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Abstract — Recently, R-dimensional subspace-based param-
eter estimation techniques have been improved by exploiting
the tensor structure already in the subspace estimation step
via a Higher Order Singular Value Decompostion (HOSVD)
based low-rank approximation. Often this parameter es-
timation is performed in the presence of colored noise
or interference, which can severely degrade the estimation
accuracy. To avoid this degradation, prewhitening techniques
are applied.
In this contribution, we propose a Sequential Generalized

Singular Value Decomposition (S-GSVD) based prewhiten-
ing scheme for multidimensional HOSVD based subspace
estimation. By exploiting the Kronecker structure of the
noise correlation matrix for the estimation of the correlation
factors, we achieve an improved accuracy compared to
matrix based prewhitening schemes. In addition, our S-GSVD
approach is computationally more efficient than the classical
matrix approach, since it has a lower complexity due to the
n-mode GSVD operations.

I. INTRODUCTION
High-resolution parameter estimation from R-dimensional signals
is a task required for a variety of applications, such as estimat-
ing the multidimensional parameters of the dominant multipath
components from MIMO channel measurements, radar, sonar,
seismology, and medical imaging.
One important application of the S-GSVD (Sequential Gen-

eralized Singular Value Decomposition) based prewhitening
scheme is the parameter estimation in environments with mul-
tidimensional colored noise or interference with Kronecker cor-
relation structure, i.e., the overall noise covariance matrix can
be expressed as a Kronecker product of the noise covariance
matrices in the separate dimensions. Since the S-GSVD based
prewhitening approach requires knowledge of the noise correla-
tion, we propose an efficient scheme to estimate the correlation
factors which exploits this Kronecker structure.
The Kronecker noise or interference structure is present in

many different applications. For example, in EEG/MEG ap-
plications [6], the noise is correlated in both space and time
dimensions, and it has been shown that by combining these two
correlations matrices using the Kronecker product a better model
for the noise is obtained. Moreover, for MIMO systems the noise
covariance matrix is often assumed to be the Kronecker product
of the temporal and spatial correlation matrices [7].
Comparing the generalized HOSVD presented in [9] to our

proposed S-GSVD based prewhitening approach, we observe that
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in the former the GSVD was only applied to one unfolding, while
in our approach sequential GSVDs are applied to all unfoldings.
The remainder of this paper is organized as follows. In

Section II, we describe the used notation. In Section III the data
model and the colored noise structure are presented. A short
description of the matrix based approach is shown in Section IV.
In Section V, it is shown how the generalized HOSVD could
be applied to the prewhitening step. The proposed S-GSVD is
presented in Section VI. Simulations are shown in Section VII
and conclusions are drawn in Section VIII.

II. TENSOR AND MATRIX NOTATION
In order to facilitate the distinction between scalars, matrices,
and tensors, the following notation is used: Scalars are denoted
as italic letters (a, b, . . . ,A,B, . . . ,α,β, . . .), column vectors as
lower-case bold-face letters (a,b, . . .), matrices as bold-face cap-
itals (A,B, . . .), and tensors are written as bold-face calligraphic
letters (A,B, . . .). Lower-order parts are consistently named:
the (i, j)-element of the matrix A, is denoted as ai,j and the(i, j, k)-element of a third order tensor X as xi,j,k. The n-mode
vectors of a tensor are obtained by varying the n-th index within
its range (1,2, . . . , In) and keeping all the other indices fixed.
The n-mode unfolding of A ∈ C

I1×I2×...×IN is represented by[A](n) ∈ C
In×I1 ⋅I2...⋅IN /In .

We use the superscripts T,H ,−1 ,+, and ∗ for transposition,
Hermitian transposition, matrix inversion, the Moore-Penrose
pseudo inverse of matrices, and complex conjugation, respec-
tively. Moreover, the Khatri-Rao product (columnwise Kronecker
product) and the trace operator are denoted by A ◇ B and tr(⋅),
respectively.
Here we use the n-mode product consistent with [1], i.e.,

the n-mode product between a tensor A ∈ C
I1×I2×...×IN and

a matrix U ∈ C
Jn×In along the n-th mode is denoted as

A ×n U ∈ C
I1×I2...×Jn...×IN . It is obtained by multiplying all

n-mode vectors of A from the left-hand side by the matrix U ,
i.e., U ⋅ [A](n).

III. DATA MODEL
To demonstrate the effect of the enhanced multidimensional
prewhitening schemes discussed in this paper, we consider its
application to multidimensional harmonic retrieval based on
ESPRIT [2], [3]. Therefore, we model our observations as a
superposition of d undamped exponentials sampled on an R-
dimensional grid of size M1 × M2 × . . . × MR at N subsequent
time instants. The measurement samples are given by

xm1,m2,...,mR (n) = d∑
i=1

si(n) ⋅ R∏
r=1

ej⋅(mr−1)⋅μ
(r)
i

+nc
m1 ,m2,...,mR

(n), (1)

where mr = 1,2, . . . ,Mr for r = 1,2, . . . ,R, n = 1,2, . . . ,N ,
si(n) denotes the complex amplitude of the i-th exponential at
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time instant n, μ(r)
i symbolizes the spatial frequency of the i-th

exponential in the r-th mode, and nc
m1,m2,...,mR

(n) models the
additive colored noise (and interference) component inherent in
the measurement process.
In the context of array signal processing, each of the exponen-

tials represents one planar wavefront and the complex amplitudes
si(n) are the symbols.
In the classical matrix approach, (1) is transformed into a

matrix-vector equation by defining an array steering matrix [2]

A = A(1) ◇ A(2) . . . ◇ A(R) ∈ C
M×d (2)

A
(r) = [a(r)(μ

(r)
1 ) , a

(r)(μ
(r)
2 ) , . . . , a

(r)(μ
(r)
d )] ,

whereM = ∏R
r=1 Mr and the vector a(r)(μ

(r)
i ) ∈ C

Mr×1 denotes
the array response in the r-th dimension for the i-th source. Here,
all the spatial dimensions are stacked into column vectors. This
stacking operation allows us to write the measurement equation
in matrix form

X = A ⋅ S + N
c
, (3)

where X ∈ C
M×N now contains the measurements stacked in

a similar fashion as in A, the matrix S ∈ C
d×N contains the

symbols si(n), and the colored noise samples are collected in the
matrix N c ∈ C

M×N . It is obvious that the measurement matrix
X does not capture the structure inherent in the R-D array that
is used to sample the data.
We therefore replace the measurement matrixX by a measure-

ment tensor X ∈ C
M1×M2×...×MR×N according to [3]. Similarly

to (3), X can be modeled as

X =A ×R+1 S
T +N c

. (4)

Here the matrix S is the same as in (3), the tensor N c contains
the colored noise samples, and the tensor A ∈ C

M1×M2×...×MR×d

is termed the array steering tensor.
The multidimensional colored noise is assumed to have a

Kronecker correlation structure, which can be written as

[N c](R+1) = [N ](R+1) ⋅ (L1 ⊗ L2 ⊗ . . . ⊗ LR)T
, (5)

where ⊗ represents the Kronecker product. We can also
rewrite (5) by using the n-mode products in the following fashion

N
c =N ×1 L1 ×2 L2 . . . ×R LR, (6)

whereN ∈ C
M1×M2...×N is a tensor with uncorrelated ZMCSCG

(zero-mean circularly symmetric complex Gaussian) elements
with variance σ2

n, and Li ∈ C
Mi×Mi is the correlation factor

of the i-th dimension of the colored noise tensor. The noise
covariance matrix in the i-th mode is defined as

E {[N c](i) ⋅ [N c]H(i)} = α ⋅ W i = α ⋅ Li ⋅ LH
i , (7)

where α is a normalization constant, such that tr(Li ⋅LH
i ) = Mi.

This equivalence between (5), (6), and (7) is shown in the Ap-
pendix, and it is the basis for our multidimensional approach. For
notational convenience, we assume that the noise is uncorrelated
in the time dimension, i.e., LR+1 = IN .

IV. MATRIX BASED PREWHITENING SCHEME

In this section, we show briefly how the matrix based prewhiten-
ing approach can be used to prewhiten multidimensional data for
the tensor-based signal subspace estimation schemes developed
in [3].

IV-A. Prewhitening matrix estimation
In this subsection, we consider the case that no signal components
are present in the data. Therefore, we can estimate the prewhiten-
ing matrix according to [4], [5], [8] from the noise covariance
matrix in the following way

Ŵ mtx = L̂mtx ⋅ L̂H

mtx =
1

α ⋅ Nl
⋅ [N c]T(R+1) ⋅ [N c]∗

(R+1) ∈ C
M×M

, (8)

where α is chosen such that tr(Ŵ mtx) = M and Nl is the
number of snapshots without signal components. Note that L̂mtx

can, for example, be obtained by a Cholesky decomposition of
Ŵ mtx or by an eigenvalue decomposition. Since we assume an
ergodic Kronecker noise model, if Nl approaches infinity, then
L̂mtx satisfies the following expression

Lmtx = L1 ⊗ L2 . . . ⊗ LR. (9)

where Li is defined in Section III. However, (8) is applicable to
an arbitrary noise correlation model.

IV-B. Matrix prewhitening
In the classical prewhitening approach to prewhiten the subspace
tensor defined in [3], the prewhitening matrix L̂mtx from (8) is
applied and the prewhitening step is performed by

[X ′′]T

(R+1)
= L̂

−1

mtx ⋅ [X ]T(R+1) , (10)

where X ′′ represents the prewhitened data tensor using the
matrix based approach. Computing the HOSVD-based low-rank
approximation of X ′′ according to [3], we obtain the prewhitened
subspace tensor U [s]. Finally, for the estimation of the spatial
frequencies, the noise correlation should be taken into account
(dewhitening), which is performed by

[U [s]′′]T

(R+1)
= L̂mtx ⋅ [U [s]]T

(R+1)
, (11)

where U [s]′′
can be used directly in the R-D Standard Tensor-

ESPRIT algorithm [3] to obtain the harmonic retrieval parame-
ters. Alternatively, a similar procedure can be used for the R-D
Unitary Tensor ESPRIT [3].
Note that instead of the matrix inversion in (10), the GSVD or

GEVD (Generalized Eigenvalue Decomposition) [4], [8] could
have been applied. Except for critical cases that are not in
the scope of this paper, the performance of using inversion,
the GSVD, and the GEVD are the same in terms of accuracy.
However, in terms of computational complexity the GSVD and
GEVD are always better than using the matrix inversion.

V. GENERALIZED HOSVD OF [9]
The generalized HOSVD proposed in [9] could also be applied
to the prewhitening task. The HOSVD is defined via the SVDs
of all unfoldings of a tensor, while in the generalized HOSVD
one of the SVDs is replaced by the GSVD of the t-th unfoldings
of two tensors. In our case, we consider the tensors X and N c.
Since the generalized HOSVD considers only one dimension

for the GSVD [9], we can apply it only in the case that the t-
th dimension of the noise is correlated. Therefore, applying the
generalized HOSVD of X and N c in the t-th dimension, we
obtain

X = S ×1 U 1 ×2 U 2 . . . ×t G . . . ×R UR ×R+1 UR+1 (12)

N
c = T ×1 V 1 ×2 V 2 . . . ×t G . . . ×R V R ×R+1 V R+1, (13)

Note that since N c and X cannot be observed simultaneously,
they represent different realizations of the noise process and the
signal plus noise process, respectively.
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Similarly to the HOSVD-based low-rank approximation of
X [3], we might apply the generalized HOSVD-based low-rank
approximation to (12) in order to obtain

U
[s] = S[s] ×1 U [s]

1 ×2 U [s]
2 . . . ×t G[s] . . . ×R U [s]

R , (14)

where U [s] ∈ C
M1×M2×...×MR×d, S[s] ∈ C

p1×p2×...×pR×d, U [s]
i ∈

C
Mi×pi , and G[s] ∈ C

Mt×pt , such that pi = min(Mi, d). The
subspace tensor U [s] can be used in the R-D Standard Tensor-
ESPRIT algorithm.

VI. MULTIDIMENSIONAL PREWHITENING SCHEMES
In this section, we present the proposed S-GSVD based
prewhitening scheme.

VI-A. Prewhitening correlation factors estimation
In this subsection, we consider the case that no signal components
are present in the data. Nevertheless, if the noise covariance has
a Kronecker structure, we can obtain a better estimate of the
noise model by considering each [N c](i) for i = 1,2, . . . ,R.
Based on (7) it is possible to estimate the correlation factor Li

by applying an eigenvalue decomposition (EVD) or a Cholesky
decomposition. For example, in case of using the EVD we can
estimate the factors by performing

Ŵ i = Mi

α ⋅ Nl ⋅ M ⋅ [N c](i) ⋅ [N c]H(i) , (15)

where α is chosen such that tr(Ŵ i) = Mi. Since the EVD of
Ŵ i is given by

Ŵ i = Qi ⋅ Λ ⋅ QH
i , (16)

we can choose
L̂i = Qi ⋅ Λ 1

2 . (17)

VI-B. Tensor prewhitening scheme: n-mode products using
matrix inversions
In this subsection, we show briefly how to apply the prewhitening
using the correlation factors. In the simulations, the prewhitening
techniques shown here are used in conjunction withR-D Standard
Tensor-ESPRIT [3]. In the same way, it is also possible to use
the multidimensional prewhitening schemes in conjunction with
R-D Unitary Tensor-ESPRIT [3].
First let us propose the prewhitening scheme based on n-

mode products using matrix inversions with the correlation factor
estimation proposed in (17). The expression below shows the
prewhitened tensor

X
′ =X ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R . (18)

Replacing (4) in (18), we obtain that:

X
′ =A ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R ×R+1 ST +N , (19)

where after prewhitening the multidimensional noise becomes
white. Moreover,X ′ can be represented by its HOSVD as follows

X
′ = S ×1 U 1 ×2 U 2 . . . ×R UR ×R+1 UR+1, (20)

where S ∈ C
M1×M2×MR×N and U i ∈ C

Mi×Mi , such that i =
1,2, . . . R. The HOSVD-based low-rank approximation can be
applied to (20). Therefore, the corresponding subspace tensor is
equal to

U
[s]′ = S[s] ×1 U

[s]
1 ×2 U

[s]
2 . . . ×R U

[s]
R , (21)

where S[s] ∈ C
p1×p2...×pR×d, U [s]

i ∈ C
Mi×pi , and U [s]′ ∈

C
M1×M2...×MR×d, such that pi = min(Mi, d) for i = 1,2, . . . ,R.
We assume that d ≤ N .

Similarly to the derivation of the R-D Standard Tensor-
ESPRIT in [3], there is an invertible matrix T , such that

U
[s]′ =A ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R ×R+1 T . (22)

Therefore, to obtain the correct subspace is necessary to dewhiten
the estimated subspace by performing

U
[s] = U [s]′ ×1 L̂1 ×2 L̂2 . . . ×R L̂R. (23)

VI-C. Tensor prewhitening scheme: S-GSVD
In the S-GSVD based prewhitening approach, the explicit
prewhitening by matrix inversion can be avoided, and additionally
the it allows the parallel implementation of (18). Let X̃ (i) be
the tensor which has been prewhitened up to the i-th dimension,
where i = 1,2, . . . ,R, and X̃

(0) = X . To perform the prewhiten-
ing in the i-th dimension, we calculate the GSVD of [X̃ (i−1)]H

(i)

and L̂
H

i , which gives us
L̂i = V i ⋅ Ξ(L)

i

T ⋅ U (L)
i

H
(24)

[X̃ (i−1)]
(i)

= V i ⋅ Ξ(X)
i

T ⋅ U (X)
i

H
,

where U
(X)
i ∈ C

M ⋅N
Mi

× M ⋅N
Mi and U

(L)
i ∈ C

Mi×Mi are unitary ma-
trices, and the matrices Ξ

(X)
i ∈ R

M ⋅N
Mi

×Mi and Ξ
(L)
i ∈ R

Mi×Mi

have all elements equal to zero, except for the main diagonals.
Note that the S-GSVD is related to the technique of Subsec-
tion VI-B, since each n-mode GSVD would be equivalent to
one n-mode multiplication by L̂

−1

i of the technique of Subsec-
tion VI-B. Indeed, we have that

[X̃ (i)]
(i)

= L̂
−1

i ⋅ [X̃ (i−1)]
(i)

=
U (L)

i ⋅ Ξ(L)
i

−1 ⋅ Ξ(X)
i

T ⋅ U (X)
i

H
, (25)

which is equivalent to
X̃

(i) = X̃ (i−1) ×i L̂
−1

i , (26)

After applying R GSVDs in (24) and rebuilding the prewhitened
tensor using (25), we obtain X̃

(R)
which is equal to X ′ in (18).

Since X̃
(0)

is prewhitened sequentially in the S-GSVD ap-
proach, U (L)

i in (25) is an approximation of U i in (20). With
every step in the sequential prewhitening, the approximation
becomes better, until that for the last GSVD, e.g., when i = R,
U

(L)
R = UR. At the end of this section, it is explained how to

improve the accuracy of the S-GSVD in order to obtain the same
performance as in Subsection VI-B.
Since U

(L)
i is an unitary matrix, we can rewrite X̃

(R)
in the

following fashion

X̃
(R) = S ′ ×1 U

(L)
1 ×2 U

(L)
2 . . . ×R U

(L)
R ×R+1 UR+1. (27)

where S ′ ∈ C
M1×M2...×MR×N . UR+1 is calculated by applying

the SVD in the R + 1-mode unfolding.
If we multiply (24) by U (L)

i from the right side, we can
conclude that

L̂i ⋅ U (L)
i = V i ⋅ Ξ(L)

i

T = V i ⋅ Ξ(L)
i . (28)

In a similar fashion, the low-rank approximation can be applied
to (27) and using (30) an approximated dewhitened subspace
tensor can be directly obtained

Ũ
[s] = S[s]′ ×1 (V

[s]
1 ⋅ Ξ(L)[s]

1 ) ×2 (V
[s]
2 ⋅ Ξ(L)[s]

2 ) . . .

×R (V
[s]
R ⋅ Ξ(L)[s]

R ) , (29)
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where S[s]′ ∈ C
p1×p2...×pR×d, V

[s]
i ∈ C

Mi×pi , and Ξ
(L)[s]
i ∈

C
pi×pi . This Ũ

[s]
is the subspace tensor which can be used in

the R-D Standard Tensor-ESPRIT algorithm. Note that the order
of the dimensions in the sequential prewhitening scheme can be
chosen arbitrarily. The best accuracy is achieved if we begin in
the dimension with the highest noise correlation and proceed to
the less correlated dimensions sequentially.
As mentioned previously, since the S-GSVD is applied sequen-

tially, the terms U
(L)
i are an approximation of U i. To obtain an

equality, U i can be obtained via an SVD as the left singular
vectors of [X̃ (R)]

(i)

. Therefore, (29) has to be modified by

U
[s] = S[s] ×1 (L̂1 ⋅ U [s]

1 ) ×2 (L̂2 ⋅ U [s]
2 ) . . .

×R−1 (L̂R−1 ⋅ U [s]
R−1) ×R (V

[s]
R ⋅ Ξ(L)[s]

R ) , (30)

where S[s] ∈ C
p1×p2...×pR×d and U [s]

i ∈ C
Mi×pi . By performing

the modification, the accuracy is exactly the same as in Subsec-
tion VI-B, although additionally R−1 SVDs are computed, which
leads to a mild increase in complexity as compared to the low
complexity version of the S-GSVD.

VI-D. Comparing the computational complexity
In the proposed multidimensional approach in (18), we need to
invert R matrices of a much smaller size than in (10) to prewhiten
the data. Consequently, (18) is also computationally much more
efficient than (10), since the complexity of an inversion of an
M × M matrix is approximately O(M3). Moreover, in the S-
GSVD based prewhitening approach in (24) no explicit matrix
inversion is required.
Note that the S-GSVD in its low complexity form in (29)

only requires the computation of GSVDs for the unfoldings with
noise correlation and SVDs for the unfoldings without noise
correlation. However, in its high accuracy form in (30) additional
SVDs should be computed.

VII. SIMULATION RESULTS
In this section we present simulation results demonstrating the
performance of the proposed methods. The spatial frequencies
μ

(r)
i are drawn from a uniform distribution in [−π,π]. The
source symbols are zero mean i.i.d. circularly symmetric complex
Gaussian distributed with power equal to σ2

s for all the sources.
We define at the receiver

SNR = 10 ⋅ log10 ( σ2
s

σ2
n

) , (31)

where σ2
n is the variance of the elements of the white noise tensor

N . Since tr(W i) = Mi for the case that the correlation levels
are not zero, this definition is still valid. In addition, W i varies
as a function of the correlation coefficient ρi.
In the simulations, we assume the noise correlation structure

of equation (7), where W i of the i-th factor for Mi = 3 is given
by

W i =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 ρ∗
i (ρ∗

i )
2

ρi 1 ρ∗
i

ρ2
i ρi 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (32)

where ρi is the correlation coefficient. Note that also other types
of correlation models different from (32) can be used.
In order to evaluate the prewhitening schemes integrated into

the R-D Standard Tensor-ESPRIT [3], we compute the total
RMSE of the estimated spatial frequencies μ̂i as follows

RMSE =
����E { R∑

r=1

d∑
i=1

(μ̂(r)
i − μ(r)

i )2}. (33)

Abbreviation Algorithm
R-D SE Color The Standard ESPRIT algorithm is applied

without prewhitening.
R-D SE MP E The Standard ESPRIT algorithm is applied

together with the matrix based prewhitening
scheme based on (10) and (11) with the
matrix-based estimate of the correlation ma-
trix from (8).

R-D SE TP E The Standard ESPRIT algorithm is applied
together with the matrix based prewhitening
scheme based on (10) and (11), where the
correlation factors matrix is computed via (9)
based on the factor estimation from (17).

R-D STE Color The R-D Standard Tensor-ESPRIT algorithm
is applied without prewhitening.

R-D STE MP E The matrix prewhitening is calculated accord-
ing to (10) and (11) with the matrix-based
estimate of the correlation matrix from (8).

R-D STE S-GSVD I The proposed multidimensional schemes with
correlation factors estimation (17), and we use
the S-GSVD prewhitening based on (24), (25)
and (29).

R-D STE S-GSVD II The proposed multidimensional schemes with
correlation factors estimation (17), and we
use the S-GSVD prewhitening based on (24)
and (25). However, we include R−1 SVDs at
the end of the S-GSVD in order to improve
the estimation, and (30) should be computed.

R-D STE TP CI The correlation factors are known, and we
apply (18) and (22) to perform the multidi-
mensional prewhitening.

G-HOSVD The generalized HOSVD-based low-rank ap-
proximation is applied in (14).

Table I. Notation of the legends used in all figures, where R = 3
for Fig. 3 and R = 2 for the other figures.

Initially let us describe the notation of the legends used in all
figures. The prefix R-D STE stands for R-D Standard Tensor-
ESPRIT [3], and SE stands for Standard ESPRIT. In Table I,
the acronym of each applied technique is shown. Moreover, for
Nl ≥ 102, the correlation factors estimation based on (17) gives
an estimate, which is very close to the true correlation factors as
shown in all figures.
In Figure 1, 2-D SE Color and 2-D STE Color present almost

the same performance, since for the colored noise the major
part of the noise is concentrated in the signal eigenvectors, and
consequently the HOSVD-based low-rank approximation does
not lead to a significant denoising. For this reason, when a
prewhitening scheme is applied, it is expected that the noise gets
almost equally distributed over all eigenvectors. Therefore, since
the prewhitening takes the multidimensional structure into ac-
count, the estimation is improved much more. The 2-D SE MP E
and 2-D SE TP E give a similar performance, since the 2-
D SE does not take into account the multidimensional structure.
The 2-D STE MP E has a limited accuracy of approximately
10−2, which is caused by the estimation of the prewhitening
matrix which does not take into account the Kronecker structure.
2-D STE S-GSVD I has a performance close to the optimal,
however it is slightly worse, since the prewhitening is applied
sequentially. 2-D STE S-GSVD II achieves the optimal perfor-
mance, since it is on top of 2-D STE TP CI, which considers the
correlation factors as being known.
In Figure 2, the number of sources is increased from d = 3 to

d = 4, and in general all the curves get closer to each other, which
means that the gain obtained by using the prewhitening is re-
duced. Moreover, for the matrix based approach 2-D STE MP E,
the limited accuracy is increased to 2 ⋅10−2. Therefore, increasing
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the number of sources, the performance of the matrix based
approach gets drastically worse.
In Figure 3, the number of dimensions has been increased,

and the array size is changed to M1 = 5, M2 = 5, and M3 = 5.
This requires an additional correlation factor ρ3, which is set
to 0.95. In general, we can observe that the gain caused by
the multidimensional prewhitening is significantly increased, if
we compare it to Fig. 2, for example. In addition, the matrix
based approach 3-D STE MP E has an even worse performance,
since its limited accuracy is approximately 9 ⋅ 10−2. Moreover,
for such scenarios, the multidimensional prewhitening enhances
the accuracy significantly even for high SNR levels, while for
scenarios in Fig. 2 for high SNR levels the improvement caused
by the multidimensional prewhitening vs. no prewhitening is very
small.
In Figure 4, the SNR is fixed to 30 dB. For the case that no

prewhitening is applied, i.e., 2-D STE Color, the RMSE should
be constant. Since we consider a high SNR regime, the matrix
based prewhitening 2-D STE MP E has a limited accuracy for
each Nl. Moreover, even for Nl very large, the accuracy is much
worse than applying no prewhitening. Note also that the matrix
based prewhitening for Nl lower than M1 ⋅ M2 = 25 leads to a
rank-deficient estimate of Lmtx. Therefore, for the simulations
L−1

mtx in (10) is replaced by L+
mtx. On the other hand, since the

SNR is very high, the multidimensional prewhitening schemes
show no accuracy limitation even for a very small Nl, since they
remain almost constant for Nl varying from 102 to 2 ⋅ 104.
In Figure 5, the same scenario as in Fig. 4 is considered, but the

SNR is fixed to 0 dB. Since we consider a low SNR regime, the
matrix based prewhitening 2-D STE MP E has an improvement
in its estimate until Nl = 104, after this value no improvement is
observed. Similarly to Fig. 4, the multidimensional prewhitening
schemes show no accuracy limitation even for a very small Nl,
since they remain almost constant for Nl varying from 102 to
2 ⋅ 104.
In Figure 6, a scenario with an intermediate SNR = 10 dB is

selected, and the correlation levels ρ1 and ρ2 are equal to ρ, which
varies from 0 to 0.999. Since the matrix based prewhitening
technique 2-D STE MP E has an accuracy limitation, then for
high correlation levels, the performance is worse than the one
using no prewhitening. The approaches using the correlation
factors give a better estimate compared to the matrix based
prewhitening or no prewhitening cases, when the correlation
levels are higher. Therefore, for intermediate SNRs the gains are
substantial only for high correlation levels, i.e., ρ > 0.6.
In Figure 7, we have the same scenario as in Fig. 6, except that

instead of an intermediate SNR level, we have a low SNR level
of −5 dB. For such scenarios, even for low correlations levels
ρ > 0.3, there is a significant improvement.
In Figure 8, the array size varies, and as expected the RMSE

becomes smaller. Note that there is always a significant improve-
ment of the techniques based on correlation factors compared to
the matrix based prewhitening and no prewhitening.
In Figure 9, the number of snapshots N increases, and as

expected the RMSE becomes smaller for all approaches. Note
that increasing the samples the gain obtained by the proposed
multidimensional schemes is greater than the one obtained in 2-
D STE Color and 2-D STE MP E.
In Figure 10, the G-HOSVD is included, and due to its defini-

tion we consider only one correlation factor in the first dimension.
The correlation level is 0.9. The proposed multidimensional
techniques outperform the G-HOSVD as shown in Fig. 10.
In Figure 11, we increase the number of sources from 2 to 4,

and the G-HOSVD becomes even closer to the 2-D STE Color.
In Figure 12, the number of sources is increased from 4 to 5

and the G-HOSVD superposes the 2-D STE Color, as expected.
Note that for d ≥ Mi, there is no accuracy limitation for the 2-
D STE MP E. The performance of the techniques with factors
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Fig. 1. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard ESPRIT and 2-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider an array of size M1 = 5 and M2 = 5. The number of
snapshots N is set to 20 and the number of sources d = 3. The
correlation levels are ρ1 = 0.9 for L1 and ρ2 = 0.95 for L2. The
number of snapshots Nl is set to 104.

estimation, e.g., 2-D STE TP S-GSVD II, is the same as the one in
which the factors are assumed to be known, i.e., 2-D STE TP CI.
Note that the proposed multidimensional techniques outperforms
all the other techniques.
In Figures 10, 11, and 12,Nl for the generalized HOSVD is set

to 102, since for larger Nl, the computational complexity of the
generalized HOSVD can be very high. Note that the generalized
HOSVD is not included in Figs. 1- 9, since it is not possible
to prewhiten more than one dimension using the generalized
HOSVD. Therefore, the inclusion of the generalized HOSVD for
such scenarios would not be a fair comparison.

VIII. CONCLUSIONS

In this paper, we propose the S-GSVD based prewhitening, where
we take into account the Kronecker tensor structure of the colored
noise. The first benefit of the S-GSVD is the superior estimation
accuracy, since the S-GSVD is based on the estimation of the
prewhitening correlation factors proposed in Subsection VI-A.
The proposed prewhitening correlation factors can be integrated
separately to other prewhitening approaches, e.g., in Subsec-
tion IV-B via (9), in Subsection VI-B, and in Subsection VI-C,
and for all of them the same accuracy on the estimation is
obtained. In addition, besides the improved estimation accuracy
of the S-GSVD based prewhitening approach, our proposed
scheme also has a lower computational complexity version, which
requires only the computation of n-mode GSVDs.

APPENDIX

In this appendix, we show the derivation for the equivalence
between (5), (6), and (7), which is also the basis for (17). It
is possible to derive (7) by first calculating the covariance matrix
of each unfolding of the noise tensor as follows

E {[N c](i) ⋅ [N c]H(i)} = (34)

Li ⋅ E{[N ](i) ⋅ (Li+1 ⊗ . . . ⊗ LR ⊗ IN ⊗ L1 . . . ⊗ Li−1) ⋅
(Li+1 ⊗ . . . ⊗ LR ⊗ IN ⊗ L1 . . . ⊗ Li−1)H ⋅ [N ]H(i)} ⋅ LH

i .

Since the elements of [N ](i) are independent and identically
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Fig. 2. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard ESPRIT and 2-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider the same array size M1 and M2, number of snapshots
N , correlation levels ρ1 and ρ2, and snapshots Nl as in Fig. 1.
However, the number of sources is set to d = 4.
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Fig. 3. Comparing the different types of prewhitening schemes in
conjunction with 3-D Standard ESPRIT and 3-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider the number of sources d, number of snapshots N , and
snapshots Nl as in Fig. 2. However, the array size is set M1 = 5,
M2 = 5 and M3 = 5, and the correlation levels are ρ1 = 0.9 for
L1, ρ2 = 0.95 for L2, and ρ3 = 0.95 for L3.

distributed (i.i.d.), we can show that

E{[N ](i) ⋅ (Li+1 ⊗ . . . ⊗ LR ⊗ IN ⊗ L1 . . . ⊗ Li−1)⋅ (35)

(Li+1 ⊗ . . . ⊗ LR ⊗ IN ⊗ L1 . . . ⊗ Li−1)H ⋅ [N ]H(i)} = α ⋅ IMi ,

Therefore, replacing (35) in (34), we realize that
E {[N c](i) ⋅ [N c]H(i)} = α ⋅ Li ⋅ LH

i . The proof for (35) is
given in Lemma 1.

Lemma 1. Let us consider a complex Gaussian random matrix
N ∈ C

M×N and also a constant matrix F ∈ C
N×T , where ni,j

indicates the element of N in row i and column j, and fi,j

indicates the element of F in row i and column j, respectively.
The following equality holds

E{N ⋅ F ⋅ F H ⋅ NH} = α ⋅ IM . (36)

where α = tr(F ⋅ F H) ⋅ σ2
n
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Fig. 4. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshots N , and number of sources d as
in Fig. 2. However, the SNR is fixed to 30 dB, and the snapshots
Nl vary from 1 to 2 ⋅ 104 samples.
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Fig. 5. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshots N , and number of sources d as
in Fig. 2. However, the SNR is fixed to 0 dB, and the snapshots
Nl vary from 1 to 2 ⋅ 104 samples.

Proof: First let us represent the product of two matrices as
a sum of rank-one matrices as follows:

N ⋅ F = N∑
k=1

⎡⎢⎢⎢⎢⎢⎢⎣
n1,k

n2,k⋮
nM,k

⎤⎥⎥⎥⎥⎥⎥⎦
⋅ [fk,1 fk,2 . . . fk,T ]. (37)

Also the term (N ⋅ F )H can be written as

(N ⋅ F )H = F H ⋅ NH = (38)

N∑
p=1

⎡⎢⎢⎢⎢⎢⎢⎣
f∗

p,1

f∗
p,2⋮

f∗
p,T

⎤⎥⎥⎥⎥⎥⎥⎦
⋅ [n∗

1,p n∗
2,p . . . n∗

M,p].

Therefore, the product of (37) and (38) can be represented as the
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Fig. 6. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 and M2, number of snapshots N , snapshots Nl, and number
of sources as in Fig. 2. However, the SNR is fixed to 10 dB, and
the correlation levels ρ1 and ρ2 are equal to ρ, where 0 ≤ ρ < 1.
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Fig. 7. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 and M2, number of snapshots N , snapshots Nl, and number
of sources d as in Fig. 2. However, the SNR is fixed to −5 dB, and
the correlation levels ρ1 and ρ2 are equal to ρ, where 0 ≤ ρ < 1.

product of two sums of matrices:

N ⋅ F ⋅ F H ⋅ NH =
N∑

k=1

⎡⎢⎢⎢⎢⎢⎢⎣
n1,k

n2,k⋮
nM,k

⎤⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎣

fk,1

fk,2⋮
fk,T

⎤⎥⎥⎥⎥⎥⎥⎦

T

⋅ N∑
p=1

⎡⎢⎢⎢⎢⎢⎢⎣
f∗

p,1

f∗
p,2⋮

f∗
p,T

⎤⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎣

n∗
1,p

n∗
2,p⋮

n∗
M,p

⎤⎥⎥⎥⎥⎥⎥⎦

T

.(39)

In order to facilitate the derivation, we separate (39) into two
terms. The first term is represented by B1 for the cases when
p = k, and the second term is represented by B2 for the cases
when p ≠ k.

N ⋅ F ⋅ F H ⋅ NH = B1 + B2, (40)

where the first term is given by

B1 = N∑
k=1

⎡⎢⎢⎢⎢⎢⎢⎣
n1,k

n2,k⋮
nM,k

⎤⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎣

fk,1

fk,2⋮
fk,T

⎤⎥⎥⎥⎥⎥⎥⎦

T

⋅
⎡⎢⎢⎢⎢⎢⎢⎣

f∗
k,1

f∗
k,2⋮

f∗
k,T

⎤⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎣

n∗
1,k

n∗
2,k⋮

n∗
M,k

⎤⎥⎥⎥⎥⎥⎥⎦

T

. (41)
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Fig. 8. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same correlation
levels ρ1 and ρ2, number of snapshots N , snapshots Nl, and
number of sources d as in Fig. 2. However, the SNR is fixed to
10 dB, and the array size M1 and M2 equal to Mi, which varies
from 5 to 15.
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Fig. 9. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 and M2, snapshots Nl, correlation levels ρ1 and ρ2, and
number of sources d as in Fig. 2. However, the SNR is fixed to
10 dB, and the number of snapshots N varies from 10 to 100.

Since the product between the two vectors in the middle gives a
scalar, we can rewrite (41) in the following way

B1 = N∑
k=1

T∑
t=1

∣fk,t ∣2 ⋅
⎡⎢⎢⎢⎢⎢⎢⎣

n1,k

n2,k⋮
nM,k

⎤⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎣

n∗
1,k

n∗
2,k⋮

n∗
M,k

⎤⎥⎥⎥⎥⎥⎥⎦

T

. (42)

Applying the expected value operator, we obtain

E{B1} = N∑
k=1

T∑
t=1

∣fk,t∣2 ⋅ σ2
n ⋅ IM . (43)

While applying the expected value operator to B2

E{B2} = 0M×M , (44)

since the noise samples ni,j are uncorrelated. In addition, the
expected value of the sum is equal to the sum of the expected
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Fig. 10. Comparing the different types of prewhitening schemes
in conjunction with 2-D Standard Tensor-ESPRIT for the estima-
tion of the spatial frequencies. Here we consider the same array
size M1 and M2, snapshots Nl, and number of snapshots N as
in Fig. 2. However, the number of sources d is equal to 2, and
we set ρ1 = 0.9 and ρ2 = 0 .
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Fig. 11. Comparing the different types of prewhitening schemes
in conjunction with 2-D Standard Tensor-ESPRIT for the estima-
tion of the spatial frequencies. Here we consider the same array
size M1 and M2, snapshots Nl, number of snapshots N , and
correlation levels ρ1 and ρ2 as in Fig. 10. However, the number
of sources d is set to 4.

values. Therefore, we can apply the expected value to each
matrix B1 and B2 in (40) separately. Moreover, using that
N∑

k=1

T∑
t=1

∣fk,t∣2 = tr(F ⋅ F H), we find that
E{N ⋅ F ⋅ F H ⋅ NH} = tr(F ⋅ F H) ⋅ σ2

n ⋅ IM . (45)

Since tr(F ⋅ F H) and σ2
n are constants, just one constant α can

represent them.
The expression in (35) is shown by inserting F = (Li+1 ⊗. . .⊗

LR⊗IN ⊗L1 . . .⊗Li−1)⋅(Li+1⊗. . .⊗LR⊗IN ⊗L1 . . .⊗Li−1)H

and N = [N ](i) in Lemma 1.
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