. Attitude estimation performance when yaw is unknown.
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(a) RMSE of the estimated pitch φ and roll θ vs. SNR.
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(b) RMSE of the estimated pitch φ and roll θ vs. SIR with K = 2 multipaths.

Figure 9. Improved attitude estimation by combining Q frequency bins.
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