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Abstract—Accurate attitude estimation is crucial for Un-
manned Aerial Vehicles (UAVs) in order to help them to perform
several automated activities such as following a trajectory or
landing. Most attitude and navigation algorithms rely on a
inertial measurement unit (IMU), i.e., accelerometer and gyro
sensors, and some auxiliary sensors, such as magnetometer.
Recently antenna array based communication systems have being
installed in UAVs. This structure can be also applied for attitude
estimation by computing the direction of arrival (DOA) of the
line of sight (LOS) path between the base station and the
UAV. In this paper, we present three main contributions. First,
assuming that the yaw angle is already estimated or measured,
we propose an analytical expression for computing the pitch
and the roll angles by using only the DOA estimates, which
shows a good performance only for high SNR scenarios. As a
second contribution, we propose to apply the known TRIAD
algorithm using as input the estimated DOAs of the LOS and
magnetometer measurements. This provides significantly better
results than the first contribution in low SNR scenarios. As a
third contribution, we propose to apply the Kalman filter on the
gyro plus magnetometer plus estimated DOAs of the LOS. Due
to the tracking capability of the Kalman, the attitude estimates
become more robust against the noise influence.

Index Terms—attitude estimation; antenna array; ESPRIT;
IMU; Kalman filter

I. INTRODUCTION

Accurate attitude estimation is crucial for unmanned aerial
vehicles (UAVs). Most attitude estimation algorithms relies
on a measured vector, represented in the body frame Sb and
the same vector known in a reference frame as SNED [1],
[2]. In order to obtain the measured vector, we can apply
magnetometers to measure the magnetic field direction with
respect to the earth’s magnetic north pole. Other ways to obtain
the measured vector are via cameras that point to a known
location [3] or via accelerometers that measure the gravity
vector direction [4].

With antenna arrays currently being installed in UAVs for
communication with base stations, we can take advantage of
this structure in order to obtain another measurement vector.
In our previous papers, a cross-shaped 4-element antenna
array [5], [6], a cross-shaped 6-element antenna array [6] and
a hexagon-shaped 7-element electronically steerable parasitic
antenna radiator (ESPAR) array [7] have been used for UAV

attitude estimation. In these previous works, a set of non-
linear-attitude-dependent equations that describe the relative
position between the UAV antennas and a ground antenna
are deduced. The phase delay between adjacent antennas was
related to their relative position. Assuming the UAV position
known (e.g., using GPS) and yaw known, the other two Euler
angles, i.e. pitch and row, were found by calculating their
positions by using the phase delay of the LOS signal impiging
over the antennas. This was made numerically in [5] and [6],
whereas [7] found closed-form expressions. In [6], it was
stated that a 6-element antenna array can estimate all three
Euler angles, i.e. it relaxes the assumption on the knowledge
of yaw. However, even in a favorable scenario the root mean
squared error (RMSE) of the angles does not approaches zero.

In this paper, we therefore propose an attitude estimation
system based on the same cross-shaped 6-element antenna
array from [6]. The proposed algorithm estimates the line
of sight (LOS) vector that connects the base antenna and
the center of the UAV’s antenna array based on phase delay
estimation using ESPRIT (estimation of signal parameters via
rotational invariant techniques) algorithm, and compares with
the LOS vector obtained from the UAV relative position to
the base station. The rotation, that aligns these two vectors, is
defined as attitude. This is a different approach from [5], [6],
[7], where first the phase shifts are measured using the antenna
array and ESPRIT, then the attitude is estimated by checking
the different antennas positions for these measured phase
shifts. As in [7], here we calculate the pitch and row angles
analytically, assuming a known yaw. The results, however,
differ from [7], as the new approach provides simpler closed-
form equations, which are easier to interpret.

Estimating the LOS has another advantage: the LOS esti-
mation provided by the antenna array and the LOS estimation
provided by GPS sensor can be seen as a vector that is
measured in Sb and known in SNED. As this is the usual
approach in attitude estimators, we can use known algorithms,
as the Triaxial Attitude Determination (TRIAD) [8], [9] or
a Kalman-based attitude estimator [1], [2]. Incorporating the
LOS estimates in these algorithms is the second contribution
of this work. As both approaches need a second vector, we
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assume that the UAV carries a magnetometer sensor. This can
be seen as an equivalent of the known yaw from previous
works, as the magnetometer measures the magnetic field and
can be seen as a digital compass. The Kalman-based solution
also assumes the presence of a gyro sensor, which measures
the angular velocity of the UAV.

A careful analysis of the obtained closed-form expression
shows that the first approach proposed in this paper is not well
suited in noisy environments. The approach has also singular-
ities based on UAV relative attitude and position to the ground
antenna. It is also shown that is not possible to obtain all three
angles from the proposed antenna array. Simulations results
show the feasibility of our proposed TRIAD and Kalman-
based solution for different signal-to-noise ratio (SNR) levels.

This paper is divided into six sections including this in-
troduction. In Section II, coordinate systems and attitude
definition are reviewed. In Section III, after a brief review
in ESPRIT algorithm, we propose how the antenna array
measurements can be seen as a measurement vector to be
used in attitude estimation algorithms. In Section IV, after
reviewing the TRIAD and a Kalman-based attitude estima-
tors, we incorporate the proposed antenna array LOS vector
measurement in these algorithms. In Section V, it is simulated
an UAV with a double-cross-shaped 6-element antenna array,
flying around a base station. Section VI concludes this paper.

II. COORDINATE SYSTEMS AND ATTITUDE

Here we will briefly review concepts related to coordinate
systems, vector rotations and attitude. For a more detailed
explanation about coordinate system and attitude, we refer
to [10] and [11]. Reviewing coordinate systems helps to
understand vector measurements in Section III and attitude
estimators in Section IV.

A coordinate system, or frame, is a set of orthonormal
reference vectors and is represented by the letter S. In atti-
tude/navigation area, there are standard frames, such as north,
east, down (NED, SNED) and body frame (Sb).

The SNED reference is based on the local directions of
north and vertical (or horizon line) and is used mainly, to
describe the orientation of an object related to local north
and vertical. The Sb reference is fixed at the vehicle, and is
used to represent vehicle elements positions (e.g., antennas)
and measurements made by sensors fixed in the vehicle (e.g.,
magnetometer, IMU). In Fig. 1, we depict both frames, and
the relationship between the two as a series of rotations.

The relationship between two frames is called attitude, and
can be described using Euler angles. We define the Euler
angles as the rotational sequence 3-2-1 (around z, y and x, in
that order), around the axis of the rotating coordinate system,
i.e., Sb. This rotation is described as follows and depicted in
Fig. 1:

• SNED and Sb start aligned. The initial unrotated body
axes are x0, y0, and z0.

• The first rotation, ψ, is around the z0 axis, and is called
yaw. The same result can be obtained by rotating around

Fig. 1. Sb, SNED and the attitude between both using the 3-2-1 sequence of
rotations. SNED n, e and d axes are orthonormal vectors directed respectively
to the local north, local east and to the center of Earth. Sb axes: xb is a vector
parallel to the fuselage directed forward, yb is a vector orthogonal to xb and
directed to the right of the vehicle, and zb completes the right-handed frame,
pointing to the bottom of the vehicle. The first rotation ψ is about the d
vector from SNED. The second rotation θ is made in a intermediate frame,
not shown in this figure, resulting in an angle between n-e plane and xb.
The last rotation φ is about the xb axis from body frame.

the d axis from SNED, as shown in Fig. 1. The one-time
rotated body axes is represented by x1, y1, and z0.

• The second rotation, θ, is around the y1 axis, and is called
pitch. The θ angle can be seen as a angle between xb and
the plane defined by n-e (Fig. 1). The two-times rotated
body axes is represented by x2, y1, and z2.

• The last rotation, φ, is around the x2 axis, and is called
roll. This is the same as rotating about xb axis (Fig. 1.
The full rotated body axes are represented by xb, yb, and
zb.

A vector v can be represented in any frame. We use a
subscript to indicate in which frame the vector is described.
For example, vNED and vb are the same v vector represented
in, respectively, SNED and Sb.

We can obtain vb by applying a linear transformation to
vNED:

vb = DNED
b · vNED, (1)

where DNED
b ∈ R3×3, called rotational matrix or direction

cosine matrix (DCM), is an orthonormal matrix that changes
the reference from SNED to Sb.

The DCM can be related to the Euler angles by:

DNED
b =

 cos(ψ) cos(θ)

cos(ψ) sin(θ) sin(φ)−sin(ψ) cos(φ)

cos(ψ) sin(θ) cos(φ)+sin(ψ) sin(φ)

sin(ψ) cos(θ) − sin(θ)

sin(ψ) sin(θ) sin(φ)+cos(ψ) cos(φ) cos(θ) sin(φ)

sin(ψ) sin(θ) cos(φ)−cos(ψ) sin(φ) cos(θ) cos(φ)

 . (2)

It is also possible to make the inverse transformation, using
Db

NED:
vNED = Db

NED · vb. (3)

As this is the inverse transformation of (1), Db
NED is the

inverse of DNED
b . However, as these matrices are orthonormal,

the inverse of Db
NED is equal to its transpose, i.e.:

Db
NED = (DNED

b )−1 = (DNED
b )T. (4)

A third way to describe attitude is by rotational quaternions,
which can be seen as a four-element vector with unitary norm.



These elements can be splitted into two parts. The first part
is called scalar (or real) and the other part is the vectorial (or
imaginary) ρ. In this work, the first element is the scalar one
(5), as in [2]. However, it is common to define the scalar part
as the last one, as in [1] and [9].

q = [q1 ρ
T]T; ρ = [q2 q3 q4 ]T. (5)

Each of the three representations has its own advantages
and drawbacks. To maximize the advantages, it is usual to use
more than one representation in one algorithm. In this work,
for example, the attitude is, in the Kalman filter approach,
computed using quaternion, some intermediate computations
are made using DCM, and the results are presented in terms
of Euler angles.

Each attitude representation can be converted into another
one, maintaining the same information. Eq. (6) shows the
transformation from quaternion to DCM, from quaternion to
Euler angles in (7) to (9), and from Euler angles to quaternion
in (10).

DNED
b =q21+q22−q23−q24 2(q2q3+q1q4) 2(q2q4−q1q3)

2(q2q3−q1q4) q21−q
2
2+q

2
3−q

2
4 2(q3q4+q1q2)

2(q2q4+q1q3) 2(q3q4−q1q2) q21−q
2
2−q

2
3+q

2
4

 , (6)

ψ = arctan

(
2 · q2q3 + q1q4

q21 + q22 − q23 − q24

)
, (7)

θ = − arcsin (2(q2q4 + q1q3)) , (8)

φ = arctan

(
2 · q3q4 + q1q2

q21 − q22 − q23 + q24

)
, (9)

q =


cosφ · cos θ · cosψ + sinφ · sin θ · sinψ
sinφ · cos θ · cosψ − cosφ · sin θ · sinψ
cosφ · sin θ · cosψ + sinφ · cos θ · sinψ
cosφ · cos θ · sinψ − sinφ · sin θ · cosψ

 . (10)

III. VECTOR MEASUREMENTS FROM ANTENNA ARRAY
AND MAGNETOMETERS

In Section II, it is reviewed that a vector can be represented
both in NED and body frames. In Section IV, it is reviewed
that, if there are 2 vectors that are measured and/or known in
both frames, the attitude can be determined. The contribution
from this work is to model an UAV antenna array as a sensor
that provides one of these two vectors in body frame. To obtain
a second vector, we assume that the UAV has a magnetometer
that can measure the local magnetic field vector decomposed
in the three body axes.

A. Magnetometer and the magnetic field vector

Being the magnetometer not the focus of this work, here it
is assumed a very simplistic mode in which the magnetic field
points to geographical (true) north, and that the magnetic field
has unity norm. Such magnetic field which is aligned with n
reference vector from SNED is given by

mNED = [1 0 0]T, (11)

The magnetometer sensor is aligned with Sb, rotating with the
UAV. The measured magnetic field mb, therefore, is attitude-
dependent. Using (1), and assuming no measurement error, it
is possible to relate the known mNED with the measured mb

and the attitude of UAV:

mb = DNED
b ·mNED. (12)

B. Antenna array and the LOS vector

UAVs carry antennas to transmit and receive data. If the
UAV has more than one antenna receiving the same data,
it is possible to obtain the direction of arrival (DOA) of
the signal. Assuming that the signal comes directly from an
base station transmitting antenna, the DOA can be seen as
an unitary vector db, in Sb, that points to the direction of
ground antenna. Another usual way to represent the DOA is
using a pair of angles α and β instead of a vector. Fig. 2
shows both representations and Fig. 3 shows an antenna array
configuration capable to measure all three db components or,
equivalently, to obtain both angles.

Fig. 2. The LOS vector in Sb frame. This vector can be decomposed in xb,
yb, zb reference vectors or, equivalently, decomposed in two angles α and
β.

Fig. 3. Antennas positioning on UAV. Lx, Ly and Lz are the distances
between pairs of antennas displaced, respectively, along the xb, yb, zb axis.

Since both UAV and base station are equipped with GPS
receptors, the vector dNED connecting both in the reference
frame SNED can be computed. As db and dNED are in different
frames, they can be related to each other by

db = DNED
b · dNED. (13)

1) Obtaining db (DOA): As a contribution from this work,
we change the focus to interpret the estimated phase delays
between pairs of antennas as LOS components in Sb. This new
approach permits the use of the phase delays estimates together
with magnetometer measurements in TRIAD and Kalman-
based attitude estimator.



The received signal travels with a finite speed from the
transmitting antenna to each receiving antenna. Therefore,
each antenna receives a delayed version of the same signal.
Since the signal has the speed of the light and since the inter-
antenna spacing of the UAV is known, it is possible to find
the DOA.

A set of antennas arranged in a linear way gives only one
angle of DOA, and has an ambiguity, as there are two possible
angles that give the same delay. A set arranged in a plane
gives two angles, also with ambiguity. A set arranged in a 3-D
configuration gives the 2 angles, without ambiguities. Relating
the distribution of antennas with the db 3-D LOS vector
components instead of angles results in: linear configuration
returns one component of db, planar configuration returns 2,
and 3-D configuration returns all three components of db. As
db has unitary norm, if it is known 2 of 3 components, the
absolute value of the third one is known, but not the signal,
i.e., a planar configuration already results the ”full” response,
but with an signal ambiguity.

To obtain the angles of arrival, also known as DOAs, or,
equivalently, to obtain the 3 LOS vector components using
the antenna array based communication system, the first step
is to receive the data transmitted by the base station and record
N samples on each antenna:

xi(t) = s(t−∆ti) + vi, (14)

where xi is the received signal at the antenna i, s is the
transmitted signal, ∆ti is the time delay from the base station
to the antenna i and vi is an additive noise present in the
received signal.

Applying the Hilbert transform, the signal changes to its
analytical form, in which the time delay between two signal
is transformed to a phase shift between two complex signals.

Assuming that the d multipath signals are narrow band and
concatenating all the M antenna outputs in the analytical form,
the following equation is obtained:

X = A · S + V , (15)

where X ∈ CM×N is matrix containing all signals, S ∈
Cd×N is the original d signals, in analytical form, and
V ∈ CM×N is the transformed noise. A ∈ CM×d is a
matrix containing complex numbers. As each number contains
a certain phase, pre-multiplying S by A shifts the phase of
the signal, generating d signals of each of M antennas. The
phase information contained in A is called spatial frequency.

There are several ways to obtain the spatial frequencies from
A matrix using X . In [5], the ESPRIT and MUSIC algorithms
were evaluated, and both presented similar performance. Being
a closed-form solution, the ESPRIT is recommended in [5],
and is adopted in the present work.

The ESPRIT algorithm is based on the shift invariance of a
signal. If you have, for example, K selected antennas equally
spaced along some axis, the phase delay between antennas i
and i+ 1 is constant and equal to µsignal, for 1 ≤ i ≤ K − 1.
This relationship can be represented in an vectorial way as:

J1AΦ = J2A, (16)

where J1 ∈ C(K−1)×M selects the antennas 1 to K − 1,
J2 ∈ C(K−1)×M selects the antennas 2 to K and Φ ∈
C(K−1)×(K−1) is a diagonal matrix containing the µsignal

signal phase shift and K−1 phase shifts from multipath signals
or noise:

Φ = diag(ejµsignal , ejµ2 , · · · , ejµk). (17)

To use ESPRIT, the first step is to calculate the sample
covariance matrix R̂xx:

R̂xx =
1

N
XXT. (18)

The R̂xx can be decomposed by using the eigenvalue
decomposition as:

R̂xx = EΛET, (19)

where Λ is a diagonal matrix containing the eigenvalues
of R̂xx and E is the eigenvector matrix. The greatest d
eigenvalues are related to the d signals, and the K − d
eigenvalues are related to noise. To estimate the number of
signal eigenvalues d, we refer to the schemes in [12], [13],
[14]. Discarding from E the K−d eigenvectors corresponding
to the K − d smallest eigenvalues, we obtain the matrix U. It
can be shown that, in a noiseless scenario, the phase delay µ
between the two sets of antennas can be obtained using the
equation below:

Ψ = (J1U)†(J2U), (20)

where the symbol † represents the Moore-Penrose pseudoin-
verse of a matrix. Note that the eigenvalues of Ψ are equal to
the eigenvalues of Φ, whose eigenvalues are the phase shifts
ejµi for i = 1, . . . , k.

Here we choose pairs of antenna (i.e: K = 2) displaced
along the i axis (x, y or z) of the UAV (Fig. 3). For each axis i,
the Φ matrix contains only one element µi. The three obtained
phase shifts can be converted into the vector component db,i
using the equation below:

db,i = µi ·
λ

2π · Li
, (21)

where λ is the wavelength of the signal and Li is the distance
between adjacent antennas. Note that Li normalizes the phase
shift to 0 if there is no phase shift and 1 or -1 if it is maximum
physically allowed phase shift. The three db,i vectors form the
unitary LOS vector. It is also worth noting that, in this work,
we are not interested in α and β angles, but in db,i components.
This explains why there is no arcsin in (21), as is the case in
DOA estimator algorithms.

2) Obtaining dNED: The position of the base station pgs
is known, and is defined as a latitude λgs, longitude Λgs and
altitude hgs. The position of the UAV pUAV varies with time,
but is also known (GPS measurements), and is defined as a
latitude λUAV, longitude ΛUAV and altitude hUAV. The vector
dNED is the distance between the base and the plane, measured
in UAV’s NED frame. Note that SNED does not rotate with
the plane, but it changes as the UAV changes its position.



Assuming that the plane and the base station are close
enough to the curvature of Earth not being significant when
calculating the distance between both, dNED is obtained by:

dNED,x = R0 · (λUAV − λgs), (22)

dNED,y = R0 · (ΛUAV − Λgs) · cos(λUAV), (23)

dNED,z = hUAV − hgs, (24)

where R0 = 6378138 meters is the Earth radius.
If the plane and the base station are far from each other,

it is better to use the SECEF frame instead of the SNED one
to calculate the vectorial distance between both. We refer to
[10] and [11] in order to obtain detailed information about the
ECEF frame.

C. Using the antenna array to estimate attitude

The attitude has three degrees of freedom, i.e., three Euler
angles, and the antenna array measurement vector has only
two degrees of freedom, i.e. three vector components with a
restriction of norm. Therefore, the antenna array alone cannot
provide full information about the UAV attitude.

As shown in Section IV, it is possible to use the antenna
array with a GPS receptor and a magnetometer sensor in
TRIAD algorithm. If there is also a gyro sensor, the Kalman
filter approach can be used.

In case there is no magnetometer or gyro vector measure-
ments, the yaw angle is measured by a second sensor, e.g. a
compass.

This formulation is based on our previous works [5], [6],
[15], [7], especially in the closed-form expressions found in
[7]. However, as a contribution from this work, we use here a
distinct approach. In [7], the problem is formulated to relate
the attitude of the UAV to the position of each antenna related
the base station. Here, we formulate the problem using the
LOS vector defined in two different frames, Sb and SNED.
In both cases, a set of equations are established that has
phase angles as input and Euler angles as output, but here
the equations are much simpler and easier to understand.

To obtain the pitch θ and roll φ equations, we start with the
relationship between db and dNED shown in (13). Looking at
the definition of the unknown DNED

b , the first row depends
only on ψ and θ. The first row, multiplied by the GPS
measured dNED results in the first element of antenna-array-
measured db. Assuming ψ known and isolating θ, it is obtained
by:

θ = arcsin

(
db,x√
A2 +B2

)
− arctan 2(A,B), (25)

or, because there is an ambiguity in arcsin function,

θ = π − arcsin

(
db,x√
A2 +B2

)
− arctan 2(A,B), (26)

where
A = dNED,x cos(ψ) + dNED,y sin(ψ), (27)

B = −dNED,z. (28)

These results are similar to the obtained in our previous
paper [7], but they are simpler, which permit to evaluate better
the limitations of this approach. For example, in [15], it is
observed by simulation that, besides the non-linear equations
being dependent on UAV position, the results does not depend
on the distance between the UAV and antenna, assuming a
constant SNR. In this new approach, this result is clear from
the modeling: the UAV position determines the LOS in SNED

and, being the LOS an unitary vector, it does not depend on
UAV distance.

The function arcsin generates an ambiguity. The θ angle
is, by definition, restricted between −π/2 and π/2. This
restriction can, sometimes remove the ambiguity, but not
always.

The φ angle can be calculated using the known ψ and the
calculated θ, multiplying the second row of DNED

b by dNED,

φ = arcsin

(
db,y√
C2 +D2

)
− arctan 2(C,D), (29)

or, because there is an ambiguity in arcsin function,

φ = π − arcsin

(
db,y√
C2 +D2

)
− arctan 2(C,D), (30)

where
C = −dNED,x sin(ψ) + dNED,y cos(ψ), (31)

D = dNED,x cos(ψ) sin(θ) + dNED,y sin(ψ) sin(θ)

+dNED,z cos(θ).
(32)

Again, there is an ambiguity caused by arcsin. However,
there is a way to solve this ambiguity, using the third row of
DNED
b and the third element of db,

φ = arcsin

(
db,z√
E2 + F 2

)
− arctan 2(E,F ), (33)

or, because there is an ambiguity in arcsin function,

φ = π − arcsin

(
db,z√
E2 + F 2

)
− arctan 2(E,F ), (34)

where
E = dNED,x cos(ψ) sin(θ) + dNED,y sin(ψ) sin(θ)

+dNED,z cos(θ),
(35)

F = dNED,x sin(ψ)− dNED,y cos(ψ). (36)

The φ angle is chosen as the repeated angle obtained when
using the second and third db element.

As sometimes there is an ambiguity in θ, each θ will
generate a different φ. Assuming that the plane will not fly
upside-down, i.e., −π/2 ≤ φ ≤ π/2, the correct θ is chosen
as the θ that generates the limited φ.

In [6], it is assumed that a tri-axial distribution of antennas
can provide all three Euler angles, as there are 3 non-linear
equations and three parameters, i.e., angles to be determined.
However, the results obtained in [6] do not corroborate this, as
even in a very high SNR scenario, the root mean squared error
(RMSE) does not approaches zero. This new approach explain
that, the LOS, which is the source of attitude estimation, is



an unitary 3D vector, having only two degrees of freedom.
Then, the three equations are interdependent, and can not
provide an unique solution to the 3 parameters. In the previous
approach, which uses antennas distances from base station, this
restriction is not easily visible.

Looking at (25) and (26), it is possible to see another
problem with this approach. Depending on the relative position
between UAV and the ground antenna and the attitude of the
UAV, A and B can be both zeros (e.g.: ψ = 0 and dNED = [0
1 0]). In this case, the denominator

√
A2 +B2 inside arcsin

is null and, assuming a perfect antenna array measurement, so
is the numerator. This singularity, shown in Fig. 4, shows an
example in which knowing an angle (in this case, yaw) and
a vector (in this case, antenna array measurement) does not
solve the attitude determination problem.

Fig. 4. Singularity example. The UAV and the base station antenna are at
same height. The red boxes are the UAV antennas positions. θ = 0, θ = π/2
or any other θ will result in the same phase shift, i.e., the same ∆t delay
between antennas

It is worth noting that the example in Fig. 4 is where
the TRIAD works with best performance (see Section IV-A1
and Fig. 5). It is therefore recommended to use the full
vector magnetometer measurement instead of north direction,
if available. Note also that, in the other two TRIAD examples
in Fig. 5, this analytical solution does not work as well.

In a configuration approximately equal to exemplified in
Fig. 4, the denominator inside arcsin is very small, in which
even small noise or numerical error can generate numbers
outside the arcsin domain, making the pitch calculation im-
possible.

IV. ATTITUDE ESTIMATION

There are three common approaches to attitude estimation:
1) to relate two linear independent vector measurements that
are represented in Sb to the known (or also measured) same
vectors represented in SNED, 2) assuming that the attitude
is known in a time instant t0, to use angular velocity mea-
surements, i.e. the variation on the UAV rotation angles, to
calculate the attitude at instant t1, and 3) to combine 1 and 2
together.

We review the three approaches. The first results in the
TRIAD algorithm. The second is used to explain the last one,
which elicits the Kalman-based attitude estimator.

As a contribution of this work, the LOS obtained from
antenna array phase shifts and GPS position measurement are
used in the well-known TRIAD and Kalman-based attitude
estimation algorithms. As the TRIAD algorithm works with
the LOS measurement, the proposed modeling of the LOS
measurements by antenna and GPS are correct. Likewise,
as the Kalman filter also works, it can be inferred that the

stochastic properties of the antenna array LOS measurements
are sufficiently known to be used on Kalman filter, i.e., there
is no significant error bias or colored noise.

A. Attitude obtained by vector measurements

This subsection briefly reviews the relationship between
vector measurements and attitude. A detailed explanation
about this topic can be found in [8] and [9]. Then, we introduce
the antenna array measurement on TRIAD algorithm.

Attitude computation is generally based on known vectors
represented on a reference frame (SNED) measured in Sb by
sensors fixed in the vehicle, using the relationship below:

vb,measured = DNED
b · vNED + v, (37)

where vNED is the previously known vector. vb,measured

is the same vector, obtained by sensors fixed in aircraft.
Sensor measurements have errors and noise, represented by
v. Assuming no noise, the measured vectors are dependent
only on the attitude between SNED and Sb. This relationship
is given by DNED

b , which is unknown. If you have at least 2
linearly independents measurement vectors, and no measure-
ment noise, there is only one DCM that correctly rotates the
known vectors in SNED to the measured vectors in Sb. In
this work, the two vectors are the magnetic field and the LOS
between the ground antenna and antenna array, as discussed
in Section III.

1) TRIAD algorithm: A well known algorithm that es-
timates the DCM using 2 linearly independent measured
vectors is the TRIAD [8][9]. Here we present the algorithm
specifically to our case, but the algorithm accepts any pair of
vectors represented in two frames.

Being dNED and mNED the two known vectors in SNED

and db and mb the two measured vectors in Sb, Db
NED can

be calculated as
x̂NED =

dNED

||dNED||
, (38)

x̂b =
db
||db||

, (39)

ŷNED =
dNED ×mNED

||dNED ×mNED||
, (40)

ŷb =
db ×mb

||db ×mb||
, (41)

Db
NED = [x̂b ŷb (x̂b × ŷb)]

· [x̂NED ŷNED (x̂NED × ŷNED)]T. (42)

In (38) and (39), the vectors are normalized. In (40) and
(41), a unitary vector orthogonal to the first normalized vector
is calculated. In (42), the DCM is obtained

The TRIAD algorithm presents the best performance if
the two reference vectors are orthogonal. The performance is
expected to degrade as the projection of one vector over the
other increases. The TRIAD algorithm does not provide an
attitude estimate if the two vectors are linearly dependent (i.e:
both having same direction), as shown in Fig. 5.



Fig. 5. TRIAD performance example. The UAV and base station antenna are
at same height. One reference vector, the LOS between base station and the
UAV, is position dependent, whereas the second vector, the north direction,
is fixed. In (a) TRIAD performs best, in (b) is an intermediate case, whereas
in (c) the TRIAD algorithm can not provide an attitude estimation.

B. Attitude obtained by previous attitude estimation

Here we briefly review the attitude propagation algorithm,
in state space discrete form, which is the basis for the Kalman
filter based attitude estimation. A detailed explanation about
this topic can be found in, e.g., [1] and [2].

The discrete state space model below can be used to
estimate the attitude at instant k from its previous estimate
at instant k − 1:

xk = Φkxk−1 +Gk−1wd,k−1, (43)

where
x[k] =

[
q[k]
b[k]

]
(44)

is the state vector, composed of the attitude quaternion q and
gyro drift (i.e., gyro measurement mean error or gyro bias)
b, Φk is the state transition matrix, i.e., relates the new state
with the previous one, Gk−1 relates the new state with noise
vector wd,k−1. wd,k−1 is composed of wω,d,k, which models
the zero mean white random noise from gyro measurements,
and wb,d,k, which models a uncertainty, or a slow change
over time, on the gyro drift. The transition matrix is defined
as follow:

Φk =

[
Θk Ψk

03×4 I3

]
, (45)

where the Θk uses the previous attitude estimation qk−1 and
raw gyro measurements to estimate qk, Ψk uses the estimated
bk to remove the gyro drift error from the new estimated
attitude, the null matrix models that bk is independent of
attitude, and the identity matrix indicates that bk is, except for
the noise component, is constant over time. Θk is calculated
as follow:

Θk ≈M(∆θ) =

cos(||∆θ||/2)I4 +
sin(||∆θ||/2)

||∆θ||
Ω(∆θ), (46)

where
∆θ = ω · T. (47)

Ω(∆θ) =

[
0 −∆θT

∆θ −[∆θ]×

]
, (48)

where [·]× is the matrix representation of a vector cross
product.
Gk−1 is a block diagonal matrix where the first block relates

the gyro noise to the estimated attitude and the second block
applies the slow varying effect to the gyro drift,

Gk−1 =

[
− 1

2Ξ(qk−1) 04×3
03×3 I3

]
, (49)

Ξ(q(t)) =

[
−ρT (t)

q1 · I3 + [ρ(t)]×

]
. (50)

The wd,k vector is a zero mean white Gaussian noise, whose
covariance Qd,k depends on the quality of the gyro sensor:

E[wd,j ·wd,k] = Qd,kδ(j, k). (51)

It is common to assume that the covariance Q of the
continuous signal is known. The discrete covariance of the
signal with sample time T can be approximated by:

Qd,k ≈ Q · T. (52)

Here it is assumed that the gyro noise covariance Qω and
the drift covariance Qb are uncorrelated, i.e.,

Q =

[
Qω 03x3

03x3 Qb

]
. (53)

C. Attitude estimation using the Kalman filter

As shown in (44), the state vector contains 7 elements:
four from the attitude quaternion q and three from the gyro
drift b, i.e., the mean (or bias) of the gyro measurement
noise. Estimating the mean error in all three axis of gyro
measurements makes the attitude estimation more precise.

There are several quaternion-based Kalman attitude estima-
tion [1] [2] [16]. This work uses the reduced representation
of covariance matrix (REDCOV) Kalman based attitude esti-
mator from [1]. This approach assumes that, because of the
quaternion norm restriction, the estimated quaternion error
covariance matrix is better represented as a 3 × 3 matrix
instead of a 4 × 4 one.

The discrete-time attitude estimator equations are shown
below, where x̂ is the estimated state, P is the estimated
covariance matrix, z is the vector measurement, h(·) is a
function that relates the state vector to the measurement
vector, H is the measurement sensitivity matrix, and R is
the discrete-time measurement noise covariance matrix. The S
is a transformation matrix specific from REDCOV algorithm,
that relates conventional Kalman filter matrices to their cor-
responding reduced dimension representation. The upper bar
indicates a reduced-dimension representation, again, specific
to the REDCOV algorithm. Reduced-dimension matrices are
used in the covariance estimation computations whereas full
matrices are used in the state estimation computations. Full
explanation can be found in [1].

Eqs. (54) to (57) shows the state vector and covariance
prediction. This step uses the gyro measurements to calculate



an estimate of the attitude based on the previous estimate. The
covariance of this estimate is also calculated.

x̂k|k−1 = Φkx̂k−1|k−1, (54)

Ḡk = ST(x̂k−1|k−1)Gk, (55)

Φ̄k = ST(x̂k|k−1)ΦkS
T (x̂k−1|k−1), (56)

P̄ k|k−1 = Φ̄kP̄ k|k−1Φ̄
T
k + ḠkQd,kḠ

T
k . (57)

Eqs. (58) to (60) are the gain calculation. The gain K
combines the predicted (i.e., from gyro) and the measured (i.e.,
from antenna array and magnetometers) attitude estimations.

H̄k = HkS
T(x̂k|k−1), (58)

K̄k = P̄ k|k−1H̄kT(H̄kP̄ k|k−1H̄kT +Rk)−1, (59)

Kk = S(x̂k|k−1)K̄k. (60)

Eqs. (61) and (62) are, respectively, the state and covari-
ance actualization. They are, respectively the predicted and
measured estimate pondered and its covariance.

x̂k|k = x̂k|k−1 +Kk(zk − h(x̂k|k−1)), (61)

P̄ k|k = (I − K̄kH̄k)P̄ k|k. (62)

The S transformation matrix is defined by

S(xk) =

[
Ξ(qk) 04x3

03x3 I3

]
. (63)

The zk is the vector concatenation of all measurements. In
this work, it is the concatenation of magnetometer and antenna
array vector measurements db,measured and mb,measured,

zk = [dTb,measured mT
b,measured]T. (64)

The h(·) function is the concatenation of the known vectors
dNED and mNED, rotated from SNED to Sb using a DNED

b

DCM obtained from estimated attitude quaternion,

d̂b = D̂NED
b (x̂k|k−1) · dNED, (65)

m̂b = D̂NED
b (x̂k|k−1) ·mNED, (66)

h(xk|k−1) = [d̂Tb m̂T
b ]T. (67)

The H sensitivity matrix is the Jacobian of h function
(further information in [2]).

The Kalman filter, being recursive, needs a first state esti-
mate x̂0 to predict the following state. In this work the first
attitude estimation is obtained using TRIAD. It is necessary,
also, to known the covariance P 0 of the estimation error of
x̂0. In this work, this was obtained by simulating 100 Monte
Carlo trials of TRIAD initial attitude estimation.

The covariance matrix Q was defined in (53). It is related
to the gyro noise, and can be obtained in the datasheet of this
sensor or by some calibration process.

The covariance matrix R is composed of Rd and Rm, re-
spectively, the noise from DOA estimate provided by antenna
array and from magnetometer.

R =

[
Rd 03x3

03x3 Rm

]
. (68)

The Rm matrix can be encountered in the sensor’s datasheet
or by some calibration process. The Rd matrix depends on
SNR and DOA of the signal. [17] presents an algorithm that
calculates this covariance from X defined in (15). However,
the high computational load from this algorithm limits the use
of the presented algorithm in this work. Here the covariance
is found by Monte Carlo trials in specific SNR and DOA
scenarios. The Kalman filter is then tested in a trajectory in
which the SNR and DOA are held constant.

V. SIMULATION RESULTS

In the simulation, an UAV is flying around a base station
in a circular trajectory of radius 1000 m at constant speed, as
shown in Fig. 6, starting at angle 0◦ from trajectory circle. The
speed is calculated to make the UAV complete the circle in
50 seconds. The UAV xb axis and velocity vector are always
tangent to the trajectory circle, i.e., the UAV flight without
sideslip and yaw is uniformly changing. The UAV flights with
constant altitude (100 meters above the base station) with
constant pitch of 0 rad. The roll angle is constant and equal
to −π/6 rad.

Due to the altitude difference between the base station
and the UAV, the singularities in TRIAD and analytical
calculations are, in a noiseless scenario, removed. However,
the TRIAD algorithm still is expected to have degraded
performance when the UAV approaches the 90◦ and 270◦ and
the analytically calculated attitude is still near its singularity,
thus being high sensible to noise.

Fig. 6. Trajectory - above view. The cross is the base station position and
the circle is the UAV trajectory. The UAV starts at position (1000,0), i.e., at
a), and rotates counter-clockwise. At 12.5s it is at b), at 25s is at c), at 37,5s
is at d), and completes a full circle in 50 seconds at a).



The UAV contains a pair of antennas on xb axis (body)
spaced 0.76 meter apart, a pair of antennas on yb axis (wings)
spaced 1.2 meter apart and a pair of antennas on zb axis
spaced 0.3 meter apart, respectively Lx, Ly and Lz in Fig. 3.

The transmitted signal is a narrowband one, with frequency
f = 30 kHz. The antenna array measurement, in time domain,
is corrupted by a zero mean white Gaussian noise. The antenna
array provides DOA estimations at 100 Hz, calculated using
ESPRIT. To calculate DOA estimation, each antenna collects
N = 210 = 1024 measurements at sample frequency of fs =
1/[f ·(N−1)]. To simplify the simulation, the sampled signals
are already in analytical (complex) form, which removes the
use of the Hilbert transform. The received data is simulated
for different signal-to-noise ratios (SNRs), which are defined
as:

SNR = 10 log10

(
σ2
s

σ2
n

)
, (69)

where σ2
s and σ2

s are the signal and noise variances, respec-
tively.

The UAV also contains a magnetometer and a gyro sensors.
The magnetometer and gyro measurements are corrupted by a
zero mean white Gaussian noise. The gyro is corrupted also
by drift (i.e., biased measurement error). Both sensors provide
data at 100 Hz.

The magnetometer measures an unitary vector pointing to
north. The gyro measures the angular velocity of the vehicle,
which intensity is maneuver dependent. Table I summarizes
the sensors specifications. The gyro is also corrupted by the
Earth rotation, which is 2π/(24 h) = 73 · 10−6 rad/s.

TABLE I
SENSORS SPECIFICATIONS FOR EACH ONE OF THE THREE AXIS

Sensor unit noise covariance measurement bias
Magnetometer mf∗ 1.2 · 10−4 0

Gyro rad/sec 1.2 · 10−2 9.7 · 10−3

∗A unity in which the local magnetic field has unitary norm.

The analytically angle calculation, TRIAD, and the Kalman
filter where tested for antenna array SNR varying from -20 to
60 dB, using 20 dB steps. Results are obtained from the mean
of 500 Monte Carlo trials.

The analytically angle calculation, in low SNR, presented
several bogus results, e.g. arcsin of a number greater than one
and division by zero. The reason was explained in Section
III-C. Because of this, added the fact that the algorithm used
a different complementary measurement (completely known
yaw angle), it was decided to not plot the results from this
algorithm.

The angular displacement Ik of each algorithm is calculated
using:

Ik =
∣∣∣arccos

(
0.5trace

(
DNED

b · D̂b
NED

))
− 0.5

∣∣∣ (70)

, where DNED
b is the true DCM and D̂b

NED is the transpose of
the estimated one. If the estimate is perfect, Ik results in zero,

and Ik is greater if the estimation is worse. The maximum
value of Ik is 180◦.

Fig. 7 shows the mean performance of the TRIAD and
Kalman-based algorithms over time when the antenna array
receives data with SNR of 0dB. The Kalman filter is clearly the
better alternative, being 10 to 100 times better than TRIAD.
Note that the TRIAD performs the best near 0 and 25 seconds,
i.e., near respectively 0◦ and 180◦ of trajectory circle. This
is where the dot product between LOS vector and the north
direction is minimum, i.e, the vector are almost orthogonal. In
a similar way, it perform the worst near 12.5 and 37.5 seconds,
i.e., near respectively 90◦ and 270◦ in trajectory circle, where
the LOS and north direction vectors are almost aligned. This
is expected, as explained in Section IV-A1. Changing the
magnetometer to another sensor, it is possible to remove this
performance degradation if the new measured vector is not
aligned with the LOS. For example, an accelerometer indi-
rectly measures the direction of gravity vector, which points
down, which is not aligned with the LOS in the trajectory
shown in Fig. 6. It must be noted, however, that if the UAV
is above the base station, the LOS will be aligned with the
gravity vector, resulting in a performance degradation. Also,
using an accelerometer to measure the gravity vector can be
challenging in an UAV under maneuvering [4]. Another sensor
can be a camera pointing to a known location [], providing a
LOS vector. The known location, however, can not be the base
station, as the antenna array already provides a LOS to it.

The Kalman filter performance improves with time. After
converging, the performance is almost constant over time, with
some degradation near the point where the LOS and north
direction are almost aligned.

In Fig. 8 it is shown the mean performance plus three times
its covariance. This can be understood as a worst case scenario
and, when two algorithms have similar mean performance, this
can be used to define which one is more reliable.

Fig. 7. Mean of angular displacement Ik in 500 Monte Carlo trials, for
Kalman and TRIAD estimators. Antenna array SNR 0 dB, trajectory described
by Fig. 6, antenna positioning described by Fig. 3, magnetometer and gyro
sensors as described by Table I

Results when the SNR are 20, 40 or 60 dB have similar
pattern, but with increasing performance. Neither TRIAD nor
Kalman performs well when SNR is set to -20 dB. To save
space, these results are not included.



Fig. 8. Mean angular displacement Ik plus 3 times its standard deviation, for
Kalman and TRIAD estimators. Antenna array SNR 0, trajectory described
by Fig. 6, antenna positioning described by Fig. 3, magnetometer and gyro
sensors as described by Table I

Fig. 9 shows the mean performance of both estimators under
a full flight under trajectory defined in Fig. 6, for varying
SNRs.

Fig. 9. Mean angular displacement Ik calculated over full trajectory (Fig.
6), for Kalman and TRIAD estimators, mean from 500 Monte Carlo trials.
Antenna array SNR 0, antenna positioning described by Fig. 3, magnetometer
and gyro sensors as described by Table I

As the SNR increases, the improvement of the Kalman
filter performance is marginal. In high SNR environment, there
is little benefice in using Kalman filter over TRIAD. The
Kalman filter employs a weighted sum of the antenna array
and magnetometer measured attitude and the gyro propagated
attitude. Since the noise power of DOA plus magnetometer
measurements are much smaller than that of the gyro mea-
surements, the Kalman filter weights almost exclusively the
measured attitude.

VI. CONCLUSION

Using the ESPRIT algorithm and modeling the results as a
LOS vector, the antenna array can be successfully used with a
second sensor to provide attitude estimation. Three solutions
are proposed in this paper: 1) closed-form expression, 2)
TRIAD algorithm 3) Kalman-based attitude estimation. The
first one is unreliable in presence of noise, but the other

two performs satisfactorily in several scenarios. The third one
provides the best performance, and it is the recommended
approach if there is sufficient computational power.
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