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Abstract

Estimating the number of sources impinging on an array of sensors, termed as source

enumeration, is required prior to the use of parametric methods, e.g., estimation of

signal parameters via rotational invariance techniques (ESPRIT) and multiple sig-

nal classification (MUSIC), for extraction of the signal parameters in sensor array

applications.

For source enumeration from a matrix of measurements, whose rows and columns

typically correspond to the spatial and temporal dimensions, respectively, is termed as

one-dimensional (1-D) source enumeration. Numerous 1-D source enumerators have

been developed in the literature, including the classical information theoretic crite-

rion (ITC) based methods, which are optimal when the number of snapshots is much

larger than the number of sensors, and the random matrix theory (RMT) algorithm

that is designed for relatively small snapshot scenarios. As the first contribution,

we investigate the optimal choice of the number of source signals in the threshold

region of nonlinear parameter estimators. Due to the low signal-to-noise ratio (SNR)

and/or presence of closely-spaced sources, some signal parameters can be accurately

estimated while others cannot. By introducing the concept of the effective source

number (ESN), which is the number of available accurate parameter estimates, it is

proposed to combine a radical source enumerator that tends to overestimate the num-

ber of signals with a conservative source enumerator that tends to underestimation

for parameter estimation. Such a scheme retains the benefit of the under-enumerators

with only accurate estimates while remarkably improves the estimation accuracy.

For source enumeration from a multidimensional matrix of measurements, whose

dimensions can correspond to the spatial dimensions such as 1-D linear or 2-D planar

arrays at the transmitter and/or receiver, as well as time, propagation delay and

polarization, much less attention has been paid in the literature compared to 1-D
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source enumeration. In sensor array applications, often the noise-free signals follows

the parallel factor (PARAFAC) model, in which case two approaches to R-D source

enumeration can be applied: matrix-based and tensor-based.

In matrix-based solutions to R-D source enumeration, the measurement tensor

is unfolded into a matrix along individual (e.g., temporal) dimensions, and then the

1-D eigenvalue- or eigenvector/subspace-based detection methods are applied. For

eigenvalue-based detection, we generalize the r-mode unfolding of a tensor so that

the unfolding along merged dimensions is included. Using the generalized unfold-

ing of the measurement tensor, more unfolded matrices and hence mode eigenvalues

are available for use. By optimally applying one or combining more sets of mode

eigenvalues in 1-D source enumerators, we devise R-D extensions of the 1-D RMT,

1-D eigenvalue fluctuation information criterion (EFIC) and 1-D minimum descrip-

tion length (MDL). Moreover, using the sequential source enumeration scheme, the

identifiable number of signals in R-D RMT/EFIC/MDL reaches up to the size of the

“most squared” unfolded matrix minus one, which is a significant improvement for

R ≥ 3. For eigenvector-based detection, we devise R-D extensions of the subspace-

based estimation error (ESTER), which is used for uniform R-D HR in colored noise

environments.

The matrix-based R-D source enumerators have limited identifiability (identifiable

number of signals) due to the unfolding operation. Instead, the CORe CONsistency

DIAgnostic (CORCONDIA), which is a tensor-based R-D detection method relying

on the computationally expensive alternating least squares (ALS) PARAFAC decom-

position, is able to identify more signals. The core consistency, defined as the relative

distance of the estimated core and an identity tensor, is compared with a pre-defined

threshold for determining the number of signals. One drawback of the CORCON-

DIA is its low detection probability even at sufficiently high SNRs. To tackle this,

it is proposed to utilize the reconstruction error to assist in detecting the number of

components. The resultant scheme presents accurate detection at both low and high

SNRs.

In subspace based R-D parameter estimation, the signal (and noise) subspaces

are utilized for parameters estimation. In the presence of colored noise or interfer-

ence, estimation of the signal subspace may be seriously affected due to the overlap
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between the signal and noise subspaces. To improve the performance of signal sub-

space/parameter estimation, prewhitening is required prior to the use of subspace

based R-D parameter estimators. In electroencephalogram/magnetoencephalogram

and multiple-input multiple-output (MIMO) applications, the multidimensional col-

ored noise has a Kronecker correlation structure which for the 2-D case means that

the noise covariance matrix in joint spatio-temporal dimensions is equal to the Kro-

necker product of the spatial and temporal covariance matrices. By exploiting the

Kronecker correlation structure of the multidimensional colored noise, the multidi-

mensional prewhitening (MD-PWT) algorithm is developed by removing the noise

correlation sequentially along individual dimensions, using the corresponding correla-

tion factors estimated from the noise-only measurements. The MD-PWT employing

only a few noise-only snapshots significantly improves the performance of the closed-

form PARAFAC based parameter estimator (CFP-PE). When noise-only measure-

ments are unavailable, an algorithm for joint estimation of noise and signal parame-

ters and prewhitening is proposed by iteratively alternating MD-PWT and CFP-PE.

Moreover, to reduce the algorithm complexity, adaptive convergence thresholds are

designed as the stopping conditions such that the iterative algorithm automatically

stops at an optimal number of iterations. Simulation results show that the iterative

prewhitening scheme performs nearly the same as the MD-PWT utilizing an equal

number of noise-only and signal-bearing snapshots, in all scenarios except for a special

one of intermediate SNRs and high noise correlation levels.
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Mathematical Symbols

Symbol Meaning

lower-case letters scalar

lower-case bold-face letters vector

bold-face capitals matrix

bold-face calligraphic letters tensor

C the set of complex numbers

ai,j (i, j) entry of matrix A

T transpose

∗ complex conjugate

H Hermitian transpose

−1 inverse

† pseudo-inverse

tr {A} trace of A

∥A∥2 spectral norm or 2-norm of A

rank(⋅) rank of a matrix or a tensor

vec(⋅) vectorization of a matrix or tensor

∥⋅∥F Frobenius norm of a matrix or tensor

[A](r) r-mode matrix unfolding of a tensor A

A ×r U r-mode product of a tensor A and a matrix U

⊗ Kronecker product

Id d × d identity matrix

IR,d Rth-order identity tensor of size d × d × ⋅ ⋅ ⋅ × d

≜ is defined as
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Symbol Meaning

M

product of the lengths of first R dimensions, namely,
R∏
r=1
Mr

(n
m
) number of m-combinations from a set of n elements

Fβ(⋅) Tracy-Widom distribution of order β

J1 ∈ R(M−1)×M
selection matrix formed by the first (M − 1) rows of an
M ×M identity matrix

J2 ∈ R(M−1)×M
selection matrix formed by the last (M − 1) rows of an
M ×M identity matrix

1S (x) indicator function defined as

1S (x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if x ∈ S

0 if x ∉ S.

diag(a1, a2,⋯, ak) diagonal matrix with diagonal elements a1, a2, . . . , ak

N(µ,C) multivariate Gaussian function with mean µ and covari-

ance C

k candidate value for the number of signals

d̂ estimate of d
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Abbreviation

Acronyms Meaning

1-D one-dimensional

AIC Akaike information criterion

ALS alternating least-squares

AR autoregressive

ARMA autoregressive moving average

a.s. almost sure

ASE array spacing error

CORCONDIA CORe CONsistency DIAgnostic

CFP closed-form PARAFAC

CFP-PE CFP based parameter estimation/estimator

CRLB Cramér-Rao lower bound

DoA direction-of-arrival

DoD direction-of-departure

EDC efficient detection criterion

EEG electroencephalography

EFIC eigenvalue fluctuation information criterion

EFT exponential fitting test

ESN effective source number

ESPRIT
estimation of signal parameters via rotation invariance

techniques

ESTER ESTimation ERror

flops floating-point operations

EVD eigenvalue decomposition
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Acronyms Meaning

HOSVD higher-order singular value decomposition

HR harmonic retrieval

i.i.d. independent and identically distributed

ITC information theoretic criterion

LS least squares

MA moving-average

MEG magnetoencephalography

MDL minimum description length

MIMO multiple-input multiple-output

ML maximum likelihood

MLE maximum-likelihood estimation/estimator

MC Monte Carlo

MSE mean square error

MUSIC MUltiple SIgnal Classification

NMR nuclear magnetic resonance

OPA outer product based array

PARAFAC PARAllel Factor Analysis

PCA principal component analysis

PoD probability of correct detection

PS peak search

R-D R-dimensional
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Acronyms Meaning

RMDSE root median square error

RMSDE root mean square detection error

RMSE root mean square error

RMT random matrix theory

SAMOS subspace-based automatic model order selection

SCM sample covariance matrix

SE square error

SI shift invariance

SLS structured least squares

SMD simultaneous matrix diagonalization

SNR signal-to-noise ratio

s.t. subject to

STE standard tensor ESPRIT

SURE Stein’s unbiased risk estimator

SVD singular value decomposition

ToA time-of-arrival

ULA uniform linear array

URA uniform rectangular array

UTE unitary tensor ESPRIT

ZMCSCG zero-mean circular symmetric complex Gaussian
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Chapter 1

Introduction

1.1 Definitions

1.1.1 Source Enumeration

In the context of sensor array processing, source enumeration refers to the process

of determining the number of source signals impinging on an array of sensors. For

example, a radar system uses the observations to detect the number of targets. In

biomedical applications, it is of interest to estimate the number of neurons reacting to

a short stimulus. This is done by placing a very large array of sensors over a patient’s

head and recording the brain activity as received by these sensors. In multiple-

input multiple-output (MIMO) wireless communications, it is required to estimate the

number of dominant multipath components or specular paths from the observations

received at the receiver antenna array. Estimating the number of sources is the first

step for the extraction of signals or their parameters.

Depending on the field of application, source enumeration is also known as ‘estima-

tion of the number of principal components’ in principal component analysis (PCA),

and ‘clutter enumeration’ in clutter analysis. Another synonym of source enumeration

is ‘model order selection’, which is the process of determining the order of a para-

metric model such as autoregressive (AR), moving-average (MA) or autoregressive

moving average (ARMA) processes.

The source enumeration problem is equivalent to anM -ary detection problem, or a

multiple hypothesis testing problem, and can be considered as a generalization of the

commonly known binary detection problem, which is often encountered in cognitive

1
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radio applications. For binary detection, we only need to determine whether the

signal(s) is/are present or not, but do not need to know the exact number of signals

present.

1.1.2 Colored Noise and Prewhitening

In signal processing, white noise is a random signal whose samples at different spa-

tial or temporal instants are uncorrelated. In contrast to white noise, colored noise

features a non-zero temporal or spatial correlation between different noise samples.

Colored noise can be generated by passing white noise through a shaping filter, e.g.,

a lowpass filter.

Colored noise is encountered across a variety of signal processing applications. For

example, the electroencephalography (EEG) and magnetoencephalography (MEG)

signals recorded by attaching sensors (electrodes) to the human head are often con-

taminated by background noise that is correlated both in time and across different

sensors (channels). Since colored noise samples are correlated, their presence may se-

riously affect the extraction of signal subspace due to the overlap between the signal

and noise subspaces.

Prewhitening is a process that removes the noise correlation of the observations.

A typical tool for analyzing why prewhitening is required is the singular value decom-

position (SVD). As illustrated in Figure 1.1, after prewhitening, the noise becomes

white and its power is uniformly distributed over the whole noise space. Therefore,

the disturbance between the noise and signal subspaces can be minimized. Conse-

quently, the noise can be reduced more efficiently and performance degradation will

be avoided.

1.2 Basic Concepts of Tensor Calculus

Definition 1.2.1. An Rth-order tensor A ∈ CM1×⋅⋅⋅×MR is a multidimensional matrix
whose elements are referenced by R indices:

ai1,...,iR ∈ C , ir = 1, . . . ,Mr , r = 1, . . . ,R
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before 

prewhiteing

after 

prewhiteing

Figure 1.1: Analysis via singular value decomposition

where R is the order or dimension of the tensor, and Mr is the number of elements
along the r-th dimension (or mode), r = 1, . . . ,R.

Definition 1.2.2. An Rth-order tensor of size d× ⋅ ⋅ ⋅ ×d, denoted by IR,d, is a tensor
whose elements are equal to ones when the indices i1 = ⋅ ⋅ ⋅ = iR and zeros elsewhere.

Definition 1.2.3. An r-mode vector of A ∈ CM1×⋅⋅⋅×MR is an Mr-dimensional vector
obtained from A by varying the index ir and keeping the other indices fixed [5].

Definition 1.2.4. The vectorization of a matrix or a tensor, denoted as vec(⋅), is an
operation which converts the matrix or tensor into a column vector by stacking its
columns or 1-mode vectors on top of each other.

Definition 1.2.5. The r-mode unfolding of a tensor A ∈ CM1×⋅⋅⋅×MR, denoted as

[A](r) ∈ CMr×(M1...Mr−1Mr+1...MR)

is a matrix collecting all r-mode vectors of A. Throughout this thesis, we assume
that the columns in the unfolded matrix [A](r) are arranged in reverse lexicographical
order of their indices (i1, . . . , ir−1, ir+1, . . . , iR), in the same order as for vec(⋅). That
is, the first index i1 varies the fastest, then i2, ir−1 and ir+1, and the last index iR
varies the slowest [5].

Figure 1.2 illustrates a 3rd-order tensor and its 1-mode, 2-mode and 3-mode un-

foldings.

Definition 1.2.6. The r-mode product of a tensor A ∈ CM1×⋅⋅⋅×Mr×⋅⋅⋅×MR and a matrix
U ∈ CJr×Mr along the r-th mode, denoted as

A ×r U ∈ C
M1×⋅⋅⋅×Jr×⋅⋅⋅×MR,
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Figure 1.2: Example of 3rd-order tensor of size 4 × 5 × 3 and its 1-mode, 2-mode and
3-mode unfoldings.

is a tensor obtained by multiplying the r-mode unfolding of A from the left-hand side
(LHS) by U .

Figure 1.3 illustrates the r-mode product of a tensor and a matrix.

Figure 1.3: Example of r-mode product of tensor and matrix.

Definition 1.2.7. An Rth-order tensor A ∈ CM1×⋅⋅⋅×MR has rank one if it equals the
outer product of R vectors a(1), . . . ,a(R), with a(r) ∈ CMr×1 for r = 1, . . . ,R, namely,

A = a(1) ○ ⋅ ⋅ ⋅ ○ a(R), (1.2.1)

where the outer product means that each element of A is the product of the corre-

sponding elements of vectors a(r), r = 1, . . . ,R:

ai1,...,iR = a
(1)(i1) . . . a(R)(iR), for all 1 ≤ ir ≤Mr. (1.2.2)
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Note that the outer product contrasts with the inner product: the outer product

of a pair of vectors is a matrix, whereas the inner product of a pair of vectors is a

scalar. Figure 1.4 illustrates the outer products of two and three vectors.

Figure 1.4: Definition of the outer products of two and three vectors.

Example 1.2.1. Consider a tensor A ∈ C2×2×2 whose entries are

a111 = −a211 = −2, a121 = −a221 = −3, a112 = −a212 = 4, a122 = −a222 = 6. (1.2.3)

The 1-mode, 2-mode and 3-mode matrix unfoldings of A are respectively given by

[A](1) = ( −2 −32 3
∣ 4 6
−4 −6

) , [A](2) = ( −2 2
−3 3

∣ 4 −4
6 −6

) , (1.2.4)

[A](3) = ( −2 2
4 −4

∣ −3 3
6 −6

) . (1.2.5)

The tensor A ∈ C2×2×2 has rank one because it can be decomposed as

A = ( −1
1
) ○ ( 2

3
) ○ ( 1

−2
) . (1.2.6)

Definition 1.2.8. The inner product of two same-sized tensors A,B ∈ CM1×M2×⋅⋅⋅×MR

is the sum of the entry-wise products

⟨A,B⟩ = M1∑
i1=1

M2∑
i2=1
⋅ ⋅ ⋅

MR∑
iR=1

ai1,i2,...,iRb
∗
i1,i2,...,iR

(1.2.7)

Definition 1.2.9. The high-order Frobenius norm of a tensor A is defined as

∥A∥F =√⟨A,A⟩ (1.2.8)

Definition 1.2.10. The rank of a tensor A is defined as the minimal number of
rank-one tensors required to represent it [6, 7].

Definition 1.2.11. The canonical or PARAllel FACtor (PARAFAC) decomposition
of a tensor A ∈ CM1×M2×⋅⋅⋅×MR is a decomposition of A as a linear combination of a
minimal number of rank-one terms:

A =
d∑
i=1

a
(1)
i ○ a

(2)
i ○ ⋅ ⋅ ⋅ ○ a

(R)
i , a

(r)
i ∈ C

Mr×1, r = 1, . . . ,R (1.2.9)
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The PARAFAC decomposition can be considered as an extension of the SVD. To

this end, recall that the SVD of a matrix can be considered as decomposing it into a

weighted sum of rank-one matrices, each of which is the outer product of two vectors,

as illustrated in Figure 1.5.

Figure 1.5: Illustration of SVD of a matrix.

Definition 1.2.12. The higher-order SVD (HOSVD) ofA ∈ CM1×⋅⋅⋅×MR is given by [8]

A = S ×1 U
(1) ⋅ ⋅ ⋅ ×R U (R), (1.2.10)

where U (r) ∈ CMr×Mr , r = 1, . . . ,R, is a unitary matrix whose columns are r-mode left
singular vectors of A, and S ∈ CM1×⋅⋅⋅×MR is the core tensor of which the subtensors
S ir=a, obtained by fixing the index of r-th mode as a, satisfy the property of all-
orthogonality: for any r, a ≠ b, Sir=a and S ir=b are mutually orthogonal [8], namely

⟨Sir=a,S ir=b⟩ = 0. (1.2.11)

Definition 1.2.13. The Kronecker product of two matricesA ∈ CM×N andB ∈ CP×Q,
denoted by A⊗B, is an MP ×NQ block matrix [9]:

A⊗B =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

a1,1B a1,2B . . . a1,NB

a2,1B a2,2B . . . a1,NB

⋮ ⋮ ⋱ ⋮
aM,1B aM,2B . . . aM,NB

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,



CHAPTER 1. INTRODUCTION 7

or more explicitly:

A⊗B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1,1b1,1 a1,1b1,2 ⋯ a1,1b1,Q ⋯ ⋯ a1,Nb1,1 a1,Nb1,2 ⋯ a1,1b1,Q
a1,1b2,1 a1,1b2,2 ⋯ a1,1b2,Q ⋯ ⋯ a1,Nb2,1 a1,Nb2,2 ⋯ a1,1b2,Q
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮

a1,1bP,1 a1,1bP,2 ⋯ a1,1bP,Q ⋯ ⋯ a1,NbP,1 a1,NbP,2 ⋯ a1,1bP,Q
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

aM,1b1,1 aM,1b1,2 ⋯ aM,1b1,Q ⋯ ⋯ aM,Nb1,1 aM,Nb1,2 ⋯ aM,1b1,Q
aM,1b2,1 aM,1b2,2 ⋯ aM,1b2,Q ⋯ ⋯ aM,Nb2,1 aM,Nb2,2 ⋯ aM,1b2,Q
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮

aM,1bP,1 aM,1bP,2 ⋯ aM,1bP,Q ⋯ ⋯ aM,NbP,1 aM,NbP,2 ⋯ aM,1bP,Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The Kronecker product is related to the vec(⋅) operator in the following way [10].

Lemma 1.2.1. Given the matrices A ∈ CM×N , B ∈ CN×P , and C ∈ CP×Q,

vec (ABC) = (CT ⊗A) ⋅ vec (B) . (1.2.12)

1.3 Motivation, Background and Application

Under the constraint of the electromagnetic spectrum, the MIMO technique, which

is a combination of multiple-antenna configurations at the transmitter and receiver

together with advanced signal processing algorithms, has been recommended for in-

creasing the data rate and/or improving the link reliability in the next generation

wireless communication systems.

In order to carry out deployment planning, algorithm design, and system sim-

ulations, a profound knowledge of the underlying physical MIMO channel is neces-

sary [11]. In the parametric model of double-directional MIMO channel [12–14], the

physical MIMO channel is described with multipath components, each of which cor-

responds to a discrete link between the base stations and the mobile users and is

characterized by physical parameters such as direction-of-arrival (DoA), direction-of-

departure (DoD), time-of-arrival (ToA), Doppler shift, and complex path loss [14,15]

(See Fig. 1.6). These physical parameters contain the information about the channel

characteristics such as the scatterer distribution, dominant propagation paths, and

coherence time, and can be employed to optimize the wireless network layout of the

MIMO system so that the channel capacity can be maximized, or to develop new
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realistic channel models. Therefore, accurate extraction of these parameters from the

multidimensional channel sounding measurements is a fundamental issue.

Receive array: 1-D or 2-D

Frequency

Time

Transmit array: 1-D or 2-D

Direction of Arrival (DOA)

Delay

Doppler shift

Direction of Departure (DOD)

Figure 1.6: Harmonic retrieval example: wireless channel sounding measurements
Source: http://www.pgea.unb.br/∼lasp/research/

In addition to MIMO wireless channel sounding, multidimensional parameter es-

timation or harmonic retrieval (HR) [16] is required in a number of other applications

such as MIMO radar imaging [17], sonar, and nuclear magnetic resonance (NMR)

spectroscopy [18, 19]. For example, the measurements in NMR spectroscopy, which

is a powerful technique for protein research in food and nutritional industries, can

be modeled as a sum of multidimensional sinusoids. The amplitudes, frequencies and

damping factors of these sinusoids are crucial in determining the protein structures.

Multidimensional subspace approaches to R-dimensional (R-D) HR, where R ≥ 2,

include 2-D unitary ESPRIT [20], R-D unitary ESPRIT and its variants [21–23], R-

D MUSIC [24], multidimensional folding (MDF) [25], improved MDF [26], R-D rank

reduction estimator (RARE) [27] and principal-singular-vector utilization for modal

analysis (PUMA) [28, 29]. By taking into account the multidimensional structure,

these methods provide super-resolution estimation performance. However, they rely

on the a priori knowledge of the number of signals, which is often unknown and must
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be estimated from the noisy multidimensional measurements. Often, reliable estima-

tion of the number of signals is crucial in achieving accurate parameter estimates.

Moreover, in the presence of colored noise, which is encountered in a variety

of sensor array processing applications, prewhitening should be applied in order to

avoid performance degradation. Consequently, the flow diagram of the sensor array

signal processing (parameter estimation/signal reconstruction) is shown in Figure 1.7.

In this thesis, advanced source enumeration and prewhitening algorithms will be

developed.

Measureme

Stochastic

Prewhite

Y

Figure 1.7: Roles of source enumeration and prewhitening in parameter estima-
tion/signal reconstruction

1.3.1 Multidimensional Source Enumeration: Limitations
of Existing Methods and Our Contributions

For detection of the number of signals from R-D measurements, existing solutions fall

into two categories: tensor-based and matrix-based.

1. For matrix-based solutions, the measurement tensor is first stacked into a ma-

trix via unfolding operations, and then the one-dimensional (1-D) source enumerators

such as the minimum description length (MDL) [30], Akaike information criterion

(AIC) [30], and the exponential fitting test (EFT) [31] are applied on the eigenvalues

of the unfolded matrix along the temporal dimension or unfolded matrices in several

dimensions. Their drawback is that the maximum number of detectable signals is

limited to the maximum dimension length minus one. However, in both theoretical

and practical applications, the number of signals can well exceed the lengths of all

dimensions [32, 33].

To maximize the number of detectable signals, in [34] we generalize the r-mode
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unfolding of a tensor so that the unfolding with merged dimensions is included, and

apply the 1-D random matrix theory (RMT) algorithm in the eigenvalues associated

with the most squared unfolded matrix, where “a squared matrix” means that its

number of rows is equal or comparable to the number of columns. The R-D RMT

has a number of detectable signals equal to the size of the most squared matrix minus

one, which is approximately equal to the square root of the product of all dimension

lengths. Compared with the R-D solutions based on the r-mode unfoldings, the R-D

RMT can identify many more signals for R ≥ 3.

2. The R-D RMT [34] and R-D EFT [35–37] are both threshold-based schemes

where a proper threshold has to be set by the practitioners, which makes them difficult

to automate.

To achieve automatic detection, in [38] we contribute to the matrix-based R-D

detection methods by proposing the R-D extensions of Nadakuditi-Edelman’s eigen-

value fluctuation information criterion (EFIC) [39] and MDL based on the generalized

unfolding of a tensor, which consists of the unfolding with merged dimensions as well

as the traditional r-mode unfolding. Using the generalized unfolding, (2R − 1) sets of
eigenvalues are obtained and combined for more accurate source enumeration. More-

over, it enjoys a high level of detectability which is the same as R-D RMT and is

much larger than existing r-mode unfolding based R-D detection methods. The R-D

NEMO hence shows superior performance across a wide range of parameter settings.

In the large-snapshot-size limit, the proposed R-D MDL criterion is proved to be a

consistent estimator of the ”visual” number of signals, which is defined as the highest

rank of all generalized unfolded matrices of the noiseless measurement tensor. The

R-D MDL is preferred when the most squared unfolded matrix of the measurement

tensor still has highly unequal number of rows and columns.

3. The CORe CONsistency DIAgnostic (CORCONDIA) [40], as the only tensor-

based enumerator, estimates the number of multidimensional signals via PARAFAC
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decomposition [40]. Although computationally expensive due to the use of the iter-

ative alternating least-squares (ALS) algorithm for tensor decomposition, the COR-

CONDIA is able to correctly detect the number of components in scenarios where

the number of signals equals the typical tensor rank that may exceed the size of

the measurement tensor in all dimensions as well as the size of the most squared

generalized unfolded matrix [41]. However, in CORCONDIA a proper user-defined

threshold is required to ensure reliable performance. The optimal threshold increases

with signal-to-noise ratio (SNR). In particular, for high SNRs, the CORCONDIA

tends to over-enumeration by a couple of components under fixed threshold settings.

To improve the detection accuracy, in [42] an improved version of CORCON-

DIA is proposed by exploiting the reconstruction error that is readily available after

PARAFAC decomposition.

1.3.2 Multidimensional Prewhitening: Our Contributions

In EEG/MEG applications, the signals recorded at multiple sensors are typically con-

taminated by colored noise which is correlated in both time and across the channels.

It has been reported that in the literature the colored noise can have a Kronecker

correlation structure [43–47], which means that the noise covariance matrix in joint

spatio-temporal dimensions can be modeled as the Kronecker product of the spatial

and temporal covariance matrices. Such a Kronecker colored noise also occurs in

MIMO applications [47].

For multidimensional colored noise, the traditional matrix-based prewhitening

scheme, which are originally designed for prewhitening of single or multi-channel noisy

time series, can be applied for multidimensional prewhitening via matrix unfolding.

However, the matrix-based prewhitening algorithm does not exploit the Kronecker

correlation structure of the colored noise, and work well only when a substantial

noise-only observation snapshots are available for use. However, in real applications,

often the noise-only snapshots can be unavailable or limited in number. In this

case the matrix-based prewhitening method either totally fails or cannot provide
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sufficient accuracy in terms of noise modeling and prewhitening to obtain the desired

performance improvement for parameter estimation.

As another contribution, we develop multidimensional prewhitening algorithms

that exploit the Kronecker noise structure for efficient prewhitening and noise reduc-

tion [48]. By applying prewhitening sequentially along various dimensions using the

corresponding correlation factors estimated from the noise-only measurements, the

proposed multidimensional prewhitening scheme significantly improves the estima-

tion accuracy of the tensor-based multidimensional parameter estimation techniques,

such as R-D ESPRIT and PARAFAC decomposition based parameter estimation,

with a much smaller number of noise-only snapshots than that required in the matrix-

based prewhitening. To tackle the case when noise-only snapshots are unavailable,

we propose the iterative multidimensional prewhitening scheme where estimation of

noise and signal parameters and prewhitening are jointly performed in an iterative

way. Simulation results show that the iterative prewhitening algorithm, which does

not require any noise-only observation snapshots, attains the same performance as

the non-iterative one which utilizes an equal number of noise-only and signal-bearing

snapshots, at low and high SNRs.

1.4 Thesis Organization

The organization of the reminder of this thesis is given as follows. Chapter 2 reviews

the classic matrix-based source enumerators that are suitable for detection of the

number of signals from a vector or matrix of observations. We discuss the choice of

optimal source enumerators in the context of joint source enumeration and parameter

estimation in threshold region, and propose the concept of the effective source num-

ber. In Chapter 3, we propose multidimensional source enumerators for detection of

the number of signals from multidimensional observations. After a review of exist-

ing R-D source enumerators, our proposed R-D source enumerators, R-D RMT, R-D

EFIC and R-D MDL, as well as the improved CORCONDIA, are presented. To im-

prove the accuracy of the multidimensional parameter estimation techniques designed
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for white noise, multidimensional prewhitening is required for efficient noise reduction

and parameter estimation in colored noise environments. In Chapter 4, two multidi-

mensional prewhitening algorithms, one for the noise-only snapshot starved case and

the other for the noise snapshot unavailable case, are developed by exploiting the

Kronecker correlation structure of colored noise. Finally, conclusions are drawn and

possible future works are discussed in Chapter 5. For ease of reference, the mathe-

matical symbols and abbreviations have been defined in the preface sections, and will

not be defined in Chapters 2 to 5.



Chapter 2

Matrix-based Source Enumeration

Array signal processing is widely used in many different applications such as radar,

sonar, mobile communications [13–15,49], biomedicine [50,51], image processing [52,

53], acoustics processing [54] and seismology. Estimation of the number of source sig-

nals impinging on a collection of sensors, often referred to as source enumeration [55],

is a fundamental problem in statistical signal and array processing. The problem of

enumeration ranges from determination of the number of dominant multipath com-

ponents in wireless communications, estimation of the number of overlapping echoes

(targets) in radar backscatter to detection of the number of acoustical sources in

time reversal acoustics [54], to the number of neurons reacting to a short stimu-

lus in biometrics. Source enumeration is typically a first step prior to the use of

computationally demanding parametric methods that depend on this input such as

maximum-likelihood estimator (MLE), estimation of signal parameters via rotational

invariance techniques (ESPRIT) [56] and multiple signal classification (MUSIC) [57],

for, e.g., DoA estimation [25,58–61] and blind source separation [54]. Reliable estima-

tion of the number of sources is crucial to achieving accurate parameter estimation.

Estimating the number of sources is often referred to as source enumeration.

Before proceeding, we mention that similar problems also appear in other sci-

entific fields such as PCA [62–66], cluster analysis [67–69], chemometrics [70], spec-

troscopy [71], image processing [72,73], machine learning [74,75], computer vision [76,

77] and population genetics [78]. Examples include identification of the number of

principal components in PCA, estimation of the number of chemical components in

14
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a mixture [70], detection of the number of clusters in a data set (clustering enumera-

tion) [67–69], and determination of the order of AR, MA or ARMA process (known as

model order selection) [79–85]. The estimated number of components/clutters/model-

order is used for extraction of the signals or their parameters, or for data analysis.

The problem of estimating the number of signals has been widely studied during

the last three decades. Under independent and identically distributed (i.i.d.) Gaus-

sian assumption of the data samples, the number of sources is traditionally determined

by testing the equality of the smallest population eigenvalues, the so-called tests of

hypothesis of sphericity [86]. The log-likelihood ratio statistic is compared with a sub-

jective threshold in a sequence of hypothesis tests of sphericity for deciding whether

signals are present or not. In [86], it is shown that the log-likelihood ratio statistic has

asymptotically (in the number of data samples) the chi-square distribution, whereby

the detection threshold is set. This method is sensitive to noise uncertainty, because

the optimal threshold varies with the SNR.

To avoid the use of the subjective threshold and improve the robustness against

noise uncertainty, the information theoretic criteria (ITCs) [87] have been widely

suggested for detecting the number of signals. The best known member of this family

of criteria are the AIC [88] and MDL [89]. Such criteria are composed of two terms.

The first is the negative log-likelihood function and the second is a penalty term for

punishing overestimating the number of signals. The AIC is derived by minimizing

the Kullback-Leibler distance between the hypothesized model and observed data [87].

The penalty function can be chosen so that its cost function is an unbiased estimate of

the Kullback-Liebler distance between the modeled density and estimated density [87,

90, 91]. On the other hand, the MDL criterion is derived by minimizing the number

of digits required to encode (describe) the observed data to an optimal precision [89].

The encoding (description) of the observed data consists of two parts: one for the

estimated parameter vector, and one for the data using its parameterized distribution.

The codelength required in the first part stipulates the penalty term. Note that

the MDL can also be derived in a Bayesian [92] or Kullback-Leibler information
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framework [87].

The application of information theoretic approach to source enumeration in ar-

ray signal processing was first introduced in [30]. Following [30], many other papers

have addressed this problem. These papers can be divided into two major groups.

The first is concerned with performance analysis of the AIC and MDL estimators

in terms of their asymptotic (in the number of samples) probability of over- and

under-enumeration [93–101]. The established results show that the MDL estimator

is a consistent estimator of the number of signals as the sample size tends to infinity.

However, it tends to underestimate the number of signals at low SNRs and/or small

sample sizes. In contrast, the AIC is not consistent, having a non-negligible proba-

bility to overestimate the number of signals, even at high SNR values, but compared

with the MDL, it is better at detecting weak signals at low SNRs.

The second is concerned with improvements on the AIC/MDL estimator [55,102–

116]. In an effort to balance the overestimation of the AIC and underestimation of the

MDL, in [102] a modified ITC was developed by excluding the eigenvectors from the

parameter space and using the marginal probability density function (p.d.f.) of the

sample eigenvalues as the log-likelihood function. Using the maximum a posteriori

(MAP) rule [103–105], the second derivative of the negative log-likelihood function,

namely, the Hessian matrix, is adopted as the penalty function. The adopted penalty

function is more accurate than that used in the AIC/MDL criteria performance,

which leads to an improved performance of the MAP rule over the AIC/MDL. For

linear regression models, a modification of the AIC rule for finite samples has been

suggested in [106–108].

Other attempts have been made to improve the AIC/MDL estimator when the

assumption of i.i.d. noise is violated [109–111]. In [109], detection of the number of

signals when the noise covariance matrix is arbitrary but can be estimated from an

independent noise-only observations is studied. In particular, for cases of diagonal

noise covariance matrix, a robust MDL-type estimator that does not need additional

independent noise-only observations is devised in [111] by exploiting the eigenvectors
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of the sample covariance matrix (SCM). In [110], the order statistics of the sample

eigenvalues are exploited in the MDL criterion to trade algorithm complexity for per-

formance improvement in difficult scenarios of finite snapshots, closely-spaced sources,

correlated sources, and/or distinct signal powers.

In addition, to handle the case of correlated sources, combined detection of the

number of sources and parameter estimation has been proposed in the literature [55,

112–115]. This is achieved by decomposing the covariance matrix into two orthogonal

components: the signal and noise subspaces. Compared with the pure AIC and

MDL detectors, these combined detector-estimators have superior performance in the

presence of partially or fully correlated (coherent) sources. However, they require the

estimation of signal parameters, which leads to a significantly greater computational

cost than the AIC and MDL enumerators.

The ITCs and their variants have their root in the maximum likelihood (ML)

theory and and rely on the ML estimate which is optimal when the number of snap-

shots is much larger than the number of sensors. However, in applications with large

aperture arrays such as meteorology and oceanography [117], functional data anal-

ysis [118], and medical imaging [119], the number of sensors can be on the order of

hundreds or thousands and can be comparable to or larger than the number of snap-

shots. In such a relatively small sample scenarios, the ML estimate have no optimum

properties [120] and consequently the performance of the ITCs cannot be guaranteed.

To address this, the EFT [31], RMT [70, 121], and EFIC [39] have been proposed.

For small sample records, the ordered white-noise-only eigenvalues approximately

obeys an exponential profile [122]. In EFT, the number of signals is determined from

the point of deviation of the observed profile from the noise-only exponential profile.

The RMT algorithm, on the other hand, exploits the RMT which establish that

the distribution of the largest noise-only eigenvalue converges to the Tracy-Widom

distribution when the number of sensors and snapshots tends to infinity at the same

rate. Starting with the largest eigenvalue, the observed eigenvalue is sequentially

compared with the theoretically predicted eigenvalue and the occurrence of a gap
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indicates the presence of signals. In both EFT and RMT approaches, the number of

signals is determined by a sequence of nested hypothesis tests where a user-defined

threshold is required. Like RMT, the EFIC exploits the RMT and is derived by

exploiting the asymptotic distribution of the quadratic-to-arithmetic mean of the

sample eigenvalues. Using an empirical combination with the information theoretic

approach, the user-defined threshold is avoided in EFIC. Compared with the ITCs,

these methods have been proven to perform better when the number of antennas and

sample are comparable in size [31, 39, 121, 123].

The eigenvalue-based source enumerators rely on the assumption that the noise

are i.i.d. For correlated noise environment, they generally suffer a performance degra-

dation. To handle colored-noise scenarios, a number of subspace-based methods that

exploit the eigenvectors have been proposed [124–128]. In [124,129], the ESTimation

ERror (ESTER) has been proposed for detecting the number of complex sinusoids,

namely, uniform 1-D harmonics. By utilizing the shift invariance property of the signal

subspace spanned by the sinusoids, the ESTER is more robust against colored noise

than the eigenvalue-based source enumerators. Later in [125], an improved version

of ESTER called subspace-based automatic model order selection (SAMOS) is devel-

oped by exploiting the singular values of the signal subspace matrix. Although with

better performance, the number of identifiable signals of SAMOS is reduced by half

compared with ESTER. In [126–128], the number of sources is determined by drawing

Gerschgorin radii. Compared with the eigenvalue-based methods, the subspace-based

methods are more robust against colored noise. In addition, for real time application,

the subspace-based techniques are particularly appealing, since the subspace tracking

is computationally much less expensive than computing an eigenvalue decomposition

(EVD). However, they are more robust to model mismatch errors.

This chapter is organized as follows. In Section 2.1, the DoA estimation data

model is presented and the source enumeration problem is formulated. In Sections 2.2

and 2.3, representative existing eigenvalue- and subspace-based source enumerators

are reviewed. In Section 2.4, the detection performance of various source enumerators
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are systematically compared through the Matlab simulation. The effects of angular

separation, signal correlation, noise correlation and finite sample-size constraints on

the detection performance are investigated, and based on which we find the suitable

application scenario for each source enumerators. We also propose the concept of the

effective source number (ESN) as well as a procedure to identify it using Monte Carlo

(MC) simulation. In Section 2.5, as a contribution to the signal detection field, we

study the optimal choice of a source enumerator in threshold region in the context

of joint source enumeration and DoA estimation. Finally, a summary is provided in

Section 2.6.

2.1 Data Model

Suppose that an array of M sensors is exposed to d narrowband sources. If the size

of the array is much smaller than the distance between the array and sources, the

sources are assumed to be in the far-field of the array of sensors. When the sources

and sensors are in the same plane, the only information about the position of a source

is the DoA (azimuth or elevation). Assume that the signals arrive at the array from

d distinct directions θ = [θ1, . . . , θd], the complex baseband representation of the n-th

snapshot of receive array output is expressed as

yn =A(θ)sn +nn, n = 1, . . . ,N, (2.1.1)

where N is the number of snapshots, yn is the observation vector at the n-th sampling

instant, A(θ) = [a(θ1), . . . ,a(θd)]T ∈ CM×d is the array steering matrix. The array

manifold is defined by A = {a(θ)∣θ ∈ Θ}, where Θ is the region of search. Typically

Θ = [−π/2,π/2]. It is assumed that the array manifold with distinct θk’s are linearly

independent. Therefore, A(θ) has full column rank of d.

In particular, for uniform linear array (ULA), A(θ) has the following Vander-

monde structure:
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A(θ) = [a(θ1), . . . ,a(θd)] =
⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 ⋯ 1

ejµ1 ejµ2 ⋯ ejµd

⋮ ⋮ ⋱ ⋮

ej(M−1)µ1 ej(M−1)µ2 ⋯ ej(M−1)µd

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ CM×d, (2.1.2)

where µk = 2πrsin(θk)/λ, k = 1, . . . , d, with θk being the DoA of the k-th source,

measured relative to the array normal direction, r is the inter-element spacing of the

ULA, and λ denotes the carrier wavelength of the source signal. We assume that

d <min(M,N).
The sn ∈ Cd×1 is a vector collecting the samples of all d signals at time instant

n, which can be modeled either as random vectors or unknown deterministic con-

stants [101, 130]. The signal covariance matrix is Rss = E{ssH} in the stochastic

signal model or Rss = 1/N ∑N
n=1 snsHn in the deterministic signal model. As in [30], we

assume that Rss has full rank. Throughout this thesis, the signal samples of different

sources are assumed to be independent of each other and, without loss of general-

ity, the signal samples of the k-th source are assumed to be generated from an i.i.d.

zero mean circularly symmetric complex Gaussian (ZMCSCG) random process, with

variance of σ2
k. Therefore, Rss = diag{σ2

1, σ
2
2 , . . . , σ

2
d}.

In matrix form, (2.1.1) can be expressed as

Y =A(θ)S +N , (2.1.3)

where Y = [y1, . . . ,yN] ∈ CM×N , S = [s1, . . . ,sN] ∈ Cd×N and N = [n1, . . . ,nN] ∈
CM×N are the observation, source and noise matrices, respectively.

The N consists of either i.i.d. ZMCSCG entries of variance σ2
n, or colored noise.

For i.i.d. ZMCSCG noise, the SNR is defined as

SNR =
∑d

k=1 σ
2
k/d

σ2
n

. (2.1.4)

Given the noisy measurement Y , we desire to estimate the number of signals d,

which is essential to high-resolution estimation of µ1, . . . , µd.
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The population covariance matrix of y is

Ryy = E{yyH} =ARssA
H + σ2

nIM ∈ C
M×M . (2.1.5)

Under the previous assumption that both A and Rss have full rank of d, it holds that

in the absence of noise Ryy has rank d.

The population eigenvalues of Ryy can be obtained from the EVD as

UHRyyU =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ1 + σ2
n

⋱ 0
λd + σ2

n

σ2
n

0 ⋱

σ2
n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈ CM×M , (2.1.6)

where U collects the eigenvectors of Ryy, and λ1 ≥ λ2 ≥ ⋅ ⋅ ⋅ ≥ λd are the sorted

eigenvalues of ARssA
H.

If the population covariance matrix is known, the number of signals can be easily

identified by counting the multiplicity of the smallest population eigenvalues. How-

ever, in practice Ryy is unknown, in which case detection of the number of signals is

a non-trivial issue and in the state-of-the-art source enumerators, the sample eigen-

values and/or eigenvectors are exploited to determine the number of signals d.

2.2 Eigenvalue-based Source Enumerators

In the state-of-the-art eigenvalue-based source enumerators, the sample eigenvalues

are exploited to determine the number of signals d. Applying EVD on the SCM:

R̂yy =
1

N
Y Y H, (2.2.1)

we obtain

R̂yy =UΛUH, (2.2.2)

where U ∈ CM×M is a unitary matrix which collects the eigenvectors, and Λ ∈ CM×M

is a real-valued diagonal matrix, which contains the sorted eigenvalues ℓ1 ≥ ⋅ ⋅ ⋅ ≥ ℓM .
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Table 2.1: Classification of eigenvalue-based source enumeration techniques
Subjective Objective

Large-sample Statistical hypothesis [86] AIC [30], MDL [30], EDC [93]
Small-sample EFT [31], RMT [70, 121] EFIC [39], SURE [123], RADOI [131]

In Table 2.1, we divide the eigenvalue-based detection methods into two main

categories: large-sample based and small-sample based. The ITCs such as the MDL

and AIC are derived from the ML principle and require sufficiently large sample to

ensure good detection performance. However, in settings where the sample size is

small, the ITCs are no longer optimal. Instead, the EFT [31], RMT algorithm [70,

121], EFIC [39] and Stein’s unbiased risk estimator (SURE) [123] have been proven

better.

According to whether a subjective threshold is required in these detection meth-

ods, each category can be further classified into two subgroups: subjective and ob-

jective.

2.2.1 Large-Sample Source Enumerators: Information The-

oretic Criteria

The most commonly used source enumerators for large-sample scenarios are the ITC

approaches which include the AIC and MDL [30,87]. In ITCs, the number of signals

is determined by minimizing the penalized negative log-likelihood function. The AIC

and MDL have a common form of cost function, namely [87, 132]

ITC(k) = −2 log (pk (Y , θ̂
(k))) +C(N) ⋅ ν(k;M,N) (2.2.3)

but with different penalty coefficients for penalizing overfitting of the model:

AIC ∶ C(N) = 2 (2.2.4)

MDL ∶ C(N) = log(N) (2.2.5)

where pk(Y , θ̂
(k)) is the likelihood function with θ̂

(k)
being the ML estimate of the

parameter vector of the k-th model, namely, θ(k), and ν is the number of free param-

eters in θ(k). We see that in MDL a heavier penalty than AIC is imposed. Therefore
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the MDL is more inclined to underestimate the number of signals, whereas the AIC

tends to overestimation. It has been shown that the MDL estimator is consistent

as the sample size tends to infinity [30, 93, 97, 133], while the AIC estimator is not

consistent, having a non-negligible probability to overestimate the number of signals

in the large-sample limit [134]. Furthermore, in [93], it is shown that any penalty

coefficient C(N) that satisfies
C(N)

log logN
→∞, C(N)

N
→ 0, as N →∞, (2.2.6)

will yield a consistent estimator as well. The ITCs with a penalty function that

satisfy (2.2.6) are collectively referred to as efficient detection criterion (EDC) [93,94].

In particular, in the context of sensor array processing, we have ν(k;M,N) =
k(2M − k) and the likelihood function in (2.2.3) is

log(pk (Y , θ̂
(k))) = −N(M − k) log⎛⎜⎝

(∏M
i=k+1 ℓi) 1

M−k

1
M−k ∑M

i=k+1 ℓi

⎞⎟⎠ .
2.2.2 Small-Sample Source Enumerators

The ITCs are derived from large-sample asymptotics and fail to provide reliable per-

formance when the number of available snapshots N is small relative to the num-

ber of sensors M . Instead, the EFT [31], RMT algorithm [70, 121], EFIC [39] and

SURE [123] have been proven better [31, 39, 121, 123]. The EFT is empirically de-

signed for small M small N scenario, whereas the RMT/EFIC/SURE are derived

from the RMT and are suitable for large M relatively large N case.

Exponential Fitting Test [31]

The EFT is derived from the empirical observation that for small sample records the

ordered noise-only eigenvalues obtained from an M ×N observation matrix of i.i.d.

entries has an approximate exponential profile:

ℓm ≃ ℓ1β
m−1, m = 1, . . . ,M (2.2.7)
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Figure 2.1: Observed and exponential profiles of the noise-only eigenvalues. M = 12,
N = 15. d = 2. σ2

n = 1.0
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where β is the base of the exponential function. Figure 2.1 illustrates the exponential

profile of ordered noise eigenvalues.

In the presence of signals, the ordered profile of the observed eigenvalue deviates

from the exponential profile of the noise-only eigenvalues. The occurrence of such a

deviation indicates the presence of a signal, while the point at which such a deviation

first occurs indicates the number of signals present.

Assuming that the smallest eigenvalue is a noise eigenvalue, a sequence of hy-

potheses is tested starting with the second smallest eigenvalue (EV), namely, ℓM−1:

H1 ∶ ℓM−1 is a noise EV ,
ℓM−1 − ℓ̂M−1

ℓ̂M−1
≤ ηM−1

H̄1 ∶ ℓM−1 is a signal EV ,
ℓM−1 − ℓ̂M−1

ℓ̂M−1
> ηM−1.

(2.2.8)

where ηM−1 is the threshold coefficient, and ℓ̂M−1 is the second smallest eigenvalue of

the theoretical noise eigenvalue profile.

If ℓM−1 corresponds to noise EV, we proceed to the next hypothesis test with ℓM−2.

We continue this way and sequentially test ℓM−1, ℓM−2, . . . , ℓ1. In general, in the k-th

test,

Hk ∶ ℓM−k is a noise EV ,
ℓM−k − ℓ̂M−k

ℓ̂M−k
≤ ηM−k

H̄k ∶ ℓM−k is a signal EV ,
ℓM−k − ℓ̂M−k

ℓ̂M−k
> ηM−k.

(2.2.9)

where ηM−k is the threshold coefficient, and ℓ̂M−k is the theoretically predicted noise-

only eigenvalue-based on the exponential profile of ordered noise eigenvalues [31]:

ℓ̂M−k = (k + 1) ⋅ 1 − β(k + 1,N)
1 − β(k + 1,N)k+1 σ̂2

n (2.2.10)

σ̂2
n =

1

k + 1

k∑
i=0
ℓM−i, (2.2.11)

with β(k + 1,N), k = 1, . . . ,M − 1, being given by [31]

β(k + 1,N) = exp
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−

¿ÁÁÁÀ 30(k + 1)2 + 2 −
¿ÁÁÀ 900[(k + 1)2 + 2]2 − 720 ⋅ (k + 1)

N [(k + 1)4 + (k + 1)2 − 2]
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
.

(2.2.12)
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When the alternative hypothesis H̄k is accepted, stop and output d̂ =M − k. If in all

hypothesis tests, H̄k is rejected, then d̂ = 0 is the final estimate.

For a given M , N , in [31] the thresholds ηM−k, k = 1, . . . ,M − 1, are determined

by MC simulation which consists of a large number of random realizations of M ×N

noise-only matrix of i.i.d. zero-mean Gaussian entries. To this end, for a given ηM−k,

the probability that H̄k is accepted, namely, the probability of over-enumeration by

(M − k) signals is
Pfa(M − k) ≃ Pr{ℓM−k − ℓ̂M−k

ℓ̂M−k
> ηM−k} = E [1D (ℓM−k, . . . , ℓM)] , (2.2.13)

where

D (ℓ1, . . . , ℓM) = {ℓM−k ≥ ⋅ ⋅ ⋅ ≥ ℓM ∣ℓM−k − ℓ̂M−k
ℓ̂M−k

> ηM−k} . (2.2.14)

From (A.3), Pfa(M−k) can be approximately obtained by averaging 1D (ℓM−k, . . . , ℓM)
for a large number of MC trials. We thus obtain the Pfa(M −k) as a function of ηM−k

curve. From this curve, ηM−k is selected for a given Pfa(M − k), k = 1, . . . ,M − 1.
To obtain a relative estimation error of Pfa that is smaller than α for a confidence

level β, the number of MC runs should satisfy Q ≥ c2/(α2Pfa) [31], where c is obtained
from

∫
c

−c

1√
2π

exp{−y2
2
}dy = β. (2.2.15)

For example, forM = 5 sensors and Pfa = 0.01, we have Pfa(M −k) = 1/(M −1) = 0.025
for k = 1, . . . ,4. When α = 0.1, β = 95%, the minimum number of required MC runs

is Q = 160000.

Note that although the calculation of the threshold coefficients is computationally

expensive, it is calculated through noise-only MC simulation and is a function of the

measurement size only. Since in practice the measurement size is known and does not

vary often, the MC simulation can be conducted offline.

Random Matrix Theory Algorithm [121]

The RMT algorithm exploits the RMT which establishes that the distribution of the

largest noise-only eigenvalue converges to the Tracy-Widom distribution when the
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number of sensors M and samples N tend to infinity at the same speed, detailed in

the following Theorem [135–137].

Theorem 2.2.1. Let Y be M ×N (N ≥M) matrix with i.i.d. N(0, σ2
nIM) entries.

In the joint limit M,N → ∞, with N/M → γ ≥ 0, the distribution of the largest
eigenvalue ℓ1 of the SCM Ryy = Y Y H/N converges to a Tracy-Widom distribution

Pr{ℓ1/σ2
n − µM,N

σM,N

}→ Fβ(s) (2.2.16)

where for real-valued noise β = 1 and

µM,N =
1

N
(√M − 1/2 +√N − 1/2)2 , (2.2.17)

σM,N =
µM,N

N

⎛⎝ 1√
M − 1/2 +

1√
N − 1/2

⎞⎠
1/3

, (2.2.18)

while for complex-valued noise β = 2, and the expressions of µM,N and σM,N have a
more involved but similar form [135].

The case of one or more signals embedded in noise is called the spiked model [138,

139], i.e., noise model spiked with few significant eigenvalues. For the spiked noise

model with d≪M signals, it has been known that the result of Theorem 1 still holds

for the largest sample eigenvalue that corresponds to noise [70,121]. Thereby, Kritch-

man and Nadler have proposed to determine the number of signals via a sequence of

nested hypothesis tests starting with the largest sample eigenvalue. In the k-th test,

k = 1, . . . ,min(M,N) − 1,
Hk ∶ ℓk is a noise EV ,

H̄k ∶ ℓk is a signal EV .
(2.2.19)

Hk is rejected if

ℓk > σ̂
2
n(k) (µN,M−k + s(α)σN,M−k) , (2.2.20)

where s(α) is determined by F2(s(α)) = 1 −α with α being the confidence level.

Here, σ̂2
n(k) is an estimate of the unknown noise level σ2

n in the k-th hypothesis

test. In [70, 121], it is calculated based on the matrix perturbation theory and by

iteratively solving a non-linear system of equations, using the ML estimate [30]

σ̂2
n(k) = 1

M − k

M

∑
i=k+1

ℓi. (2.2.21)
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as the initial guess. The resultant estimate of σ2
n has remarkably improved accuracy

over the ML estimate. For details, the interested reader is referred to Section III.C

of [121].

Eigenvalue Fluctuation Information Criterion [39]

To handle the large M relatively small N case, the EFIC [39] exploits the statistic of

the quadratic-to-arithmetic mean of the smallest (M − k) sample eigenvalues:

ξk =
1

M−k ∑M
i=k+1 ℓ

2
i( 1

M−k ∑M
i=k+1 ℓi)2 , k = 1, . . . ,M − 1. (2.2.22)

Under the i.i.d. Gaussian assumption of the samples and as M,N →∞, M/N → c ∈

(0,∞), it holds that [39]
qk =M [ξk − (1 + c)] DÐ→N (0,2c2) , (2.2.23)

where
DÐ→ denotes the convergence in distribution.

To eliminate the need to set a subjective threshold, the limiting distribution of qk

in (2.2.23) is heuristically used in the AIC in lieu of the likelihood function, and the

resultant cost function as below is minimized to determine the number of signals:

EFIC(k) = β
4
[N
M
]2 t2k + 2(k + 1), (2.2.24a)

where

tk =

⎡⎢⎢⎢⎢⎣(M − k)
∑M

i=k+1 ℓ
2
i(∑M

i=k+1 ℓi)2 − (1 +
M

N
)⎤⎥⎥⎥⎥⎦M − (

2

β
− 1)M

N
, (2.2.24b)

with β = 1 for real-valued observations and β = 2 for complex-valued observations.

Stein’s Unbiased Risk Estimator [123]

In [123], the SURE [140] is applied for estimating the number of principal components

in PCA. The unbiased estimator of the risk (signal reconstruction error) is shown to
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be [123]

R̂(k) = (M − k)σ̂2
n(k) + 2σ2

nk + (σ̂4
k − 2σ̂

2
n(k)σ2

n +
4σ̂2

n(k)σ2
n

N
) k

∑
i=1

1

ℓi

+
4σ2

n

N

k

∑
i=1

M

∑
j=k+1

ℓi − σ̂2
n(k)

ℓi − ℓj
+
2σ2

n

N
k(k − 1)

−
2σ2

n

N
(M − 1) k

∑
i=1
(1 − σ̂2

n(k)
ℓi
) (2.2.25)

where σ2
n is the true noise variance, and σ̂2

n(k) is the ML estimate of σ2
n as defined

in (2.2.21).

Given the noise variance σ2
n, the number of principal components is estimated as

d̂ = argmin
k
R̂(k). (2.2.26)

In case the noise variance σ2
n is unknown, it must be estimated in an accurate

way other than maximum-likelihood estimation for the SURE to appropriately work.

To this end, in [123] the authors have proposed to estimate the noise variance σ2
n via

the RMT which establishes that the empirical distribution of the sample eigenvalues

converges to the Marchenko-Pastur distribution when the number of sensors M and

the number of samples N go to infinity in fixed ratio. For details, the interested

reader is referred to Section 4.2 in [123].

Discriminant Function for Eigenvalue Classification [131]

In [131], the source enumeration problem is considered as an eigenvalue classification

problem with two categories, one associated to the signal subspace and the other to the

noise subspace, and estimating the number of signals is equivalent to identifying how

many eigenvalues are associated to the former subspace. Two discriminant functions

are empirically constructed to distinguish between the signal and noise eigenvalues.

We therefore refer to this method as the DFEC algorithm.

The cost function is composed of two discriminant functions g1(k) and g2(k), one
for the signal subspace and the other for the noise subspace:

C(k) = g1(k) − g2(k), (2.2.27)
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where g1(k) is empirically chosen as the normalized (k + 1)-th eigenvalue:

g1(k) = ℓk+1

∑M
i=2 ℓi

, (2.2.28)

and

g2(k) = ξk

∑M−1
i=1 ξi

. (2.2.29)

In (2.2.29), ξk denotes the relative difference between the slope of the eigenvalue

profile at the i-th sample eigenvalue ℓi and the maximum slope

ξk = 1 −
1

α

ℓk − µk

µk

, (2.2.30)

where (ℓk − µk)/µk is the slope of the eigenvalue profile at ℓi, namely, the relative

difference between the current sample eigenvalue ℓi and the mean of the next (M −k)
sample eigenvalues, µk

µk =
1

M − k

M

∑
i=k+1

ℓi, (2.2.31)

and α is the maximum slope given by

α =max
k

(ℓk − µk)
µk

. (2.2.32)

In [131], the DFEC is applicable for colored noise scenarios in which case it out-

performs the Gerschgoerin disk estimator (GDE) criterion [127, 128].

2.3 Subspace-based Source Enumerator

The eigenvalue-based source enumerators rely on the assumption that the noise are

i.i.d. Under the correlated noise environment, most of them suffer a performance

degradation. To address this issue, subspace-based source enumerators that exploit

the sample eigenvectors have been proposed in the literature [124, 125].

2.3.1 Estimation Error

The ESTER [124, 129] exploits the shift invariance property between two identical

subarrays to estimate the number of sources. In particular, for ULA arrays, the

first subarray is composed of the first (M − 1) sensors while the second subarray is
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composed of the final (M − 1) sensors. In this case, the shift invariance equation has

the following form:

J1A ⋅Φ = J2A (2.3.1)

where J1 ∈ R
(M−1)×M (respectively J2 ∈ R

(M−1)×M ) is the selection matrix formed

by the first (respectively last) (M − 1) rows of an M × M identity matrix, and

Φ = diag([ejµ1 , ejµ2 , . . . , ejµd]) is a diagonal matrix. Note that the results can be

generalized to the case of two identical subarrays that are of arbitrary geometry

and/or are not overlapped.

In practice, the array steering matrix A is unknown, and the eigenvector matrix

U can be exploited. Let U k collect the k dominant left singular vectors associated

with the k largest singular values, and define the residual matrix as

Ek = J1U k ⋅Ψk − J2U k, (2.3.2a)

where

Ψk = (J1U k)†J2U k. (2.3.2b)

As shown in [124,129], for the under-enumeration case of k < d, the shift invariance

is not satisfied, and ∥Ek∥2 > 0 is the upper bound of the square error between the

eigenvalues of Ψk and the closest eigenvalues of Ψd. For k = d, as will be shown soon,

U d spans the same signal subspace as A, and hence there exists a non-singular ma-

trix T such that U d =AT , and Ψd = T
−1ΦT satisfies J1U d ⋅Ψd = J2U d. Therefore,

∥Ed∥2 = 0. For the over-enumeration case of k > d, ∥Ek∥2 > 0 since the noise eigen-

vectors do not satisfy the shift invariance property. Therefore, the global minimum

of zero of ∥Ek∥2 is reached at k = d, and the estimated signal number, denoted by d̂,

is obtained by minimizing the residual error:

d̂ = argmin
k=1,...,min(M−2,N)

∥Ek∥22. (2.3.3)

2.3.2 Subspace-based Automatic Model Order Selection

In SAMOS [125], the shift-invariance property of

U tb
k = [J2U k J1U k] ∈ C(M−1)×2k (2.3.4)
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is exploited to estimate the number of sources.

In the absence of noise and when k = d, we have J2U d and J1U d span the same

subspace. Therefore U tb
d is a rank-d matrix, and the last d singular values ℓtb

d+1, . . . , ℓ
tb
2d

are equal to zero. When k > d, the subspace spanned by the additional columns of

J2U k and J1U k has no shift invariance properties. Therefore, adding a column to

U tb
k increases the rank of by two [125]. When k < d, the columns of U tb

k contain

contributions of all d components. Therefore, U tb
k is of rank min(2k, d) [125]. Hence,

the number of sources is determined by

d̂ = argmax
k

1

E(k) (2.3.5)

E(k) = 1

k

2k

∑
i=k+1

ℓtbi , (2.3.6)

where ℓtbi denotes the i-th singular value of U tb
k .

2.4 Performance Comparison of Existing Detec-

tion Approaches

We evaluate the performance of previously introduced matrix-based source enumera-

tors in terms of probability of correct detection (PoD) versus SNR via MC simulations

for different scenarios. A ULA of omni-directional elements and with half-wavelength

spacing is used to receive far-field narrow-band sources. The data are simulated ac-

cording to (2.1.1). In the threshold-based source enumerators EFT and RMT, the

false alarm rate is set as Pfa = 0.01. Each result represents an average of 10000

independent MC runs.

First, we consider the large-sample scenario where a ULA of M = 7 antennas

collects N = 700 snapshots. Different source signals have equal power and their

spatial frequencies are assumed to be equally spaced in the interval [0,2π), with

their spacing being an integral multiple of 2π/M such that a(θi), i = 1, . . . , d, are

orthogonal to each other. The samples of different sources are uncorrelated with each

other and the samples of each source are ZMCSCG distributed with zero mean and
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unit variance. The noise samples are uncorrelated ZMCSCG samples with variance

of σ2
n.

Fig 2.2 presents the PoD as a function of the SNRs for d = 2 sources. We see that

the MDL attains a PoD of 1 for sufficiently high SNRs, whereas the AIC cannot due

to non-negligible Pfa. This is a well-established fact in the literature. Interestingly,

the source enumerators that are derived in the small-sample framework, e.g., EFIC,

EFT and RMT, perform well in the large-sample scenario. In particular, for low SNRs

all of them outperform the MDL. For high SNRs the first two correctly detect the

number of signals like the MDL, whereas the RMT has a non-ignorable probability of

incorrectly detecting the number of signals almost the same as the AIC. The SURE

performs worst in the large-sample scenarios since it almost always overestimates the

number of sources.

The histogram of the estimated number of sources by various source enumerators

are shown in Figure 2.3. We see that the detection errors of all source enumerators are

mainly due to overestimation of the number of sources. In particular, the SURE fails

to detect the number of sources because it always overestimate the number of sources.

In contrast, the EFIC and EFT have almost imperceptible probability of overestimat-

ing the number of signals, while the RMT has a probability of overestimation that is

non-ignorable but still slightly lower than the AIC.

It is worth noting that the ESTER performs excellently in white noise under such

“good conditions”, namely, wide-spaced uncorrelated sources and perfect uniform

arrays without spacing errors. Also note that the empirical DFEC performs quite

well in such “good conditions” and is overall the best source enumerator.

In Figure 2.2(b), the number of sources is increased to d = 4. Similar observations

are obtained for all source enumerators as in Figure 2.2(a). Note that in this case the

SAMOS fails completely since its maximum number of detectable signals is 3.

Next, we investigate the effects of angular separation, signal correlation, noise

correlation and finite sample-size constraints on the detection performance.

In Figure 2.4, the angular resolution of various source enumerators are compared
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by presenting their detection probabilities as a function of the angular separation.

We see that as the angular separation decreases, the ESTER degrades most quickly,

followed by EDC, SAMOS and DFEC. The AIC and EFT/RMT/EFIC are least

affected by the decrease of the angular separation which shows that they are most

suitable for high-resolution applications such as radar imaging [131].

In Figure 2.5, the effect of signal correlation on the detection probability is inves-

tigated. The correlated source samples are generated from a first-order AR process:

si(k) = ρ ⋅ si−1(k) +√1 − ∣ρ∣2 ⋅ ei(k), i = 1, . . . , d (2.4.1)

for all k = 1, . . . , n, where ei(k) is i.i.d. ZMCSCG distributed noise with variance σ2
s

and ρ is the correlation coefficient.

We see that for correlated sources all source enumerators suffer a degradation in

performance. With an increase in the level of signal correlation, the ESTER and

SAMOS are least affected by the variation of signal correlation, followed by the AIC

and EFT/RMT/EFIC, and the EDC and DFEC are most sensitive to the dynamic

change of angular separation.

We also investigate the effect of the dynamic range of signal powers on the de-

tection probability of various source enumerators. Simulation results show that the

dynamic range of signal powers has a similar effect on the detection probability as

that of signal correlation. With the dispersion of signal powers, all source enumera-

tors suffer a performance degradation, and the ESTER/SAMOS are robust against

the dynamic range of signal powers while the EDC and DFEC are sensitive to it.

In Figure 2.6, the number of sources is estimated in the presence of correlated

noise. The correlation coefficients ρ varies from 0 to 0.999, and the SNR is fixed as

5 dB. As in [141], the colored noise is obtained by filtering the white noise through

an AR filter of order one:

n
(c)
m+1 = ρ ⋅ n

(c)
m +
√
1 − ∣ρ∣2 ⋅ nm+1. (2.4.2)



CHAPTER 2. MATRIX-BASED SOURCE ENUMERATION 35

Consequently, the noise covariance matrix has the following structure:

Rnn = σ
2
n ⋅LLH

= σ2
n ⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ρ∗ . . . (ρ∗)M−1
ρ 1 . . . (ρ∗)M−2
⋮ ⋮ ⋱ ⋮

ρM−1 ρM−2 . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.4.3)

The SNR is defined as

SNR =
∥A(θ)S∥2F
MNσ2

n

. (2.4.4)

For such a scenario, with the increase of the noise correlation level, the ITCs and

EFT/RMT/EFIC degrade rapidly in performance until it reaches zero when ρ > 0.2,

and the EDC works for low correlation levels of ρ > 0.4. In contrast to the ITCs and

EFT/RMT/EFIC, the DFEC/ESTER/SAMOS are robust against noise correlation

and do not degrade until ρ > 0.85.

We then proceed to the small-sample scenario where a ULA of M = 64 antennas

receives N = 80 snapshots at each antenna. In Figure 2.7, the RMT and EFIC,

derived from large-dimensional RMT, works well when the number of samples and

antennas are both large and have comparable sizes. On the other hand, the EFT

relies on the exponential profile of the ordered signal-free sample eigenvalues which

is efficient only in scenarios when the number of sensors and samples are both small

and have comparable sizes1.

Interestingly, for a small number of sources that satisfies d ≪ min(M,N), the

AIC, MDL and EDC also work well. However, in the presence of a sufficiently large

number of signals, they suffer from a performance degradation. It is worth noting

that, like the large-sample case, the ESTER is robust against signal and noise cor-

relation. In addition, under “good conditions” of wide-spaced sources, it is the best

source enumerator in the small-sample scenario. However, it is very sensitive to an-

gular separation and in the presence of closely-spaced sources, it suffers from severe

1Nevertheless, the EFT is also suitable for finite number-of-sensor, large number-of-sample sce-
narios. This is because the exponential profile of the ordered white-noise-only eigenvalues still makes
a good approximation in this scenario. However, when the number of sensors and samples are both
large, using the EFT leads to the overestimation of the number of signals, since the observed noise-
only profile is deviated from the exponential profile.
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performance degradation.

The effects of angular separation, signal correlation, noise correlation and finite

sample-size constraints on the detection performance remain to be investigated for

M = 64, N = 80.

2.5 Source Enumeration in Threshold Region

In some applications such as EEG or MEG and MIMO radar imaging, estimation of

non-linear parameters in the threshold region, which occurs in challenging scenarios

such as low SNR and/or presence of closely-spaced sources, is required. As shown

in Figure 2.8, as the SNR drops below the threshold point, the mean square error

(MSE) of the nonlinear parameter estimates departs from the Cramér-Rao lower

bound (CRLB) and rises rapidly. In general, the sources have distinct powers and/or

unequally spaced angles. Therefore, the estimation errors among sources are unevenly

distributed: some estimates are centered about the true parameters and carry small

or local errors [142], whereas other estimates carry large or global errors [142]. The

number of former estimates is referred to as the effective source number (ESN).

In this section, we investigate the optimal choice of the number of signals in the

threshold region in the context of joint signal number and parameter estimation. In

the threshold region, existing source enumerators tend to underestimate the correct

number of signals. To handle this, an empirical detection method biased towards

over-enumeration is designed in [131] to cater to radar imagery applications, where

it is preferable to overestimate, rather than underestimate, the number of harmonic

components. However using an overestimated signal number in a parameter estimator

introduces useless inaccurate parameter estimates.

We therefore focus on the complementary application scenarios where under-

enumeration is preferred. First the ESN wis explicitly defined and determined via the

Monte Carlo simulation. In applications where inaccurate estimates entail high costs

and are therefore undesirable, overestimation of the ESN should be avoided, because

using an overestimated signal number larger than the ESN in a parameter estimator
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Figure 2.2: PoD versus SNR curve for equal-power wide-separated sources in white
noise environment. M = 7, N = 700.
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Figure 2.3: Histogram of estimated number of signals for equal-power wide-separated
sources in white noise environment. M = 7, N = 700. d = 2. SNR=-5 dB.
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Figure 2.4: PoD versus angle separation curve for equal-power sources in white noise
environment. M = 7, N = 700. SNR=-5 dB.
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Figure 2.5: PoD versus signal correlation coefficient curve for equal-power wide-
separated sources in white noise environment. M = 7, N = 700.
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Figure 2.6: PoD versus noise correlation coefficient curve for equal-power wide-
separated sources in colored noise environments.
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Figure 2.7: PoD versus SNR curve for equal-power wide-separated sources in white
noise environment. M = 64, N = 80.
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Figure 2.8: Typical composite MSE curve for nonlinear parameter estimation [1].

returns a mixture of both accurate and inaccurate estimates. Consquently, source

enumerators that are prone to underestimating the number of signals (referred to

as under-enumerators for short), such as MDL [30, 87], heavily-penalized EDC [132],

and ESTER [124,129], are good choices since empirically they rarely overestimate the

ESN in the threshold region.

However, the under-enumerators may underestimate the ESN to various extents

and with various probabilities. And using an underestimated signal number less than

the ESN for parameter estimation renders some strong signals being treated as noise,

which harms the estimation of other strong signals and results in a loss of accuracy

in parameter estimates. We propose to combine the under-enumerators with the

source enumerators that tend to overestimate the number of signals, referred to as

over-enumerators, for parameter estimation in the threshold region. Such a scheme

retains the benefit of the under-enumerators, in terms of obtaining only accurate

estimates and at the same time, remarkably improves the estimation accuracy.
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2.5.1 Integration of Source Enumeration with Parameter

Estimation

The ESPRIT algorithm uses the signal subspace to estimate the spatial frequencies.

Denote d̂ as a signal number estimate returned by a source enumerator, the d̂ eigen-

vectors associated to the d̂ largest eigenvalues, namely, the first d̂ columns of U

in (2.2.2), are assumed to form the signal subspace U s.

The shift invariance equation then takes the following form:

J1U sΨ ≃ J2U s. (2.5.1)

The above sets of equations are overdetermined and can be solved by the least squares

method.

From Ψ, the spatial frequencies are estimated as

µ̂i = arg(ψi) i = 1, . . . , d̂, (2.5.2)

where ψi denotes the i-th eigenvalue of Ψ.

In order to evaluate the performance and calculate the root MSE (RMSE), we

use the greedy algorithm to pair the estimated and true spatial frequencies. Denote

d̃ =min(d, d̂), after pairing up we have (µ̂1, µi1) , . . . , (µ̂d̃, µi
d̃
), where ∣µ̂1 −µi1 ∣ ≤ ⋅ ⋅ ⋅ ≤

∣µ̂d̃ − µi
d̃
∣. The RMSE of the parameter estimates is defined as

RMSE(d̂) =
¿ÁÁÀ1

d̃

d̃

∑
k=1
∣µ̂k − µik ∣2. (2.5.3)

2.5.2 Problem with Use of Single Source Enumerator for

Parameter Estimation in Threshold Region

In the threshold region, only part of the signal parameters can be accurately esti-

mated. The traditionally well-performing source enumerators that target identifica-

tion of the correct number of signals in the asymptotic region may not be a good

choice in the threshold region.

To illustrate this, consider a scenario where d = 5 sources with equal powers but

different angular separations impinge on a ULA of M = 10 elements each collecting
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N = 100 snapshots, with µ = [47,125,−11,38,135]○. Random Gaussian white noise

with a fixed SNR of = 5 dB is added. The parameter estimates and the estimation

errors for a single but representative noisy realization are displayed in Table 2.2,

where the second to fifth rows respectively correspond to the results obtained when

the correct number of signals, namely, d = 5, the number of signals estimated by

the AIC, MDL and EDC, denoted as d̂AIC, d̂MDL and d̂EDC, are respectively used in

ESPRIT for DOA estimation. The numbers in the parentheses denote the estimation

errors of the individual estimates.

From the second row, among the five estimates, only three, namely, the ones

corresponding to µ3 = −11○, µ4 = 38○ and µ5 = 135○ are accurate (effective) whereas

the other two, namely, the ones associated to µ1 = 47○ and µ2 = 125○ carry large

estimation errors. This is because two pairs of sources, namely, (µ1, µ4) = (47,38)○
and (µ2, µ5) = (125,135)○ are closely spaced, and for a high noise level, the separation

between each pair of closely-spaced sources falls below the resolution of ESPRIT and

becomes invisible. The effective number of signals, namely, the ESN, is hence equal

to 3.

In the third row of Table 2.2, the AIC overestimates the ESN by one, which results

in a mixture of three accurate parameter estimates and one inaccurate estimate. This

is undesirable in applications where inaccurate estimates entail extra costs.

On the other hand, the MDL correctly estimates the ESN and the EDC underes-

timates the ESN by one; in both cases the inaccurate estimates have been completely

excluded. However, in the last column of Table 2.2 the RMSE of the resultant esti-

mates by passing d̂EDC = 2 to ESPRIT is 3.91○, which is clearly larger than that of

the two most accurate estimates obtained by passing d = 5 to ESPRIT, which is only

2.08○. We call this ‘accuracy loss’. This is because using d̂EDC = 2 in ESPRIT renders

one effective (strong) signal being treated as noise, which harms the estimation of

other two strong signals.

Note that for MDL, under-enumeration of the ESN also occurs although less com-

monly than EDC. Therefore, it also suffers the accuracy loss. In Section 2.5.3, a
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Table 2.2: Frequency estimation error in degrees (○) in ESPRIT when the correct
number of signals, the number of signals estimated by AIC and MDL are used. M =
10, N = 100, d = 5, µ = [47,125,−11,38,135]○, and equal-power sources with SNR = 5
dB.
µi µ̂i (d = 5) µ̂i (d̂AIC = 4) µ̂i (d̂MDL = 3) µ̂i (d̂EDC = 2)

47 -74.5 (-121.5) × × ×
125 94.1 (-30.9) 101.8 (-23.2) × ×
-11 -12.8 (-1.8) -11.6 (-0.6) -11.6 (-0.6) ×
38 40.3 (2.3) 41.3 (3.3) 42.1 (4.1) 34.5 (-3.5)
135 130.4 (-4.60) 130.1 (-4.9) 130.8 (-4.2) 130.7 (-4.3)

RMSE 56.12 11.97 3.42 3.91

Most accurate d̂MDL 3.15 3.43 3.42 ×

Most accurate d̂EDC 2.08 2.35 2.96 3.91

simple method is proposed to reduce accuracy loss.

2.5.3 Proposed Approach

Given the number of sensors and samples, number of sources d, signal powers and

DOAs of d sources, and noise level, the ESN can be determined by Monte Carlo

simulation. Denote the d frequency estimates obtained by passing the correct number

of signals d to ESPRIT and ordered in terms of accuracy as µ̂1, . . . , µ̂d, with ∣µ̂1−µi1 ∣ ≤
⋅ ⋅ ⋅ ≤ ∣µ̂d − µid ∣, where (µ̂1, µi1) , . . . , (µ̂d, µid) are the estimated-true frequency pairs.

The effective number of signals, denoted by deff, is determined as

deff = max
k∈{1,...,d}

k s. t. RMSE(k) ≤ η, (2.5.4)

with

RMSE(k) =
¿ÁÁÀ∑NT

n=1∑k
j=1 ∣µ̂(n)j − µ

(n)
ij
∣2

NT × k
, (2.5.5)

where NT is the number of Monte Carlo trials, {µ̂(n)j }dj=1 denote the d frequency

estimates in the n-th trial, n = 1, . . . ,NT, and η is the predefined threshold estimation

error. To reduce the statistical error, NT should be sufficiently large, typically in the

order of 1000.



CHAPTER 2. MATRIX-BASED SOURCE ENUMERATION 47

A close-to-generic settings of η is the estimation error corresponding to the thresh-

old point. Fig. 2.9 shows the identified ESN for various SNRs by Monte Carlo sim-

ulation. Note that the ESN is equal to the number of sources at a low noise level

in the asymptotic region, and gradually decreases as the noise power increases in the

threshold region, and finally down to zero at a high noise level in the no information

region, also known as permanent state of futility.

As shown in Section 2.5.2, integration of under-enumerators with ESPRIT suffers

from an accuracy loss in the parameter estimates to various extents. To reduce the

accuracy loss, we can resort to using an over-enumerator. Looking again at Table 2.2,

the MSE of the two most accurate estimates obtained by passing d̂AIC = 4 to ESPRIT

improves in accuracy over the ones obtained by passing d̂EDC = 2 to ESPRIT. This

is because, different from the latter, in the former only one non-identifiable signal is

treated as noise and this does not harm the estimation of strong components. This

result is presented in the following conjecture whose proof is left as future work while

numerical simulations are used as corroborating evidence.

Conjecture 2.5.1. Consider two signal number underestimates d̂1 < d̂2 ≤ d. If d̂1 <
deff ≤ d̂2, the parameter estimates obtained by passing d̂1 to ESPRIT is less accurate

(have larger MSEs) than the d̂1 most accurate parameter estimates obtained by passing
d̂2 to ESPRIT.

In order to reduce the accuracy loss of the under-enumerator while keeping its

advantage with only accurate estimates, we propose to combine it with an over-

enumerator in the following steps.

1) Choose a proper over-enumerator to obtain a signal number estimate, denoted

as d̂2. Let µ̂2 = [µ̂1, . . . , µ̂d̂2
] collect the d̂2 parameter estimates obtained by

passing d̂2 to ESPRIT. Normally d̂2 ≥ deff, and when d̂2 > deff, µ̂2 is a mixture

of accurate and inaccurate parameter estimates.

2) Use an under-enumerator to obtain a signal number estimate, denoted as d̂1.

3) For d̂1 > 0, identify the d̂1 most accurate components of µ̂2 via the minimum

reconstruction-error criteria. Specifically, let µ̂1[k] represents a d̂1-combination
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of the d̂2 components in µ̂2. For the k-th combination, k = 1, . . . , (d̂2
d̂1
), we first

reconstructA (µ̂1[k]) and then find the estimate of S as Ŝ[k] = [A (µ̂1[k])]† Y .

The d̂1 most accurate estimates are determined as

µ̂1 = arg min
k=1,...,(d̂2

d̂1
)
∥Y −A (µ̂1[k]) Ŝ[k]∥2F . (2.5.6)

In general d̂2 ≤ d, and hence the number of combinations (d̂2
d̂1
) increases at a rate no

more than (d̂2 − d̂1)-order polynomially with d. Since typically (d̂2 − d̂1) is small, the

above algorithm can be implemented at a reasonable computational cost.

Choice of Under- and Over-enumerators

The choice of a “good” under-enumerator depends on the accuracy requirement which

is application dependent. The higher the estimation accuracy requirement is, the

more conservative an enumerator should be chosen. Using an enumerator that is

more conservative in selecting the number of signals such as EDC leads to a decrease

in the number of available estimates, but meanwhile an improvement in the estimation

accuracy is expected.

On the other hand, according to Conjecture 2.5.1, a good over-enumerator should

be able to return a signal number estimate that satisfies deff ≤ d̂2 ≤ d. However, this

condition can be relaxed to deff ≤ d̂2 ≤ d +∆, where ∆ is a small positive integer,

e.g., 1 or 2. It is because simulations show that the accuracy of the final d̂1 estimates

obtained in the proposed algorithm is much less sensitive to overestimation of the

ESN than to underestimation of it by the chosen over-enumerator, even if d̂2 slightly

exceeds d. In this sense, the AIC is a good option for the over-enumerator.

2.5.4 Simulation Results

The MDL and EDC are used as under-enumerators, while for over-enumerators two

choices are employed: 1) AIC; 2) Combination of AIC and DFEC, namely, choose

the estimate of AIC or DFEC, whichever is larger. The DFEC is an empirical source

enumerator that has been shown to be effective at detecting weak signals [131].
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We consider a scenario where the sources have equal powers and closed-spaced

sources are present, with θ = [17,−29,56,22,55]○. The numbers of sensors and snap-

shots are M = 10, N = 100. For widely-spaced sources with distinct powers, similar

results are obtained. Therefore, they are not included here to save space. The results

are plotted for various SNRs, and for each SNR, 50000 independent realizations are

conducted.

Fig. 2.10(a) and (b) show the RMSEs of the frequency estimates obtained by

ESPRIT, where MDL and EDC are respectively used as the under-enumerator. We

see that using the correct signal number for parameter estimation in the threshold

region results in large RMSE of the estimated parameters that is far above the CRB,

which implies that inaccurate estimates are present.

In Fig. 2.11, the ESN and the mean values of the signal number estimate by

various source enumerators are shown and compared. It is seen that the AIC under-

estimates the correct number of signals but overestimates the ESN. Correspondingly,

in Fig. 2.10, the RMSE of the parameter estimates obtained using the estimated signal

number by AIC, denoted as d̂AIC, in ESPRIT drops down because part of inaccurate

estimates have been excluded from its estimates, but may be still too large to satisfy

the accuracy requirement in applications.

On the other hand, the MDL underestimates the ESN, and therefore, the RMSE

drops down below the CRB since inaccurate estimates have been excluded. Neverthe-

less, in Fig. 2.10(a), the RMSE of the obtained estimates by passing d̂MDL to ESPRIT

is not as small as that of the “BEST: d̂MDL”, which corresponds to the d̂MDL most

accurate components of µ̂, particularly in the lower half of the threshold region. Here

µ̂ = [µ̂1, . . . , µ̂d] denotes the vector of parameter estimates obtained by passing the

correct number of signals d to ESPRIT. As mentioned before, this is because using an

underestimated number of signals less than ESN renders strong signals being treated

as noise and this harms the estimation of other strong signals which results in a loss

of accuracy.

By combining the MDL with AIC, the RMSE is significantly reduced, by a factor
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up to 78%. In addition, by combining the MDL with both AIC and DFEC, the RMSE

is further reduced, particularly in the lower half of the threshold region, where the

DFEC is more apt to overestimate the ESN than the AIC, as shown in Fig. 2.11. This

is consistent with [131], showing the superiority of DFEC in detecting weak signals.

Similar observations are also obtained when the EDC is used as the under-enumerator.

However, note that since the EDC is more conservative in selecting the number of

signals than MDL, the RMSE of the d̂EDC most accurate components of µ̂ is smaller

than that of the d̂MDL most accurate ones, which is seen by comparing the “BEST:

d̂MDL” curve in Fig. 2.10(a) and “BEST: d̂EDC” curve in Fig. 2.10(b). Nevertheless,

the accuracy loss due to underestimation of number of signals is more significant,

which is reflected by the enlarged gap between the RMSE of the d̂EDC estimates

obtained by passing d̂EDC to ESPRIT and that of the “BEST: d̂EDC” curve and al-

most cancels out all the potential gains made by reducing the number of estimates

through the use of the more conservative EDC. By combining the EDC with AIC,

the performance gap becomes much smaller, with the RMSE being reduced by up to

90% compared with the 78% for the MDL case. Moreover, the resultant d̂EDC esti-

mates with improved accuracy are more accurate than the accuracy-improved d̂MDL

estimates in Fig. 2.10(a).

2.6 Summary

We have performed comparisons of the state-of-the-art matrix-based source enumer-

ation techniques, from which the following main results can be summarized.

1) In the presence of white noise,

• When the number of samples is much larger than the number of sensors,

the ITCs are the optimal choice; In particular, when the source signals are

highly correlated or have distinct powers, the AIC is the optimal choice;

• When the numbers of samples and sensors are both large and have com-

parable sizes, the RMT/EFIC are the optimal choices;
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• When the numbers of samples and sensors are small and have comparable

sizes, the EFT is the optimal choice.

2) For scenarios with colored noise, the ESTER and DFEC are preferred choices

since they are robust against noise correlation.

3) When the source are well separated, the ESTER and DFEC are suitable, whether

the noise is white or colored; In the presence of closely-spaced sources, however,

the ESTER and DFEC should be the last one to use since they are sensitive to

source separation;

4) Instead, the RMT and AIC have the highest resolution and are robust against

closely-spaced sources and are hence preferred in the presence of closely-spaced

sources.

The comparison of various source enumerators in terms of resolution, robustness

against noise correlation, against signal correlation and against finite-sample con-

straint are summarized in Table 2.3, which act as a useful guideline for our choice of

a source enumerator for a specific scenario.

As a contribution, the choice of signal number for estimation of nonlinear param-

eters in the threshold region is studied. In the threshold region, accurate parameter

estimation becomes difficult due to high level of noise. However, since normally

different sources have unequal angular spacing and/or distinct powers, some signal

parameters can be accurately estimated. The number of signal parameters that can

be accurately estimated is referred to as the ESN. In applications where false alarm

and inaccurate estimates entail much higher costs than missed detection, the ESN is

preferred over the correct source number for parameter estimation, since using the

latter in a parameter estimator introduces inaccurate estimates, which incurs extra

costs. However, using an underestimated signal number in a parameter estimator

causes some strong signals to be treated as noise which leads to a loss in estimation

accuracy. We propose to combine the under- and over-enumerators for parameter
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estimation in the threshold region. Such a scheme enjoys the benefit of the under-

enumerators with only accurate estimates while it also significantly alleviates the

degree of accuracy loss.
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Figure 2.9: Determination of effective source number. M = 10, N = 50, d = 5.
θ = [17,−29,56,22,55]○ and η = 2.57○.
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Figure 2.10: RMSE of frequency estimates versus SNR for d = 5 equal-power sources
among which closely-spaced sources are present. M = 10, N = 100, d = 5. θ =[17,−29,56,22,55]○.
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Figure 2.11: ESN and mean values of signal number estimate by under- and over-
enumerators. The parameter settings are the same as those in Fig. 2.10.
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Table 2.3: Comparison of various source enumerators in terms of resolution and ro-
bustness against noise correlation, against signal correlation and against finite sample
constraint.

AIC MDL EFT RMT EFIC SURE ESTER/
SAMOS

DFEC

Sample
constraint

N ≫M
√ √

M ∼ N
small

√

M ∼ N
large

√ √ √ √ √

Noise
White

√ √ √ √ √ √

Color
√ √

Robust
against
src. corr.

good
√ √ √ √

fairly good
√

fairly bad
√

bad

Resolution

high
√ √

fairly high
√ √

fairly low
√ √

low
√

For not so large number of sources d, the AIC/MDL are suitable for small-sample scenarios as
well. In particular, the AIC and MDL perform well under conditions d ≪ min(M,N) and d ≲
1/2min(M,N), respectively.



Chapter 3

Multidimensional Source Enumeration

Multidimensional harmonic retrieval (HR) [16] problems are encountered in a variety

of array signal processing applications such as MIMO radar imaging [17], channel esti-

mation in wireless communication systems [12–14], NMR spectroscopy [18,19], source

localization and tracking [25, 58–61]. The dimensions of the measured data can cor-

respond to time, frequency, polarization, and space such as one- or two-dimensional

arrays at the transmitter and receiver. Correspondingly, the extracted parameters

such as DoA, DOD, propagation delay and Doppler frequency, are of geometrical

and physical nature. By taking into account the multidimensional structure, sub-

space based multidimensional parameter estimation methods such as unitary tensor-

ESPRIT [20–23], R-D MUSIC [24], multidimensional folding (MDF) [25], improved

MDF [26], R-D rank reduction estimator (RARE) [27] and principal-singular-vector

utilization for modal analysis (PUMA) [28, 29, 143], provide super-resolution estima-

tion performance. However, they rely on the a priori knowledge of the number of

signals, which is often unknown and must be estimated from the noisy multidimen-

sional measurements. Reliable source enumeration is crucial in achieving accurate

parameter estimates.

Typically, the observations follow a noisy linear mixture model, namely, they can

be modeled as a superposition of a number of signal and noise component. The

parallel factor analysis, which is a tool originally used in psychometrics and chemo-

metrics [40,144] and as a higher-order extension of the matrix SVD, can be efficiently

applied to extract the signals or their parameters. In the PARAFAC model, a tensor

57
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is decomposed into a sum of rank-one tensors, each of which corresponds to a signal

or component. In this context, estimating the number of signals is equivalent to find-

ing the tensor rank or number of components of the PARAFAC model of noisy R-D

measurements.

A conventional approach for tensor-based tensor rank estimation is the COR-

CONDIA [40]. For each candidate rank, the factor matrices are estimated using the

ALS [145], and are then used to calculate the PARAFAC [40] or Tucker3 core [146].

The core consistency defined as the distance of the estimated core from the ideal

identity tensor, is calculated. The tensor rank is determined by choosing the highest

number of components that yields a core consistency value greater than a pre-defined

threshold. This technique is able to identify the typical rank that exceeds the size of

each dimension of the tensor [32, 33].

However, the CORCONDIA performs poorly even at sufficiently SNRs. This is

because the core consistency value varies greatly with SNR. Consequently, under

fixed threshold settings, for high SNRs the CORCONDIA tends to overestimate the

number of components while for low SNRs it tends to underenumeration. To im-

prove the detection accuracy, we propose to assist the CORCONDIA for detection,

by exploiting the reconstruction error of PARAFAC decomposition. The motivation

of using reconstruction error is that for high SNRs, the reconstruction error is effec-

tive at discriminating the correct number of components from the wrong ones in its

neighborhood.

The ALS may require a large number of iterations to converge, which implies

that the CORCONDIA is computationally expensive or even prohibitive for practical

use. To reduce the computational complexity, in matrix-based R-D source enumera-

tors [35–37], the measurement tensor is first unfolded into a matrix along individual

(e.g., temporal) dimensions, and 1-D source enumerators are exploited for estimation

of the number of signals.

To increase the number of detectable signals, we generalize the r-mode unfolding of

a tensor so that the unfolding along merged dimensions is included, and apply the 1-D
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RMT algorithm in the eigenvalues associated with the most squared unfolded matrix,

where “a squared matrix” means that its number of rows is equal or comparable to

the number of columns. The R-D RMT has a number of detectable signals up to the

size of the most squared unfolded matrix minus one, which is approximately equal

to the square root of the product of the sizes of all dimensions of the measurement

tensor. Compared with the R-D solutions based on r-mode unfoldings, many more

signals can be identified for R ≥ 3.

Like their 1-D counterparts, in the R-D RMT algorithm and R-D EFT, a proper

threshold has to be set by the practitioners, which makes them difficult to adapt.

To achieve automatic detection, we contribute to the matrix-based R-D source enu-

merators by proposing R-D extensions of the 1-D EFIC and MDL, which are two

representative source enumerators designed for small and large sample scenarios, re-

spectively. By using the generalized unfolding of the measurement tensor in the R-D

proposals, (2R − 1) sets of eigenvalues are obtained and combined for more accurate

signal detection. Moreover, the number of identifiable signals is as high as R-D RMT

algorithm and much larger than existing r-mode matrix unfolding based R-D source

enumerators for R ≥ 3. The R-D EFIC inherits the robustness and advantages of its

1-D counterparts, and hence shows good performance in a wide range of parameter

settings. The R-D MDL is proved to be a consistent estimator of the highest mode

rank of the signal tensor in the large-snapshot limit, and it is preferred when the most

squared unfolded matrix still has highly unequal number of rows and columns.

All the above R-D source enumerators rely on the additive white noise assump-

tion. In the presence of colored noise, which is commonly encountered in HR ap-

plications [147–150], they tend to overestimate the number of signals. In view that

the ESTER [124, 129] is robust against colored noise, in [151] an R-D extension of

the ESTER has been proposed for detection of the number of R-D signals in colored

noise environments. By utilizing the HOSVD of the measurement tensor, the R-D

ESTER inherits the robustness of its 1-D counterpart against colored noise. However,

it is based on an empirical combination of the shift invariance equalities in individual
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dimensions. As a result, its performance is degraded in several scenarios. Moreover,

the number of identifiable signals is limited to the minimum spatial dimension length

minus two.

To handle that, we propose two improved R-D extension of the ESTER by means

of the HOSVD. The first proposal is based on the combination of R shift invariance

equations each applied in a matrix unfolding. It directly extends the matrix-based

ESTER [124,129] in a sense that its cost function is the product of those of 1-D ES-

TERs applied in individual modes and is directly related to the variance of the biased

multidimensional frequency estimates. By combining R sets of singular vectors of the

HOSVD of the measurement tensor, it has strengthened robustness against colored

noise, and remarkably outperforms the 1-D ESTER applied in each matrix unfolding

as well as the existing R-D ESTER [151] in strongly correlated colored noise environ-

ment. For low-to-moderate noise correlation levels, the improvement in performance

is marginal. To further improve the performance for low-to-moderate noise corre-

lation levels, the second proposal is developed based on the tensor shift invariance

equation. It has the best performance for weakly and moderately correlated colored

noise. The number of detectable signals of both proposed extensions is increased to

the maximum spatial dimension length minus two, which is a significant improvement

over [151] when the spatial dimension lengths are distinct from each other.

This chapter is organized as follows. In Section 3.1, we formulate the R-D detec-

tion problem using the R-D PARAFAC data model. In Section 3.2, the CORCON-

DIA and existing matrix-based R-D source enumerators are reviewed. In 3.4, we first

introduce the generalized matrix unfolding of a tensor, and then we present our pro-

posed R-D RMT/EFIC/MDL. In Section 3.5, two R-D extensions of the matrix-based

ESTER are developed. Finally, a summary is provided in Section 3.6.
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3.1 Data Model

Throughout this thesis, we assume that the noise-free multidimensional signal follows

the PARAFAC model, also known as R-D linear mixture model:

X =
d

∑
k=1

f
(1)
k ○ ⋅ ⋅ ⋅ ○ f

(R)
k ○ sk, (3.1.1)

where ○ is the outer product, and X ∈ CM1×⋅⋅⋅×MR×N is the signal tensor whose entries

are given by

xm1,...,mR,n =

d

∑
k=1

f
(1)
k (m1) . . . f (R)k (mR)sk(n). (3.1.2)

The f
(r)
k = [f (r)k (1), . . . , f (r)k (Mr)]T ∈ CMr×1, k = 1, . . . , d, r = 1, . . . ,R, is the k-th

factor of the r-th mode, and sk = f
(R+1)
k = [sk(1), . . . , sk(N)]T ∈ CN×1 collects the

k-th source samples at N time instants with N = MR+1 standing for the number of

snapshots. The X is a sum of d rank-one tensors (outer-product of vectors) each of

which corresponds to a signal/component. Therefore, the tensor rank of X coincides

with the number of components d.

By defining F (r) = [f (r)1 , . . . ,f
(r)
d ] ∈ CMr×d, r = 1, . . . ,R + 1, and letting S =

F (R+1) = [s1, . . . ,sd] ∈ Cd×N collect the amplitudes of all sources, (3.1.1) can be

rewritten in terms of r-mode products as

X = IR+1,d ×1 F
(1) ⋅ ⋅ ⋅ ×R F (R) ×R+1 S. (3.1.3)

In the context of uniformR-D HR [16,17], f
(r)
k = a (ζ(r)i + jµ

(r)
i ) = [1, eζ(r)i

+jµ
(r)
i , . . . ,

e
(Mr−1)(ζ(r)1

+jµ
(r)
1
)]T represents the array steering vector of the i-th source in the r-th

mode, and F (r), r = 1, . . . ,R, is the array steering matrix with the following Vander-

monde structure

F (r) =A(r) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 ⋯ 1

e
(ζ(r)

1
+jµ

(r)
1
)

e
(ζ(r)

2
+jµ

(r)
2
) ⋯ e

(ζ(r)
d
+jµ

(r)
d
)

⋮ ⋮ ⋱ ⋮

e
(M1−1)(ζ(r)1

+jµ
(r)
1
)
e
(M2−1)(ζ(r)2

+jµ
(r)
2
) ⋯ e

(Mr−1)(ζ(r)d
+jµ

(r)
d
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.1.4)
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where µ
(r)
i and ζ

(r)
i ≤ 0 represent the frequency and damping factor of the i-th har-

monic in the r-th mode, respectively. The harmonic is undamped when ζ
(r)
i = 0 and

damped when ζ
(r)
i < 0. Here, N ≥ 1 is the number of snapshots in the temporal

dimension. More specifically, N = 1 and N > 1 correspond to single-snapshot and

multiple-snapshot R-D HR problems, respectively.

The uniqueness conditions for the general PARAFAC decomposition are estab-

lished in [152–154], while the uniqueness conditions for the PARAFAC decompo-

sition with a Vandermonde structure on some or all factor matrices are developed

in [25, 26, 155]. Here, we assume that the uniqueness conditions for both types of

PARAFAC decomposition are satisfied. Such a uniqueness condition is essential for

the iterative prewhitening algorithm, namely, I-MD-PWT, which requires the esti-

mation of noise-only components from noisy observations, and the uniqueness of the

PARAFAC decomposition is a pre-requisite for guaranteeing its global convergence.

In the presence of noise, the data are represented as

Y = IR+1,d ×1 F
(1) ⋅ ⋅ ⋅ ×R F (R) ×R+1 S +N , (3.1.5)

whereN is the noise tensor which consists of either i.i.d. ZMCSCG entries of variance

σ2
n, or colored noise. The noise is assumed uncorrelated with the signals. For i.i.d.

ZMCSCG noise, the SNR is defined as

SNR =
∥X ∥2F
MNσ2

n

, (3.1.6)

where M =
R

∏
r=1
Mr is the total size of the first R dimensions.

Given the noisy measurement tensor Y , our goal is to estimate the number of

signals d.

3.2 Existing R-D Source Enumerators

Existing solutions to R-D detection fall into two categories: tensor-based (CORCON-

DIA [40]) and matrix-based. In the former, the noisy measurement is assumed to obey

the PARAFAC model, and determination of the number of signals is transformed into



CHAPTER 3. MULTIDIMENSIONAL SOURCE ENUMERATION 63

estimating the number of components or tensor rank of the PARAFAC model which

is achieved by PARAFAC decomposition. The CORCONDIA is computationally de-

manding due to the PARAFAC decomposition but is able to identify the typical rank

that exceeds the size of each dimension of the measurement tensor [32,33]. In contrast,

the matrix-based source enumerators [35–37] are computationally much more efficient

but their number of detectable signals is restricted by the measurement tensor size.

3.2.1 Core Consistency Diagnostic

Given k as a candidate value for the number of components, using the ALS [145], the

k-component PARAFAC decomposition of Y give

Y ≃ IR+1,k ×1 F̂
(1)
×2 F̂

(2)
⋅ ⋅ ⋅ ×R+1 F̂

(R+1)
. (3.2.1)

where {F̂ (r)∣ r = 1, . . . ,R + 1} are the estimates of the factor matrices. Applying the

vectorization on both sides of (3.2.1) yields

vec (Y) ≃ (F̂ (R+1) ⊗ ⋅ ⋅ ⋅ ⊗ F̂ (2) ⊗ F̂
(1))vec(IR+1,k). (3.2.2)

Define a tensor GR+1,k of the same size as IR+1,k such that

vec(GR+1,k) = (F̂ (R+1) ⊗ ⋅ ⋅ ⋅ ⊗ F̂ (2) ⊗ F̂
(1)) †

vec (Y) . (3.2.3)

In the absence of noise and if the PARAFAC model is perfectly fulfilled with k = d,

GR+1,k is equal to IR+1,k. Otherwise, the relative distance of GR+1,k and IR+1,k, or the

core consistency defined as [40]

CC(k) = 100(1 − ∥GR+1,k − IR+1,k∥2F
k

) , (3.2.4)

is a measure of how well the k-component PARAFAC model fits the observations.

Here core consistency means “closeness to an ideal core”.

Formally, the estimate of CORCONDIA, denoted as d̂CC, is given by

d̂CC = max k s. t. CC(k) ≥ η, (3.2.5)



CHAPTER 3. MULTIDIMENSIONAL SOURCE ENUMERATION 64

where 0 < η < 1.0 is the threshold coefficient. An example of the core consistency

profile is shown in Figure 3.1(a), where M1 = M2 = M3 = M4 = 7 and d = 3. We

see that the CORCONDIA cannot discriminate between the underestimated and true

numbers of components, since the former has almost the same consistency value as

the true one. Therefore, it makes sense to take the signal number estimate as the

highest valid number of components. Typically, 70% ≤ η ≤ 90% is used [40].

3.2.2 Matrix-based R-D Source Enumerators

The SCM in the r-mode, r = 1, . . . ,R + 1, is defined as

R̂
(r)
yy =

Mr

MN
[Y](r) [Y]H(r) ∈ CMr×Mr (3.2.6)

where [Y](r) is the r-mode matrix unfolding of Y [8]. The set of eigenvalues of (3.2.6)

is called the r-mode eigenvalues of Y , denoted as ℓ
(r)
1 , ℓ

(r)
2 , . . . , ℓ

(r)
Mr

.

Alternatively, the r-mode eigenvalues of Y , r = 1, . . . ,R + 1, can be obtained from

the HOSVD of Y :

Y = S ×1 U
(1) ⋅ ⋅ ⋅ ×R+1 U

(R+1), (3.2.7)

where U (r) ∈ CMr×Mr , r = 1, . . . ,R + 1, is the unitary matrix that consists of the r-

mode singular vectors. The S ∈ CM1×...MR×N is the core tensor [8], which is computed

as [8]

S = Y ×1 [U (1)]H ⋅ ⋅ ⋅ ×R+1 [U (R+1)]H . (3.2.8)

From S, the r-mode eigenvalues of Y are obtained as

diag (ℓ(r)1 , ℓ
(r)
2 , . . . , ℓ

(r)
Mr
) = Mr

MN
[S](r) [S]H(r) . (3.2.9)

R-dimensional Exponential Fitting Test [35–37]

Define the global eigenvalues as the product of the sample eigenvalues across modes

ℓ
(G)
i = ℓ

(1)
i ⋅ . . . ℓ

(R+1)
i . (3.2.10)
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Since for i.i.d. white noise observations, the r-mode sample eigenvalues, r = 1, . . . ,R,

exhibit an exponential profile for each r mode, the global eigenvalues also present an

exponential profile.

In R-D EFT [35–37], the exponential profile of the global eigenvalues are exploited

to detect the number of signals. The product across modes increases the gap between

the actual signal-bearing and the predicted noise-only global eigenvalues, which leads

to an improvement in the detection performance [35–37].

First consider M1 = ⋅ ⋅ ⋅ = MR+1 = M̄ . Similarly to the EFT, assuming that the

smallest global eigenvalue ℓ
(G)
M̄

is a noise eigenvalue and starting from the second

smallest global eigenvalue ℓ
(G)
M̄−1

, the R-D EFT sequentially test whether the ℓ
(G)
M̄−k

,

k = 1, . . . , M̄ − 1, corresponds to a signal-bearing eigenvalue or noise-only eigenvalue:

Hk ∶ ℓ
(G)
M̄−k

is a noise EV ,
ℓ
(G)
M̄−k
− ℓ̂
(G)
M̄−k

ℓ̂
(G)
M̄−k

≤ η
(G)
k

H̄k ∶ ℓ
(G)
M̄−k

is a signal EV ,
ℓ
(G)
M̄−k
− ℓ̂
(G)
M̄−k

ℓ̂
(G)
M̄−k

> η
(G)
M̄−k

.

(3.2.11)

In (3.2.11), ℓ̂
(G)
M̄−k

is the predicted global eigenvalues:

ℓ̂
(G)
M̄−k

= ℓ̂
(1)
M̄−k
⋅ ℓ̂
(2)
M̄−k

. . . ℓ̂
(R+1)
M̄−k

, (3.2.12)

where ℓ̂
(r)
M̄−k

, r = 1, . . . ,R, represents the predicted noise-only sample eigenvalue in the

r-mode:

ℓ̂
(r)
M̄−k

= (k + 1) ⋅ 1 − β (k + 1, MN
Mr
)

1 − β (k + 1, MN
Mr
)k+1 (σ̂(r))

2
(3.2.13)

(σ̂(r))2 = 1

P

i−1

∑
i=0
ℓ
(r)
M−i, (3.2.14)

where β(x, y) is a function of x and y defined as in (2.2.12).

If in all hypotheses tests, ℓ
(G)
M̄−k

is a noise EV, d̂ = 0; Otherwise, the number of

signals is determined as

d̂ = M̄ − min k
k=0,1,...,M̄−1

s. t.
ℓ
(G)
M̄−k
− ℓ̂
(G)
M̄−k

ℓ
(G)
M̄−k

> η
(G)
M̄−k

.
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In general, the assumption M1 = M2 = ⋅ ⋅ ⋅ = MR+1 is not satisfied. Without loss

of generality, assume M1 ≥ M2 ≥ ⋅ ⋅ ⋅ ≥ MR+1. To maximize the number of detectable

signals, a sequential source enumeration procedure as follows is adopted.

1) Obtain an initial estimate d̂(1) by applying the EFT on the 1-mode sample

eigenvalues ℓ
(1)
i , i = 1,2, . . . ,M1;

2) If d̂(1) < M2, the 2-mode sample eigenvalues are also exploited. The EFT is

applied on ℓ
(G)
i = ℓ

(1)
i ⋅ ℓ

(2)
i , i = 1,2, . . . ,M2;

3) If the refined estimate d̂(2) <M3, the 3-mode eigenvalues are incorporated into

the global eigenvalues as well ℓ
(G)
i = ℓ

(1)
i ⋅ ℓ

(2)
i ⋅ ℓ

(3)
i , i = 1,2, . . . ,M3;

4) When d̂ ≥Mr or r = R + 1, stop.

Given a measurement array of sizes M1, . . . ,MR,N and Pfa, η
(G)
k , k = 1,2, . . . , can

be determined in a similar way to the 1-D EFT. For details, please see [35–37].

R-D AIC and R-D MDL [35–37]

Inspired by the good performance of R-D EFT, the R-D AIC and R-D MDL have

been developed using a similar sequential source enumeration procedure as the R-D

EFT.

In the r-th step of the sequential algorithm, the R-D AIC and R-D MDL respec-

tively estimate the number of sources as

d̂
(r)
RDAIC = argmin

k∈{0,1,...,Mr−1}
α(G) (Mr − k) log 1

Mr−k
∑Mr

i=k+1 (ℓ(G)i )
∏Mr

i=k+1 (ℓ(G)i ) 1

Mr−k

+ k(2Mr − k), (3.2.15)

and

d̂
(r)
RDMDL = argmin

k∈{0,1,...,Mr−1}
α(G) (Mr − k) log 1

Mr−k
∑Mr

i=k+1 (ℓ(G)i )
∏Mr

i=k+1 (ℓ(G)i ) 1

Mr−k

+
1

2
k(2Mr − k) logα(G),

(3.2.16)

where the number of snapshots α(G) is heuristically set as α(G) = max
r
Mr [35, 37] or

α(G) = N [36].
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R-D Estimation Error [151]

The R-D ESTER is used to detect the number of harmonics in the uniform R-D HR

model. In [151], a multidimensional extension of the ESTER is derived based on the

combination of the shift invariance equations in the r-mode, r = 1, . . . ,R:

J
(r)
1 A(r) ⋅Φ(r) = J (r)2 A(r), (3.2.17)

where J
(r)
1 , J

(r)
2 ∈ R

(Mr−1)×Mr are the selection matrices, andΦ(r) = diag(eζ(r)1
+jµ

(r)
1 , . . . ,

eζ
(r)
d
+jµ

(r)
d ).

Since in practice the array steering matrixA(r) is unknown, we resort to the signal

subspaces which can be estimated from the HOSVD of Y in (3.2.7). Let U
(r)
k collect

the k column vectors of U (r) that are associated with the k largest r-mode singular

values. In the absence of noise, we have

Y = X = IR+1,d ×1 A
(1) ⋅ ⋅ ⋅ ×R A(R) ×R+1 S

T. (3.2.18)

From the r-mode unfolding of (3.2.18) and (3.2.7), it follows that A(r) and U
(r)
d span

the same subspace, and hence there exists a non-singular transform matrix T r such

that U
(r)
d =A

(r)T r for all modes r ∈R, where R = {1 ≤ r ≤ R∣Mr ≥ d} denotes the set
of non-degenerate modes. The r-mode shift invariance equation in (3.2.17) becomes

J
(r)
1 U

(r)
d ⋅Ψ

(r)
d = J

(r)
2 U

(r)
d , (3.2.19)

where

Ψ
(r)
d = T r

−1Φ(r)T r. (3.2.20)

The (3.2.19) is equivalent to

J
(r)
1 U

(r)
d
⋅ [(J (r)1 U

(r)
d
) †

J
(r)
2 U

(r)
d
] = J (r)2 U

(r)
d
, r = 1, . . . ,R. (3.2.21)

Define two tensors

U1(k) = IR+1,d ×1 J
(1)
1 U

(1)
k [(J (1)1 U

(1)
k ) †

J
(1)
2 U

(1)
k ] . . . (3.2.22)

×RJ
(R)
1 U

(R)
k [(J (R)1 U

(R)
k ) †

J
(R)
2 U

(R)
k ] (3.2.23)

U2(k) = IR+1,d ×1 J
(1)
2 U

(1)
k ⋅ ⋅ ⋅ ×R J

(R)
2 U

(R)
k (3.2.24)
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From (3.2.21), it follows that when k = d, U2(d) = U 1(d), while in the case of k ≠ d,

it can be verified that generally U 2(k) ≠ U 1(k). Therefore, the number of signals can

be determined as

d̂R−D = argmin
k=1,...,min(M1,...,MR)−2

∥U2(k) −U1(k)∥2F, (3.2.25)

Note that in [151], the cost function in (3.2.25) was obtained based on an erroneous

shift invariance equality (Eq. [15] in [151]). Here, we correct this and arrive at the

expression of the cost function in a correct way, using the combination of R shift

invariance equations.

3.3 CORCONDIA Aided by Reconstruction Er-

ror

3.3.1 Algorithm Development

Other than underestimation, the CORCONDIA has low discrimination power in the

neighborhood of the true number of components as well. In particular, for high

SNRs, it occurs frequently that the overestimates by a couple of components yield

a core consistency very close to 100% and clearly larger than 90%, as shown in

Figure 3.1(a). Therefore, the CORCONDIA has a tendency to over-enumeration

under fixed threshold settings. To handle this, we can set a higher threshold value.

However, this will reduce the PoD for low-to-medium SNRs, where the true number

of components often corresponds to a relatively small consistency value, as shown in

Figure 3.1(b).

Therefore, the ideal threshold should increase with SNR. In order to achieve good

detection performance at both low and high SNRs, we propose the following scheme.

First, we adopt a threshold interval to obtain the lower and upper bounds of the

estimates:

d̂lb = max k s.t. CC(k) ≥ ηub, (3.3.1)

d̂ub = max k s.t. CC(k) ≥ ηlb, (3.3.2)
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(a) CC: SNR = 30 dB
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(b) CC: SNR = 0 dB

Figure 3.1: Core consistency and reconstruction error versus k for high and low SNRs.
M1 =M2 =M3 =M4 = 7. d = 3.

where ηlb and ηub are the user-defined lower and upper bounds of the threshold

coefficients. Empirically 5% ≤ ηlb ≤ 25% and 90% ≤ ηub ≤ 99% work well.

In general, the gap between d̂lb and d̂ub is small. To identify the final estimate, we

exploit the reconstruction error which, for a candidate value k > 0, is defined as the

sum of the squared differences between the measured and reconstructed k-component

PARAFAC data:

r(k) = ∥Y − IR+1,k ×1 F̂
(1)
×2 F̂

(2)
⋅ ⋅ ⋅ ×R+1 F̂

(R+1)∥2
F
. (3.3.3)

The motivation of using reconstruction error is that at high SNRs, the reconstruction

error is an efficient statistic at identifying the correct number of components in its

vicinity. As shown in Figure 3.1(a), based on the core consistency we are apt to

mistakenly choose the number of components as d̂ = 4, while Figure 3.2 shows that

using the reconstruction error, we can correctly identify the number of components

as d̂ = 3.

Define the relative difference between the reconstruction errors for the (k−1)- and
k-component PARAFAC models as

Dr(k) = r(k − 1) − r(k)
r(k) , (3.3.4)
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Figure 3.2: Reconstruction error versus k for high and low SNRs. M1 =M2 =M3 =M4

= 7. d = 3. SNR = 30 dB.

where r(0) = ∥Y∥2F. We undertake a sequence of hypothesis tests starting with d̂ub:

H0 ∶ d̂ub is NC ,Dr(d̂ub) < ρ,
H1 ∶ d̂ub is PC ,Dr(d̂ub) ≥ ρ, (3.3.5)

where ρ is a pre-determined threshold, NC means noise component and PC means

principal component. If d̂ub corresponds to NC, H0 is accepted, and we proceed to

the next hypothesis test with d̂ub − 1. We continue this way until the alternative

hypothesis H1 is accepted. If in all hypothesis tests from d̂ub to d̂lb, H0 is accepted,

which is often the case for low SNRs less than 0 dB, then we choose d̂ub as the final

estimate. The motivation of such a choice is that for low SNRs, the CORCONDIA has

a tendency to underestimate the number of components. By choosing the estimation

upper bound as the final estimate, this tendency can be alleviated and hence a higher

PoD is expected.

Defining

K = {d̂lb ≤ k ≤ d̂ub∣Dr(k) ≥ ρ} , (3.3.6)

the final estimate of the number of components is

d̂CC =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
max k

k∈K
, K ≠ ∅;

d̂ub, K = ∅.
(3.3.7)
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Threshold computation by Monte Carlo methods

The null hypothesis H0 corresponds to over-enumeration by a certain number of sig-

nals not larger than (d̂ub − d̂lb). In the presence of strong signals (high SNRs), the

probability of over-enumeration by δ components, δ = 1, . . . , (d̂ub − d̂lb), can be ap-

proximated by the probability of false alarm (Pfa) by the same number of components

in i.i.d. ZMCSCG noise-only scenarios.

For i.i.d. ZMCSCG noise-only measurements, the Pfa by δ components is related

to the threshold ρ(δ) via
Pfa(ρ; δ) ≃ Pr{r(δ − 1) − r(δ)

r(δ) ≥ ρ} = E [1D (r(δ − 1), r(δ))] , (3.3.8)

where

D = {(r(δ − 1), r(δ)) ∣r(δ − 1) − r(δ)
r(δ) ≥ ρ} . (3.3.9)

The right-hand side (RHS) of (3.3.8) is then estimated by MC simulation, which

consists of the following steps:

1) Generate Q random realizations of i.i.d. ZMCSCG noise tensorN ∈ CM1×⋅⋅⋅×MR+1

through repeated Monte Carlo trails. From the q-th, q = 1, . . . ,Q, realization of

N ,

a) For δ = 1,2, . . . , compute the residual error r(δ; q) of fitting the δ-component

PARAFAC model to N ;

b) Denote

Dr(δ; q) = r(δ − 1; q) − r(δ; q)
r(δ; q) (3.3.10)

and evaluate the two-valued (0 or 1) function 1D (r(δ − 1; q), r(δ; q)).
2) Estimate Pfa by

P̂fa =
1

Q

Q

∑
q=1

1D (r(δ − 1; q), r(δ; q)). (3.3.11)

To obtain a relative estimation error of P̂fa(ρ; δ) that is smaller than α for a

confidence level β, the number of MC runs should satisfy Q ≥ c2/(α2Pfa) [31], where
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c is obtained from

∫
c

−c

1√
2π

exp{−y2
2
}dy = β. (3.3.12)

Figure 3.3 shows the variation of the simulated Pfa as a function of ρ for δ = 1,2.

Here α = 0.1, β = 95%, and the minimum number of required MC runs Q = 38415 is

used.

From this curve, ρ is selected for each δ and for a given Pfa. Considering that the

extent of over-enumeration in H0 of (3.3.5) is unknown, the maximum value of ρ(δ),
δ = 1,2, . . . can be taken as the threshold.
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Figure 3.3: Probability of false alarm versus ρ(δ) for threshold computation. M1 =

M2 =M3 =M4 = 5.

Note on complexity

The dominant computational load in the proposed scheme is the determination of the

optimal threshold ρ via the MC simulation in Section 3.3.1. Since the threshold is

calculated through noise-only MC simulation and is a function of the measurement
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tensor size only, and in practical applications the measurement size is known and does

not vary often, the MC simulation can be conducted offline. Besides, the reconstruc-

tion error in (3.3.3) is used in the stopping criterion for the iterative ALS PARAFAC

decomposition algorithm, and therefore it is already known after the iteration stops

and does not require extra computations as well.

3.3.2 Simulation Results

In the PARAFAC model, the factor matrices contain i.i.d ZMCSCG entries with unit

variance. The noise power σ2
n is scaled to obtain different SNRs. For each SNR, 1000

independent MC runs have been conducted. The performance measure is the PoD,

i.e., Pr(d̂CC = d), averaged over noisy realizations of all MC runs. In the proposed

scheme, the lower and upper bounds of the threshold in the proposed scheme are

chosen as ηlb = 12.5% and ηub = 99%. We compare our proposal with the following

schemes: CORCONDIAs with a fixed threshold η = 12.5%,99% and the typical setting

of η = 75%.

First we consider a 3-D PARAFAC model of size M1 = 5,M2 = 7,M3 = 8. In

Figure 3.4, we plot the PoD versus SNR for d = 4 components. We see that the

CORCONDIA with a fixed threshold η = 12.5% has a low PoD at high SNRs due

to frequent over-enumeration, and the CORCONDIA with a fixed threshold η = 99%

has a high PoD at sufficiently high SNRs but remarkably inferior performance at low-

to-medium SNRs due to significant probability of under-enumeration. The proposal

combines the merits of both schemes, and significantly outperforms the scheme with

the typical threshold of η = 75% at both low and high SNRs. Note that as the SNR

decreases below 0 dB, the PoD rises to a level that is close to that of the CORCONDIA

with a fixed threshold η = 12.5% instead of going down to zero. Similar observations

are made in Figure 3.5. This is because for low SNRs, it frequently happens that

H1 is rejected in all hypothesis tests of candidate signal numbers within the interval

[d̂lb, d̂ub], in which case the candidate upper bound d̂ub is chosen as the final estimate

according to (3.3.7). As mentioned in Section 3.3, such a strategy alleviates the
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tendency of the CORCONDIA to underestimation which results in a higher PoD.

In Figure 3.5, we use a 4-D PARAFAC model of size M1 =M2 =M3 =M4 = 5 for

d = 3 components. Again, our proposal combines the advantages of the first scheme

at low SNRs and the second scheme at high SNRs, and outperforms the last scheme

with typical threshold of η = 75% for all SNRs.
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Figure 3.4: PoD versus SNR for a 3-D array of size M1 = 5,M2 = 7,M3 = 8. d = 4.

3.4 Eigenvalue-based R-D Source Enumerators

3.4.1 Generalized matrix unfolding of a tensor

The unfolding, also known as matricization, of a tensor is the operation for transform-

ing a tensor (multidimensional array) into a matrix (two-dimensional array). Given

a Jth-order tensor T ∈ CI1×I2×⋅⋅⋅×IJ , its j-mode vectors and j-mode unfolding of T ,

j = 1, . . . , J are defined in Definitions 1.2.3 and 1.2.5, respectively. The columns in

the unfolded matrix are arranged in reverse lexicographical order [5] of their indices

(i1, . . . , ij−1, ij+1, . . . , iJ). That is, the first index i1 varies most fast, then i2, and the

last index iJ varies most slowly, as shown in Figure 3.6 for T ∈ C2×2×2.
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Figure 3.5: PoD versus SNR for a 4-D array of size M1 =M2 =M3 =M4 = 5. d = 3.

In the j-mode unfolding of a tensor, the columns of the unfolded matrix corre-

sponds to only one dimension. Next, we generalize the j-mode unfolding such that

the columns can be generated from merging multiple dimensions of the tensor [34].

Definition 3.4.1. Given a J-th-order tensor T ∈ CI1×I2×⋅⋅⋅×IJ , for 1 ≤ j1 < ⋅ ⋅ ⋅ < jt ≤ J(1 ≤ t ≤ J −1), its (j1, . . . , jt)-mode vectors are obtained by varying the (j1, . . . , jt)-th
indices and keeping the remaining indices fixed. The (j1, . . . , jt)-mode unfolding of
T , denoted as [T ](j1,...,jt), is a matrix collecting all (j1, . . . , jt)-mode vectors. Both
the entries in each column and the columns in the unfolded matrix are arranged in
reverse lexicographical order [5] of their indices.

Example 3.4.1. Given a tensor T ∈ C2×2×2×2, its (1,2)-mode, (1,3)-mode and (2,3)-
mode unfoldings are shown in Figure 3.7.

The SCM of the (j1, . . . , jt)-mode matrix unfolding [T ](j1,...,jt) is defined as

C
(j1,...,jt)
T =

Ij1 . . . Ijt

∏J
j=1 Ij

[T ](j1,...,jt) [T ]H(j1,...,jt) ∈ C(Ij1 ...Ijt)×(Ij1 ...Ijt). (3.4.1)

We call the set of eigenvalues of (3.4.1) as the (j1, . . . , jt)-mode eigenvalues of T ,

and the rank of the (j1, . . . , jt)-mode matrix unfolding of T as its (j1, . . . , jt)-mode

rank. The (j1, . . . , jt)-mode ranks of T for 2 ≤ d ≤ J − 2 are collectively referred to as

its multi-mode ranks.
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Figure 3.6: Single mode unfoldings.
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Figure 3.7: Multi-mode unfoldings.
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3.4.2 r-mode and multi-mode eigenvalues of measurement

tensor

Define a set of indices S = {1,2, . . . ,R + 1}. Note that each division of S into two

non-zero disjoint subsets: {r1, . . . , rt} and S ∖ {r1, . . . , rt}, corresponds to a pair of

mutually-transposed unfolded matrices. One is the (r1, . . . , rt)-mode unfolding of size

(Mr1⋯Mrt) ×MN/ (Mr1⋯Mrt), and the other is the S ∖ {r1, . . . , rt}-mode unfolding

of size MN/ (Mr1⋯Mrt) × (Mr1⋯Mrt).
The total number of such divisions of S, which is the same as the number of pairs

of mutually-transposed unfolding of Y ∈ CM1×⋅⋅⋅×MR×N , is

[(R + 1
1
) + (R + 1

2
) + ⋅ ⋅ ⋅ + (R + 1

R
)]/2 = 2R − 1. (3.4.2)

Since each pair of mutually-transposed unfolded matrices correspond to a com-

mon set of non-zero eigenvalues, we choose only the “oblate” unfolded matrix whose

number of rows is less than or equal to number of columns. The resultant (2R − 1)
unfolded matrices are sorted in descending order of their numbers of rows as

Y (1),Y (2), . . . ,Y (2
R−1). (3.4.3)

Let Pr and Qr represent the numbers of rows and columns of Y (r), respectively, we

have

P1 ≥ P2 ≥ ⋅ ⋅ ⋅ ≥ P2R−1, (3.4.4)

and for r = 1, . . . ,2R − 1,

Pr ≤ Qr =
MN

Pr

. (3.4.5)

Example 3.4.2. R = 3, Y ∈ C20×12×24×16, there are totally 2R−1 = 7 unfolded matrices,
namely,
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Y (1) ∶ [Y](2,3) = [Y]T(1,4) ∈ C72×80, P1 = 72,Q1 = 80

Y (2) ∶ [Y](1,2) = [Y]T(3,4) ∈ C60×96, P2 = 60,Q2 = 96

Y (3) ∶ [Y](2,4) = [Y]T(1,3) ∈ C48×120, P3 = 48,Q3 = 120

Y (4) ∶ [Y](3) = [Y]T(1,2,4) ∈ C24×240, P4 = 24,Q4 = 240

Y (5) ∶ [Y](1) = [Y]T(2,3,4) ∈ C20×288, P5 = 20,Q5 = 288

Y (6) ∶ [Y](4) = [Y]T(1,2,3) ∈ C16×360, P6 = 16,Q6 = 360

Y (7) ∶ [Y](2) = [Y]T(1,3,4) ∈ C12×480, P7 = 12,Q7 = 480

Denote the sets of sample eigenvalues associated with the ordered unfolded ma-

trices of Y in (3.4.3) as {ℓ(1)1 , ℓ
(1)
2 , . . . , ℓ

(1)
P1
}, {ℓ(2)1 , ℓ

(2)
2 , . . . , ℓ

(2)
P2
}, . . . , {ℓ(2R−1)1 , ℓ

(2R−1)
2 ,

. . . , ℓ
(2R−1)
P
2R−1
}.

3.4.3 R-D Random Matrix Theory Algorithm

The RMT-based source enumerator is originally proposed to estimate the number of

1-D signals. For estimating the number of R-D signals at hand, we propose to apply

the algorithm to the set of eigenvalues associated with Y (1), and call the resultant

criterion R-D RMT. This R-D RMT criterion has the following advantages:

I) Higher detection probability. From the choice of Y (1), we can see that among

all unfolded matrices, the Y (1) is most squared in the sense that the number of

rows P1 is comparable to that of columns Q1 of Y (1). Therefore, the Tracy-Widom

distribution established in Theorem 2.2.1 provides the most accurate approximations

for the sample eigenvalues associated with Y (1).

II) Larger number of detectable signals. Using Y (1), the R-D RMT criterion

can detect up to (P1 − 1) signals, while the R-D criterion in [37] can detect at most

[max (M1, . . . ,MR,N) − 1] signals. For R ≥ 3,
P1 − 1 ≃

√
M1⋯MRN ≫max (M1, . . . ,MR,N) − 1. (3.4.6)

According to [156], for the undamped HRmodel, if the spatial frequencies {µ(r)k ∣ r =
1,2, . . . ,R; k = 1,2, . . . , d} are drawn from a continuous multivariate distribution on
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RRK , and s̃n = [s1(n), s2(n), . . . , sd(n)]T is drawn from a continuous multivariate

distribution on Cd, in the absence of noise, the rank of rank(Y (1)) = rank(X(1)) is
equal to the number of signals, namely, rank(X ), a.s.

The performance of the RMT-based source enumerator with constant confidence

level is not robust to the number of signals. For a relatively low confidence level,

it works well when the number of signals is small, while it tends to underestimate

the number of signals when the source number is large. For a relatively high confi-

dence level, on the contrary, it works well for large source numbers, while tends to

overestimation for small source numbers. To overcome this drawback, we propose to

use an adaptive confidence level instead of constant one in the R-D RMT criterion.

Mathematically, in the k-th (k = 1, . . . , P1 − 1) test,
α(k) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
exp [logα1 + (k − 1)/(c − 1) ⋅ log(αmid/α1)] , k ≤ c

(α1 +α2) − α(P1 − k), otherwise
(3.4.7)

where c = ⌊P1/2⌋ denotes the largest integer less than or equal to P1/2, α1 and α2 are

the user-defined lower and upper bounds of α, respectively, and αmid = (α1 + α2)/2.
The resultant source enumerator is called adaptive R-D RMT.

3.4.4 R-D Eigenvalue Fluctuation Information Criterion

In general, P1 and Q1 have the same orders of magnitude, namely, Q1/P1 is not far

from 1. In this case, one or more of the (2R−1) unfolded matrices of Y are “squared”

with comparable numbers of rows and columns. Looking again at Example 3.4.1,

Y (1), Y (2) and Y (3) have comparable numbers of rows and columns. Note that since

the white noise is uncorrelated in all dimensions, the numbers of rows and columns in

the unfolded matrices correspond to the numbers of sensors and samples, respectively.

Therefore, the 1-D EFIC performs quite well when being applied in the associated

multi-mode eigenvalues. From Section 2.4, the 1-D EFIC also performs fairly well in

other “oblate” unfolded matrices with much larger number of columns than that of

rows.
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To improve the accuracy, reliability and robustness, we propose to average the

1-D EFIC cost functions of all r-mode and multi-mode eigenvalues for R-D signal

detection. Formally, the R-D EFIC estimator of the number of signals is given by

d̂R−D = argmin
k∈{0,1,...,P

2R−1
−1}

2R−1

∑
r=1

EFIC(k; ℓ(r)1 , . . . , ℓ
(r)
Pr
), (3.4.8)

where EFIC(k; ℓ(r)1 , . . . , ℓ
(r)
Pr
) is the 1-D function defined in (2.2.24) applied in the r-th

set of sample eigenvalues.

Using the above method, only (P2R−1 − 1) signals can be identified. To maxi-

mize the number of detectable signals, a sequential detection procedure is adopted as

follows.

1) An initial estimate d̂(1) is obtained by applying 1-D EFIC to the first set of

eigenvalues;

2) If d̂(1) < P2, the 1-D EFIC cost functions of the first and second sets of eigen-

values are added for signal detection:

d̂(2) = argmin
k∈{0,1,...,P2−1}

{ 2

∑
r=1

β

4
[Qr

Pr

]2 t2k,r + 4(k + 1)} . (3.4.9)

where d̂(2) denotes the refined estimate.

3) If d̂(2) < P3, the third set of eigenvalues can be exploited as well.

This algorithm proceeds in this way. In general, in the s-th step,

d̂(s) = argmin
k∈{0,1,...,Ps−1}

{ s

∑
r=1

β

4
[Qr

Pr

]2 t2k,r + 2s(k + 1)} . (3.4.10)

When the s-th estimate d̂(s) ≥ Ps+1 or s = 2R−1, the procedure stops and d̂R−D = d̂(s)

is the final estimate.

Using a sequential detection procedure, the maximum number of identifiable sig-

nals is up to the size of the most squared matrix minus one, namely, P1 − 1, which

approximately equals
√
M1⋯MRN . This is the highest number of detectable signals

we can expect from the matrix unfolding based R-D detection schemes.
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3.4.5 R-D Minimum Description Length

In unusual cases where Q1 ≫ P1, all (2R−1) unfolded matrices of Y are “oblate” with

much larger number of columns than that of rows. The MDL is a more appropriate

choice since it performs optimally in large sample limit.

To maximize the number of detectable signals, in the R-D extension of MDL, we

use the sequential detection procedure similar to that of the R-D EFIC. Considering

that the dominant source of incorrect detection in 1-D MDL is underestimation, and

the 1-D MDL improves in detectability as the number of samples increases, a natural

choice is that we sequentially apply it in each of the (2R −1) sets of eigenvalues. This
is more preferable to summing the 1-D cost functions of individual eigenvalues as

done in R-D EFIC.

A more efficient method is that in the s-th step of the sequential algorithm, we

form the global eigenvalues by summing the first s sets of eigenvalues:

ℓ
(G)
i = ℓ

(1)
i + ℓ

(2)
i + ⋅ ⋅ ⋅ + ℓ

(s)
i , i = 1,2, . . . , Ps, (3.4.11)

which are then substituted into the 1-D MDL criterion, namely,

d̂(s) = argmin
k∈{0,1,...,Ps−1}

RDMDL(k), (3.4.12a)

where

RDMDL(k) = Qs (Ps − k) log 1
Ps−k
∑Ps

i=k+1 (∑s
r=1 ℓ

(r)
i )

∏Ps

i=k+1 (∑s
r=1 ℓ

(r)
i )1/(Ps−k) +

1

2
k(2Ps−k) logQs, (3.4.12b)

where Ps and Qs are the number of rows and columns of Y (s) defined in (3.4.3).

Since the gap between the signal global eigenvalues and noise ones is bigger and

more stable, the proposed R-D MDL of (3.4.12) improves the detection accuracy.

Moreover, as will be shown shortly, like its 1-D counterpart, the proposed R-D MDL

is a consistent estimator of the number of signals in the large-sample limit.

Similar to the R-D EFIC, the maximum number of identifiable signals by the

proposed R-D MDL is equal to the size of the most squared matrix minus one, which is

on the order of
√
M1⋯MRN and much larger than that of the existing R-D MDL [151]

for R ≥ 3.
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Consistency

We analyze the asymptotic behavior of our R-D MDL as the number of snapshots N

tends to infinity. Define the highest mode rank of a tensor as the highest rank of its

unfolded matrices. First, we show that as N tends to infinity, the R-D MDL consis-

tently estimates the highest rank of its r- and multi-mode unfolded matrices of the

noiseless signal tensor X with probability one. The proof is provided in Appendix B.

Theorem 3.4.1. Suppose the number of signals d is less than the size of the most
squared unfolded matrix of Y, namely,

d < P1. (3.4.13)

Then the proposed R-D MDL is a consistent estimator of the highest mode rank of
the noiseless signal tensor X , namely,

d̂RDMDL = d̃ a.s. as N → +∞, (3.4.14)

where

d̃ = max
1≤r1<⋅⋅⋅<rt≤R+1,1≤t≤R

{rank ([X ](r1,...,rt))}
= max

r∈{1,...,2R−1}
{rank (X(r))} . (3.4.15)

Here, the limiting condition N → +∞ can be relaxed to Q1 → +∞. Besides,

replacing 1
2 logQd in the last term on the RHS of (3.4.12b) with f(Qd) satisfying

log logQd/f(Qd)→ 0 and f(Qd)/Qd → 0 yields a consistent estimator as well.

Next we prove that the highest mode rank of a tensor cannot exceed the rank of

the tensor.

Proposition 3.4.2. Given an (R + 1)th-order tensor X of rank d, for any 1 ≤ r1 <
⋅ ⋅ ⋅ < rt ≤ R + 1 (1 ≤ t ≤ R), the (r1, . . . , rt)-mode rank of X , is less than or equal to d,
namely,

rank ([X ](r1,...,rt)) ≤ d. (3.4.16)

Proof. For any 1 ≤ r1 < ⋅ ⋅ ⋅ < rt ≤ R + 1 (1 ≤ t ≤ R), the (r1, . . . , rt)-mode matrix
unfolding of X is

[X ](r1,...,rt) = d

∑
k=1

c
(1)
k ○ c

(2)
k ∈ C

(Mr1
⋯Mrt)×MN/(Mr1

⋯Mrt
), (3.4.17)

where
c
(1)
k = vec (a(r1)k ○ ⋅ ⋅ ⋅ ○a

(rt)
k ) ∈ C(Mr1

⋯Mrt)×1, (3.4.18)
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c
(2)
k = vec ( a(1)k ○ ⋅ ⋅ ⋅ ○ a

(r1−1)
k a

(r1+1)
k ○ ⋅ ⋅ ⋅ ○ a

(rt−1)
k ○ a

(rt+1)
k ○ ⋅ ⋅ ⋅ ○ a

(R+1)
k )

∈ CMN/(Mr1
⋯Mrt

)×1.
(3.4.19)

The inequality (3.4.16) follows from the fact that each column of [X ](r1,...,rt) is a
linear combination of c

(1)
1 ,c

(1)
2 , . . . ,c

(1)
d .

It is worth noting that, like the r-mode ranks, the multi-mode ranks of a tensor

may be different. From Proposition 3.4.2, it follows that d̃ ≤ d. According to [156],

for the undamped HR model, if the spatial frequencies {µ(r)k ∣ r = 1,2, . . . ,R; k =

1,2, . . . , d} are drawn from a continuous multivariate distribution on RRK , and s̃n =

[s1(n), s2(n), . . . , sd(n)]T is also drawn from a continuous multivariate distribution

on Cd, the r-/multi-mode rank and the highest mode rank of rank(X ) are all equal

to rank(X ) a.s.
3.4.6 Simulation Results

We take the R-D undamped HR model for illustration. The spatial frequencies

µ
(r)
k (r = 1, . . . ,R; k = 1, . . . , d) are i.i.d uniformly distributed within [−π,π], and

the source samples are uncorrelated ZMCSCG distributed with unit variance. The

noise power σ2
n is scaled to obtain different SNRs. For each SNR, 20000 independent

MC runs have been conducted. The performance measure is the PoD, i.e. Pr(d̂ = d),
averaged over spatial frequencies, sources and noise realizations of all MC runs.

R-D RMT

The PoDs of the following schemes are compared: MDL/AIC using eigenvalues asso-

ciated with Y (1), two R-D RMT versions with constant confidence levels α1 = 10−4

and α2 = 0.25, and adaptive RMT with α(k) defined as in (3.4.7). Figure 3.8 shows

the curves of α(k) used in the following simulation. Note that all investigated schemes

are new because they employ Y (1).

First we consider a system where d = 5 and d = 54 sources impinge on a 3-D array

of size M1 = 9,M2 = 8,M3 = 7, with M4 = N = 10 snapshots. In Figure 3.9, the

PoD of the RMT scheme using Y (1) and other unfolded matrices for α1 = 10−4 and
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d = 5 are compared. It can be seen that the PoD of the RMT scheme using Y (1)

is always better than or comparable to that using other unfolded matrices. Similar

observations are obtained for other parameter settings.

Figure 3.10 compares the PoDs of different schemes. We see that the R-D RMT

scheme can detect the true number of signals in both source number scenarios. Com-

pared with the R-D MDL/AIC/EFT schemes [37] which can detect at most 9 sources,

the R-D RMT number of detectable signals is significantly enhanced. However, the

performance of the R-D RMT with constant confidence level is not robust against

the case of wide-range source number variation. For small number of signals, R-D

RMT with α1 = 10−4 works well and is consistent as the SNR goes to infinity, while

for large number of signals, it tends to underestimate the true number of signals and

when d = 54, the PoD is only 0.6 even at high SNR. On the contrary, R-D RMT

with α2 = 0.25 tends to overestimation for small source numbers and the PoD is less

than 0.8 even at high SNR when d = 5, while for large source numbers, it works well

and gains large-SNR consistency. The adaptive R-D RMT is a good compromise of

both versions and is robust against source number variation because it works well for

both small and large source numbers and achieves near consistency in the larger-SNR

limit. For relatively large source numbers, AIC/MDL is not consistent when the SNR

goes to infinity, having a tendency to overestimate the true number of signals. This

is consistent with [157].

Figure 3.11 considers a system with a 4-D array of size M1 = 3,M2 = 4,M3 =

5,M4 = 6, withM5 = N = 8 snapshots. In this case, the R-D EFT/MDL/AIC schemes

proposed in [37] can detect at most 7 sources, while the proposed R-D RMT scheme

can detect up to 40. And again, the adaptive RMT scheme shows good robustness in

a wide range of number of signals and its performance outperforms the AIC/MDL.

R-D EFIC and R-D MDL

The PoDs of the following schemes are compared: the existing R-DMDL/AIC/EFT [151],

R-D RMT [34] with a constant confidence level of α = 10−2, the proposed R-D MDL
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Figure 3.8: Confidence level α(k) as a function of hypothesized number of signals k
when [α1, α2] = [10−4,0.25].

and R-D EFIC, and 1-D EFIC using eigenvalues associated with Y (1). Note that the

last scheme is also new because it employs Y (1).

In Figure 3.12, we consider a system where signals of d = 2 and d = 18 sources

impinge on a 3-D array of size M1 =M2 =M3 = 5, with N = 5 snapshots. Note that

for a small number of signals, the PoD of the R-D EFIC is comparable to the best

schemes for low SNRs, and then gradually increases to 1 for high SNRs. Note also

that the R-D EFT, R-D RMT and the 1-D EFIC applied in Y (1) each has a non-

negligible probability of over-enumeration and hence cannot attain a PoD of 1 at high

SNRs. For a large number of signals of d = 18, the R-D EFIC outperforms all other

schemes at all SNRs. A more careful look shows that the extent of wrong detection

(under-enumeration) in R-D RMT is much greater than the one (over-enumeration)

in R-D EFIC, whose detection error is dominated by over-enumeration by only one or

a couple of sources, as shown in Figure 3.13(a). Indeed, define the root mean square
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Figure 3.9: Comparison of PoD of RMT by using Y (1) and other unfolded matrices.
α = 10−4, d = 5.

detection error (RMSDE) as

RMSDE =

√
∑L

l=1 ∣d̂ − d∣2
L

, (3.4.20)

where L is the number of MC runs. Figure 3.13(b) shows that the RMSDE of the

estimated number of signals in R-D EFIC is always lower than that in R-D RMT.

The above discussion is devoted to the most frequently encountered case where

Q1/P1 is not far from 1. Next, we consider the unusual case where Q1/P1 ≫ 1.

The array size is M1 = M2 = M3 = M4 = 8, with N = 8 snapshots. In Figure 3.14,

the proposed methods are compared for d = 2 and d = 48 sources. We see that the

proposed R-D MDL has slightly better performance than the proposed R-D EFIC,

and is superior to other schemes particularly for large number of signals.
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3.5 R-D Estimation Error

In this section, we propose two multidimensional extensions of the matrix-based ES-

TER by means of the HOSVD.

3.5.1 R-D ESTER I

Define

E
(r)
k = J

(r)
1 U

(r)
k ⋅Ψ

(r)
k − J

(r)
2 U

(r)
k , (3.5.1a)

where

Ψ
(r)
k = (J (r)1 U

(r)
k ) †

J
(r)
2 U

(r)
k . (3.5.1b)

According to Corollary 3 of [124], in case of under-enumeration k < d, it holds

∣φ̂(r)k − φ
(r)
d ∣ ≤ cr∥E(r)k ∥2, (3.5.2)

where φ̂
(r)
k

is an arbitrary eigenvalue of Ψ
(r)
k

, φ
(r)
d

is an eigenvalue of Ψ
(r)
d

that is

closest to φ̂
(r)
k , and cr = cond{A(r)} is the upper condition number which is defined

as the ratio of the largest singular value of A(r) to the smallest singular value of

J
(r)
1 A(r).

From (3.5.2), it follows that

R

∏
r=1
∣φ̂(r)k − φ

(r)
d ∣ ≤ R

∏
r=1
cr ⋅

R

∏
r=1
∥E(r)k ∥2. (3.5.3)

First, assuming that M1 = ⋅ ⋅ ⋅ =MR, we propose the R-D ESTER I for estimating

the number of signals based on the following criterion

d̂R−D = argmin
k=1,...,min(Mr−2,N)

R

∏
r=1
∥E(r)k ∥22, (3.5.4)

where E
(r)
k is the residual matrix in the r-th mode as defined in (3.5.1).

By applying a similar analysis to that in [124,129] in each mode individually, the

global minimum of zero of ER−D(k) is reached for k = d. For k < d, ER−D(k) > 0 is

the upper bound of the product of the square error between an arbitrary eigenvalue

of Ψ
(r)
k and the closest eigenvalue, in least squares sense, of Ψ

(r)
d . While for k > d, we
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also have ER−D(k) > 0 since the noise eigenvectors in each mode do not satisfy the

shift invariance property.

Note from (3.5.3) that the cost function ER−D(k) in R-D ESTER I, like the matrix-

based ESTER criterion, is directly associated with the variance of the biased multi-

dimensional frequency estimates for under-enumeration. Therefore, the R-D ESTER

I reserves the merits of its 1-D counterpart. In particular, it enhances the robustness

of the matrix-based ESTER against colored noise.

When M1 = ⋅ ⋅ ⋅ = MR is not satisfied, a sequential source enumeration procedure

is applied to maximize the number of detectable signals. Specifically, we first order

Mr, r = 1, . . . ,R, in a way such that Mi1 ≥Mi2 ≥ ⋅ ⋅ ⋅ ≥MiR , where i1, i2, . . . , iR, are the

ordered dimensions. Then the sequential algorithm proceeds in the following steps.

1) Start by estimating d with U
(i1)
k in the first mode:

d̂
(1)
R−D = argmin

k=1,...,min(Mi1
−2,N)
∥E(i1)k ∥22, (3.5.5a)

where

E
(i1)
k = J

(i1)
1 U

(i1)
k ⋅Ψ

(i1)
k − J

(i1)
2 U

(i1)
k , (3.5.5b)

with

Ψ
(i1)
k = (J (i1)1 U

(i1)
k ) † ⋅J

(i1)
2 U

(i1)
k . (3.5.5c)

2) If d̂
(1)
R−D ≤Mi2 − 2, we take advantage of U

(i2)
k in the second mode:

d̂
(2)
R−D = argmin

k=1,...,min(Mi2
−2,N)

(∥E(i1)
k
∥2 ⋅ ∥E(i2)k

∥2)2 , (3.5.6)

where d̂
(2)
R−D denotes the refined estimate.

3) If d̂
(2)
R−D ≤Mi3 − 2, U

(i3)
k is exploited as well.

In general, in the r-th step,

d̂
(r)
R−D = argmin

k=1,...,min(Mir−2,N)

r

∏
j=1
∥E(ij)k ∥22. (3.5.7)

If d̂
(r)
R−D >Mir+1 − 2 or r = R, stop.
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Using the sequential source enumeration procedure, the R-D ESTER I can identify

[max(M1, . . . ,MR) − 2] signals. Note that the number of identifiable signals of the

existing R-D ESTER is limited to [min(M1, . . . ,MR) − 2] [151]. When the lengths

of spatial dimensions are distinct, the former has significantly improved number of

detectable signals over the latter.

With regard to the performance, as shown in Section 3.5.4, the superiority of

the R-D ESTER I over the existing R-D ESTER scheme consists mainly in the

strongly correlated colored noise environment. For low-to-moderate noise correlation

levels, only slight or even no performance improvement is observed. To improve the

performance for low-to-moderate noise correlation levels, we develop the second R-D

ESTER based on the tensor shift invariance equation.

3.5.2 R-D ESTER II

Define the array steering tensor as

A = IR+1,d ×1 A
(1) ×2 A

(2) ⋅ ⋅ ⋅ ×R A(R). (3.5.8)

As shown in [22], the r-mode matrix unfoldings of the array steering tensor A

in (3.5.8), r = 1, . . . ,R, satisfy the following shift invariance equations

A ×1 J
(1)
1 ×R+1 Φ

(1)
= A ×1 J

(1)
2 , (3.5.9)

A ×2 J
(2)
1 ×R+1 Φ

(2)
= A ×2 J

(2)
2 , (3.5.10)

. . .

A ×R J
(R)
1 ×R+1 Φ

(R)
= A ×R J

(R)
2 . (3.5.11)

From (3.5.9), it follows that (See Appendix C):

A ×1 J
(1)
1 ⋅ ⋅ ⋅ ×R J

(R)
1 ×R+1

R

∏
r=1

Φ(r) =A ×1 J
(1)
2 ⋅ ⋅ ⋅ ×R J

(R)
2 . (3.5.12)

Equation (3.5.12) is an extension of the matrix shift invariance equation in (2.3.1) to

the tensor case, and hence is referred to as the tensor shift invariance equation.
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Since the array steering tensor A is not available, the HOSVD described in (3.2.7)

is applied to find the subspace tensor. After applying the low rank approximation of

order k to (3.2.7), the subspace tensor Uk is identified as

Uk = Sk ×1 U
(1)
k ⋅ ⋅ ⋅ ×R U

(R)
k , (3.5.13)

where Sk ∈ C
p1×⋅⋅⋅×pR×k, and U

(r)
k ∈ C

Mr×pr , with pr =min(Mr, k) for r = 1, . . . ,R.
In the noiseless case and for k = d, it is shown that A and Ud are related by [22]

A = Ud ×R+1 T , (3.5.14)

where T is a non-singular matrix.

Substituting (3.5.14) into (3.5.12), we obtain

Ud ×R+1 T ×1 J
(1)
1 ⋅ ⋅ ⋅ ×R J

(R)
1 ×R+1

R

∏
r=1

Φ(r) = Ud ×R+1 T ×1 J
(1)
2 ⋅ ⋅ ⋅ ×R J

(R)
2 , (3.5.15)

which can be rewritten as

Ud ×1 J
(1)
1 ⋅ ⋅ ⋅ ×R J

(R)
1 ×R+1 T

−1
R

∏
r=1

Φ(r)T = Ud ×1 J
(1)
2 ⋅ ⋅ ⋅ ×R J

(R)
2 . (3.5.16)

Let

Ψ
(G)
d = T −1

R

∏
r=1

Φ(r)T , (3.5.17)

and

U ↓k = Uk ×1 J
(1)
1 ⋅ ⋅ ⋅ ×R J

(R)
1 = Uk

R

⨉
r=1

rJ
(r)
1 , (3.5.18)

U ↑k = Uk ×1 J
(1)
2 ⋅ ⋅ ⋅ ×R J

(R)
2 = Uk

R

⨉
r=1

rJ
(r)
2 , (3.5.19)

where the operator
R⨉
r=1r

denotes a compact representation of R r-mode products be-

tween a tensor and R matrices. Equation (3.5.16) can be expressed in a more compact

form as

U ↓d ×R+1 Ψ
(G)
d = U ↑d. (3.5.20)
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Applying the (R + 1)-mode unfolding to the tensors on both sides of (3.5.20), we

obtain

Ψ
(G)
d
[U ↓d](R+1) = [U ↑d](R+1) . (3.5.21)

Therefore

Ψ
(G)
d = [U ↑d](R+1) ([U ↓d](R+1)) †

. (3.5.22)

Note that when k ≠ d, (3.5.16) does not hold. Therefore, the number of signals

can be estimated as

d̂R−D = argmin
k=1,...,min(max(M1,...,MR)−2,N)

ER−D(k), (3.5.23a)

where

ER−D(k) = ∥Uk

R

⨉
r=1

rJ
(r)
1 ×R+1 Ψ

(G)
k −Uk

R

⨉
r=1

rJ
(r)
2 ∥2F, (3.5.23b)

is the error function to be minimized, with

Ψ
(G)
k = [Uk

R

⨉
r=1

rJ
(r)
2 ]

(R+1)

⎛⎝[Uk

R

⨉
r=1

rJ
(r)
1 ]

(R+1)

⎞⎠
†

. (3.5.23c)

It is easy to verify that ER−D(k) > 0 for k ≠ d in the absence of noise.

Note that the original R-D ESTER in [151] has a similar tensor form compared

with the proposed R-D ESTER II. However, the former is based on a shift invariance

equality that is formed by empirically combining the shift invariance equations in in-

dividual dimensions, and that is of similar form to (3.5.14) except that Ud is replaced

by one with an identity core. In the latter, by means of the tensor shift invariance

equation that incorporates the core tensor of the truncated HOSVD, a more reliable

performance is ensured. In addition, similar to R-D ESTER I, the number of iden-

tifiable signals of the R-D ESTER II is increased up to [max(M1, . . . ,MR) − 2] for
N ≥max(M1, . . . ,MR)−2, which is a considerable improvement over the original R-D

ESTER when the lengths of spatial dimensions are quite different.

As shown in Section 3.5.4, for a wide range of low-to-moderate noise correlation

levels, the R-D ESTER II outperforms the original R-D ESTER as well as R-D
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ESTER I. However, for high noise correlation levels, its performance degrades sharply,

showing a weakened robustness against colored noise. This may stem from its failure

(this also applies to the original R-D ESTER) to preserve the inherent structure of

the matrix-based ESTER. To see this, note that the cost function in the matrix-based

ESTER is the 2-norm of the residual matrix E(k), which for the under-enumeration

case is the upper bound of the variance of the biased frequency estimates. Both the

R-D ESTER II and original R-D ESTER lose such a connotation in a sense that the

relationship between their cost functions and the errors of the estimated eigenvalues is

unclear. Consequently, for strongly correlated colored noise scenarios, they performs

not as well as the R-D ESTER I.

It is worth noting that our proposed R-D ESTERs can also be applied in the

partly uniform multidimensional HR model, where only part (but at least 2) of the

factor matrices A(r), r = 1, . . . ,R, have a Vandermonde structure. Such a partly

uniform multidimensional HR model may appear in array processing which employs

a ULA or uniform rectangular array (URA) at the transmitter while a non-uniform

antenna array at the receiver, or an antenna array with uniform spacing along one

array axis but non-uniform spacing along the other axis [16].

3.5.3 Computational Complexity

Two dominant calculations in the ESTER are SVD and Moore-Penrose pseudo in-

verse. Both operations involve O (P 2Q) floating-point operations (flops) for a P ×Q
(P ≤ Q) matrix, provided that the Moore-Penrose pseudo inverse is also calculated

based on the SVD. For R-D ESTER I, the computational load is equal to or less than

that of R matrix-based ESTERs each applied in a matrix unfolding of the measure-

ment tensor. For each matrix-based ESTER, once the singular vectors have been ob-

tained via the SVD of the r-mode unfolding, an efficient algorithm derived in [124,129]

can be used to recursively calculate the residual matrix for all k = 1, . . . ,Mr − 2.

Such an algorithm involves 6Mrk flops for each k, so that the overall complexity is

3Mr(Mr − 2)2. In the original R-D ESTER and R-D ESTER II, in addition to R
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Table 3.1: Number of flops required in R-D ESTERs.
Original R-D ESTER O [MN(∑R

r=1Mr +N) +MM2
r ]

R-D ESTER I O [∑R
r=1 3Mr(Mr − 2)2]

R-D ESTER II O [MN(∑R
r=1Mr +N) +RMsM2

r ]

SVDs of r-mode (r = 1, . . . ,R) unfoldings of the measurement tensor, the subspace

tensor Uk needs to be calculated for all k. For the R-D ESTER II, additional flops are

required to compute the core tensor S of HOSVD. The computational complexity in

terms of number of flops of the proposed two R-D ESTER methods and original R-D

ESTER is summarized in Table 3.1. It shows that the matrix-based R-D ESTER I

requires much smaller number of flops than that required in the tensor-based R-D

ESTER II and original R-D ESTER, which have the same order of complexity.

3.5.4 Simulation Results

We present simulation results demonstrating the performance of the proposed R-D

ESTER schemes. To simulate the correlation of multidimensional colored noise, we

use the following noise generating model [43,47,151] (See Chapter 4 for more details):

N (c)
=N ×1 L1 ×2 L2 ⋅ ⋅ ⋅ ×R LR. (3.5.24)

whereN ∈ CM1×⋅⋅⋅×MR×N is a white noise tensor collecting uncorrelated ZMCSCG noise

samples with variance σ2
n, and Lr ∈ C

Mr×Mr , r = 1, . . . ,R, is the correlation factor in

the r-th dimension of the colored noise tensor. The SNR is defined as

SNR =
∥A ×R+1 ST∥2

F

MNσ2
n

. (3.5.25)

As in [141,151], the colored noise is modeled as a first-order autoregressive process:

n
(c)
m+1 = ρr ⋅ n

(c)
m +
√
1 − ∣ρr∣2 ⋅ nm+1, (3.5.26)

such that the noise covariance matrix Cr = LrL
H
r , r = 1, . . . ,R, is a function of a

single variable, namely, the correlation coefficient ρr only. For example, when Mr = 3,
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Cr has the following structure

Cr =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 ρ∗r (ρ∗r)2
ρr 1 ρ∗r

ρ2r ρr 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (3.5.27)

It is worth noting that for other types of noise correlation models, similar results are

observed.

The performance measure is the PoD, i.e., Pr(d̂ = d). The following schemes

are used as the benchmarks: R-D MDL/AIC [37], R-D RMT [34] with a constant

confidence level of α = 10−2, 1-D ESTER applied to each mode unfolding of the

measurement data, denoted as ESTER r, r = 1, . . . ,R, and original R-D ESTER [151].

Simulation Scenario I: Source Localization in Multiple-pulses, Bistatic
MIMO Radar

The MIMO radar is characterized by using multiple antennas to simultaneously trans-

mit linearly independent waveforms and by utilizing multiple antennas to receive the

reflected signals. In the bistatic MIMO radar configuration [17], the transmit and

receive arrays are separately located by a considerable distance. The received signals

are multiplied by the inversion of the waveform matrix (matched filtering) in order to

achieve waveform diversity. When a ULA/URA is used at both the transmitter and

receiver, the matched-filter output corresponds to an R-D undamped HR model [17],

where the spatial frequency µ
(r)
i , r = 1, . . . ,R, is expressed as a function of the DoA

(azimuth and/or elevation) and DoD (azimuth and/or elevation) of the i-th target,

and si(n) = βi,nej(n−1)χi , n = 1, . . . ,N . Here, N is the number of pulses in each coher-

ent processing interval (CPI), βi,n is the RCS coefficient of the i-th target, and χi is

the Doppler frequency determined by

χi = 2πviTp/λ (3.5.28)

where vi is the velocity of the i-th target in meters per second, Tp is the pulse duration

in seconds, and λ = 3 ⋅ 108/fc is the wavelength, with fc being the carrier frequency.
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We consider the scenario where each CPI comprises multiple consecutive pulse

periods, namely, N > 1. In the Swerling I target model, the RCSs of all targets are

constant during the CPI, which means that βi,n = βi, n = 1, . . . ,N . Therefore, S is a

Vandermonde matrix as well, and the multiple-snapshot R-D undamped HR model

can be interpreted as an equivalent single-snapshot (R + 1)-D undamped HR model.

While in the Swerling II target model, the target RCS is varying from pulse to pulse

in a CPI.

To align with [17], the following parameter settings are used. The transmitted

waveforms are chosen from the first MT rows of a 64 × 64 Hadamard matrix, where

MT is the number of transmit antennas. We assign Tp = 5 ⋅ 10−6 and fc = 1 GHz.

The ULA/URA has an inter-element spacing of half of the wavelength. The azimuth

and elevation are assumed to be drawn from a uniform distribution in [−π,π] and
[−π/2,π/2], respectively. The Kronecker colored noise is added to the noise-free

received signal prior to matched filtering. For simplicity but without loss of generality,

we assume that the noise correlation is present in all dimensions except the temporal

dimension. The number of pulses in each CPI is set as N = 20. The RCS coefficients

βi,n are assumed to be drawn from a complex Gaussian distribution with zero mean

and variance σ2
βi
= 0.3 + 0.1(i − 1), i = 1, . . . , d. For each SNR, the PoD is computed

from 1000 independent MC runs.

Swerling II target model

First, we consider a scenario where both the transmitter and receiver employ an 8-

element ULA. The matched-filter output follows a multiple-snapshot 2-D undamped

HR model [17], with R = 2, M1 = M2 = 8 and N = 20. The spatial frequencies µ
(r)
i ,

r = 1,2, i = 1, . . . , d, are given by

µ
(1)
i = π cos(θ(R)

i ), (3.5.29)

µ
(2)
i = π cos(θ(T)

i ), (3.5.30)

where θ
(R)
i and θ

(T)
i are the azimuth of arrival and departure of the i-th source,

respectively.
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In Figure 3.16(a), the PoDs versus SNR of different source enumerators are com-

pared for d = 3 sources, where the correlation coefficients of the colored noise are set

as ρ1 = ρ2 = 0.125. We see that R-D ESTER I has almost the same PoD as the origi-

nal one, while R-D ESTER II significantly outperforms [151]. In Figure 3.16(b), the

number of sources is increased to 5, and the improvement of R-D ESTER II over the

original one is more obvious. Note that the PoDs of R-D ESTER methods are higher

than those of all ESTER 1, ESTER 2, and ESTER 3. Moreover the R-D MDL/AIC

and R-D RMT cannot attain a PoD of 1 even at high SNRs due to over-enumeration.

In Figure 3.17, we have the same scenario as in Figure 3.16(b), except that instead

of a low noise correlation level, here we use a high noise correlation level of ρ1 =

ρ2 = 0.8. We see that R-D ESTER I outperforms [151] as well as all ESTER 1,

ESTER 2, and ESTER 3, regardless of the noise level, while R-D ESTER II performs

poorly and is inferior to [151]. For such strongly correlated colored noise, the R-D

MDL/AIC/RMT that is designed for white noise totally fail.

Next, we consider a scenario where the transmitter employs a 6-element ULA,

while the receiver employs a 6× 6-element URA. The matched-filter output follows a

multiple-snapshot 3-D undamped HR model [17], with R = 3, M1 =M2 =M3 = 6 and

N = 20. The spatial frequencies µ
(r)
i , r = 1,2,3, i = 1, . . . , d, are determined by

µ
(1)
i = π cos(θ(R)

i ) cos(α(R)
i ), (3.5.31)

µ
(2)
i = π sin(θ(R)

i ) cos(α(R)
i ), (3.5.32)

µ
(3)
i = π cos(θ(T)

i ), (3.5.33)

where θ
(R)
i , α

(R)
i and θ

(T)
i are the azimuth of arrival, elevation of arrival and azimuth

of departure, respectively.

In Figure 3.18, the source enumerators are evaluated for various noise correlation

levels at SNR=30 dB and d = 3. Here, the correlation coefficients along different di-

mensions are equal to each other and vary from 0 to 0.999. We see that with the

increase of the noise correlation levels, the R-D ESTER I and 1-D ESTERs main-

tain constant detection performance whereas all other schemes suffer performance
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degradation to a certain extent. While the original R-D ESTER experiences a slight

performance degradation only for high correlation levels, the R-D MDL/AIC/RMT

drops sharply in performance and totally fails for ρr > 0.3. For the R-D ESTER II, it

performs best for a wide range of low-to-moderate noise correlation levels of ρr < 0.7.

However, for high noise correlation levels, it drops sharply in PoD and is inferior to

the R-D ESTER I and [151] when ρr > 0.8 i. This indicates that the order of robust-

ness against colored noise is: R-D ESTER I (1-D ESTERs) > original R-D ESTER >

R-D ESTER II ≫ R-D MDL/AIC/RMT.

In Figure 3.19(a), the correlation coefficients of the colored noise are fixed as

ρ1 = ρ2 = ρ3 = 0.125 while the SNR varies. We see that the R-D ESTER II performs

best and remarkably outperforms [151] as well as other methods. In Figure 3.19(b),

the noise correlation level is increased to ρ1 = ρ2 = ρ3 = 0.8. In such a strongly

correlated colored noise scenario, the R-D ESTER I is the best performing method.

These observations are consistent with those obtained in Figures 3.16(a)-3.18, which

imply that the R-D ESTER I has strongest robustness, while the R-D ESTER II is

less robust against colored noise but is optimal for weakly-to-moderately correlated

colored noise scenarios.

Next, we change the antenna array sizes such that M1 = 7,M2 = 5,M3 = 9. For

such a 3-D array of distinct sizes, both R-D ESTER schemes can identify M1 − 2 = 7

sources, while the original R-D ESTER can only identify M2 − 2 = 3 sources.

In Figures 3.20(a) and 3.20(b), different source enumerators are assessed for 5

sources at low-to-moderate and high noise correlation levels, respectively. We see

that the original R-D ESTER fails to work. In contrast, the R-D ESTER I and R-D

ESTER II respectively works well in weakly-to-moderately and strongly correlated

colored noise scenarios, and attain a PoD of 1 at sufficiently high SNRs.

Finally, we consider a scenario where both the transmitter and receiver employ

a 5 × 5-element URA. The matched-filter output obeys a multiple-snapshot 4-D un-

damped HR model [17], with R = 4, M1 =M2 =M3 =M4 = 5 and N = 20. The spatial
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frequencies µ
(r)
i , r = 1,2,3,4, i = 1, . . . , d, are given by

µ
(1)
i = π cos(θ(R)

i ) cos(α(R)
i ), (3.5.34)

µ
(2)
i = π sin(θ(R)

i ) cos(α(R)
i ), (3.5.35)

µ
(3)
i = π cos(θ(T)

i ) cos(α(T)
i ), (3.5.36)

µ
(4)
i = π sin(θ(T)

i ) cos(α(T)
i ), (3.5.37)

where θ
(R)
i , α

(R)
i , θ

(T)
i and α

(T)
i denote the azimuth of arrival, elevation of arrival,

azimuth of departure and elevation of departure, respectively.

In Figures 3.21(a) and 3.21(b), different source enumerators are assessed for 2

sources at low-to-moderate and high noise correlation levels, respectively. Again, the

R-D ESTER I performs comparably to or better than the original R-D ESTER for all

noise correlation levels. For R-D ESTER II, it is superior to the original R-D ESTER

by a considerable margin for low-to-moderate noise correlation levels, while inferior

to the latter for high noise correlation levels. This confirms the weaker robustness

of the R-D ESTER II with respect to the R-D ESTER I and original R-D ESTER

methods.

Swerling I target model

Consider the scenario where both the transmitter and receiver employ an 8-element

ULA, with 8 pulses in each CPI. The matched-filter output corresponds to a single-

snapshot 3-D undamped HR model [17], with R = 3,M1 =M2 =M3 = 8 and si(n) = βi.
The spatial frequencies µ

(r)
i , r = 1,2,3, i = 1, . . . , d, are given by

µ
(1)
i = π cos(θ(R)

i ), (3.5.38)

µ
(2)
i = π cos(θ(T)

i ), (3.5.39)

µ
(3)
i = χi, (3.5.40)

where χi is the Doppler shift determined by (3.5.28). As in [17], we assume that

the target velocity is uniformly distributed in [0, λ/(10 ⋅ 2Tp)] = [0,3000], such that

χi ≪ π is uniformly distributed in [0,π/10].
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Since A(3) has a Vandermonde structure, the R-D ESTER I can exploit the third

matrix unfolding as well. For ease of distinction, we denote the R-D ESTER I that

exploits the third unfolding and the one without exploiting the third unfolding as

“R-D ESTER I (R + 1)” and “R-D ESTER I (R)”, respectively. In Figure 3.22, we

plot the result for 5 sources and strongly correlated noise of ρ1 = ρ2 = ρ3 = 0.8. We see

that the ESTER 3 that applies to the third unfolding performs poorly due to frequent

under-enumeration and the “R-D ESTER I (R+1)” is inferior to “R-D ESTER I (R)”.

This is not unexpected, considering that the Doppler shifts of different sources are so

small that A(3) is nearly rank deficient. Therefore, in such a scenario, it is preferred

not to use the third unfolding.

Simulation Scenario II: Wireless Channel Sounding

Consider a stationary wireless scenario where there is no Doppler shift. When uniform

linear transmit and receive arrays are employed, the baseband-equivalent channel

sounding measurements after ideal low-pass filtering follow a single-snapshot 3-D

undamped HR model, where the frequencies µ
(r)
i , r = 1,2,3, i = 1, . . . , d, are given

by [13, 16]

µ
(1)
i = π cos(θ(R)

i ), (3.5.41)

µ
(2)
i = π cos(θ(T)

i ), (3.5.42)

µ
(3)
i = 2πτi/N. (3.5.43)

Here θ
(R)
i , θ

(T)
i and τi are the azimuth of arrival, azimuth of departure and propagation

delay measured in samples of the i-th source, respectively. The azimuths are assumed

to be drawn from a uniform distribution in [−π,π], and the propagation delay is

assumed to be drawn from a uniform distribution in [0,N − 1].
In Figures 3.23(a) and 3.23(b), different source enumerators are assessed for 5

sources at low-to-moderate and high noise correlation levels, respectively. In contrast

to Figure 3.22, since A(3) is no longer a rank deficient matrix, the “R-D ESTER I

(R+1)” that exploits the third unfolding is superior to “R-D ESTER I (R)” without

exploiting the third unfolding.
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3.6 Summary

The CORCONDIA is a conventional approach for determining the number of com-

ponents in PARAFAC or Tucker 3 models. Its performance relies on a user-defined

threshold whose optimal value varies with the SNR. In this chapter, we propose to

first use a low threshold to obtain an upper bound of the estimate. The estimate takes

the upper bound as its initial value, and is then gradually refined based on a sequence

of hypothesis tests by exploiting the reconstruction error which is readily available

after the PARAFAC decomposition. The proposed scheme results in accurate detec-

tion performance at both low and high SNRs, while almost no extra computation

overhead is required.

In theory, the CORCONDIA is able to identify the typical rank that exceeds the

size of each dimension of the tensor [32, 33]. However, the ALS may require a large

number of iterations to converge, which implies that the CORCONDIA is computa-

tionally expensive or even prohibitive for practical use. To reduce the computational

complexity, we resort to matrix-based source enumerators and develop the R-D RMT,

R-D EFIC and R-D MDL based on the generalized multi-mode matrix unfolding of

the measurement tensor.

In R-D RMT, the eigenvalues associated with the unfolded matrix whose number

of rows is closest to that of the columns are used for source enumeration via a se-

quence of nested hypothesis tests. The R-D RMT has robust performance and works

well in a wide range of number of signals. In the 1-D MDL and EFIC, all the sets

of sample eigenvalues associated with the generalized unfolded matrices of the mea-

surement tensor are combined for automatic detection of the number of components

in PARAFAC models. Using the generalized unfolding of the measurement tensor,

(2R − 1) sets of eigenvalues are obtained and combined for accurate estimation of the

number of signals. The number of identifiable signals is of the order of the square

root of the product of the sizes of the measurement tensor in all dimensions, which

is a considerable improvement over existing matrix-based solutions for R ≥ 3.

The R-D EFIC inherits and boosts the merits of its 1-D counterpart and shows
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excellent performance in a wide range of parameter settings. While the proposed R-

D MDL criterion consistently estimates the number of signals in the large-snapshot

limit, and is preferred to the R-D EFIC in unusual cases when the most squared

unfolded matrix of the measurement tensor has highly unequal number of rows and

columns.

For estimating the number of uniform harmonics in colored noise environments,

two multidimensional extensions of the subspace based 1-D ESTER are proposed.

The proposed schemes take into account the multidimensional structure of the data

and hence considerably outperforms the matrix-based 1-D ESTER. The R-D ESTER

I combines R sets of eigenvectors of the HOSVD of the measurement tensor based on

R matrix shift invariance equations in all modes. It preserves the inherent structure

of the matrix-based ESTER with enhanced robustness against colored noise, and out-

performs the state-of-the-art R-D ESTER scheme particularly in strongly correlated

colored noise environment. To further improve the performance at low-to-moderate

noise correlation levels, the R-D ESTER II is developed based on the tensor shift

invariance equation. It is the best performing method for a wide range of weakly and

moderately correlated colored noise scenarios. However, for high noise correlation

levels, it is inferior to the existing schemes. Both of our proposed extensions can

identify considerably more signals the existing R-D ESTER scheme when the spatial

dimension lengths are distinct from each other.
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Figure 3.10: PoD versus SNR for a 3-D array of size M1 = 9,M2 = 8,M3 = 7, with
M4 = 10.
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Figure 3.11: PoD versus SNR for a 4-D array of size M1 = 3,M2 = 4,M3 = 5,M4 = 6,
with M5 = 8 snapshots.
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Figure 3.12: PoD versus SNR curves for M1 =M2 =M3 = 5, N = 5.
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(a) Estimate histogram. SNR=30 dB. (Top: R-D RMT; bottom: R-D EFIC.)
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Figure 3.13: Divergence of the estimated number of signals in Figure 3.12(b)
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Figure 3.14: PoD versus SNR curves for M1 =M2 =M3 =M4 = 8, N = 8.
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Figure 3.15: Angle (azimuth and/or elevation) estimation using shift invariant arrays.
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Figure 3.16: PoD versus SNR of Swerling II targets for source localization in multiple-
pulse, bistatic MIMO radar system. R = 2, M1 = M2 = 8, N = 20. The noise
correlation coefficients are ρ1 = ρ2 = 0.125.
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Figure 3.17: PoD versus SNR of Swerling II targets for source localization in multiple-
pulse, bistatic MIMO radar system. The parameter settings are the same as those in
Figure 3.16(b) except that ρ1 = ρ2 = 0.8.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Correlation coefficient (ρ
r
)

P
r

(d̂
=

d
)

 

 

R−D MDL
R−D AIC
R−D RMT
ESTER 1
ESTER 2
ESTER 3
Original R−D ESTER
Proposed R−D ESTER I
Proposed R−D ESTER II

Figure 3.18: PoD versus noise correlation level ρr in colored noise environments.
R = 3, M1 =M2 =M3 = 6, N = 20, d = 3. SNR=30 dB.
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(a) ρ1 = ρ2 = ρ3 = 0.125
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Figure 3.19: PoD versus SNR of Swerling II targets for source localization in multiple-
pulse, bistatic MIMO radar system. R = 3, M1 =M2 =M3 = 6, N = 20, d = 3.
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(a) ρ1 = ρ2 = ρ3 = 0.125
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(b) ρ1 = ρ2 = ρ3 = 0.8

Figure 3.20: PoD versus SNR of Swerling II targets for source localization in multiple-
pulse, bistatic MIMO radar system. R = 3, M1 = 7, M2 = 5, M3 = 9, N = 20, d = 5.
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(a) ρ1 = ρ2 = ρ3 = ρ4 = 0.125
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(b) ρ1 = ρ2 = ρ3 = ρ4 = 0.8

Figure 3.21: PoD versus SNR of Swerling II targets for source localization in multiple-
pulse, bistatic MIMO radar system. R = 4, M1 =M2 =M3 =M4 = 5. The number of
pulse in each CPI is N = 20. d = 2.
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Figure 3.22: PoD versus SNR of Swerling I targets for source localization in multiple-
pulse, bistatic MIMO radar system. R = 2, M1 = M2 = 8. The number of pulse in
each CPI is N = 8. d = 5. ρ1 = ρ2 = ρ3 = 0.8.
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(a) ρ1 = ρ2 = ρ3 = 0.8

Figure 3.23: PoD versus SNR for channel parameter estimation from multidimen-
sional channel sounding measurements. The parameter settings are the same as those
in Figure 3.22 except the noise correlation coefficients.



Chapter 4

Multidimensional Prewhitening

4.1 Introduction

Extraction of parameters from R-dimensional (R-D) noisy measurements, where R ≥

2, has a variety of applications ranging from radar to wireless communications and

medical imaging. In Chapter 3, multidimensional detection methods have been devel-

oped for estimating the number of signals from noisy multidimensional measurements.

Once the number of signals is known, accurate estimation of multidimensional param-

eters can be accomplished by using subspace approaches to R-D parameter estimation

such as unitary tensor-ESPRIT [21–23] and R-D MUSIC [24].

In subspace approaches to R-D parameter estimation, the signal and noise sub-

spaces are utilized for parameter estimation. In many applications, parameter es-

timation in the presence of colored noise or interference is required. Since colored

noise samples are correlated, their presence may seriously affect the extraction of

signal information. More specifically, for correlated noise, most of the noise energy

is contained in a small fraction of the noise subspace spanned by a few principal

eigenvectors. This may interfere the estimation of the signal subspace and leads to a

degradation in estimation performance.

To handle that, prewhitening can be performed to remove the noise correlation

prior to the use of subspace based multidimensional parameter estimators. Prewhiten-

ing decorrelates the noise components, so that the noise power is uniformly distributed

over the whole noise subspace, which facilitates the separation of the signal and noise

subspaces and hence improves the performance of subspace based multidimensional

116
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parameter estimation techniques.

This chapter covers multidimensional prewhitening techniques that exploit the

Kronecker structure of the noise correlation matrix. Colored noise or interference

with a Kronecker structure appears in a number of applications. For example, in

EEG and MEG applications [43–46], the noise is correlated in both space and time

dimensions, and a noise model which combines these two correlation matrices us-

ing the Kronecker product can well fit the noise measurements. In MIMO systems,

the covariance matrix of the channel coefficients are often modeled as the Kronecker

product of the receive and transmit covariance matrices [158, 159]. The interference

signals, under certain correlation conditions, e.g., they are independent across space

and correlated across time, have a covariance matrix with a Kronecker structure [47].

Moreover, the Kronecker structured noise model [160], as a form of parametric noise

model [161–169], has practical and potential applications in other fields particularly

in sensor array processing [170] due to its efficiency in noise characterization and

computation [171]. In the nonparametric noise model, the noise is characterized by

numerous parameters. This means that a large number of samples are required to es-

timate the noise features (e.g., noise covariance), which entails a heavy computational

load and renders it difficult to distinguish the noise from the signals. By imposing

the parametric structure on the noise, it allows to reduce the number of parameters

needed to characterize the noise, leading to more robust and accurate signal and noise

estimation as well as a reduced algorithm complexity.

By exploiting the Kronecker structure of the noise correlation matrix, two mul-

tidimensional prewhitening algorithms have been proposed in order to improve the

performance of multidimensional parameter estimators [48]. First, when noise-only

measurements are available, the multidimensional prewhitening (MD-PWT) scheme is

developed by applying prewhitening sequentially along individual dimensions, using

the corresponding correlation factors estimated from the noise-only measurements.

To verify the prewhitening effect, the MD-PWT is integrated with the closed-form
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PARAFAC (CFP) [172] based parameter estimator (CFP-PE), which is widely ap-

plicable to arbitrary outer product based arrays (OPAs) and robust against array

spacing errors (ASEs). Simulation results show that the MD-PWT using only a few

noise-only snapshots improves remarkably the estimation accuracy of the CFP-PE,

while retaining its advantage, namely, its robustness against array spacing errors.

Second, to tackle the case when noise-only snapshots are unavailable, we propose

the iterative multidimensional prewhitening (I-MD-PWT) scheme where estimation

of noise and signal parameters and prewhitening are jointly performed by alternating

the MD-PWT and CFP-PE in an iterative way. Our study shows that, ignoring the

parametric signal structure during the iterations leads to more stable performance

as well as higher probability of global convergence. To reduce the computational

complexity, adaptive convergence thresholds are designed as the stopping conditions

such that the algorithm automatically stops at an optimal number of iterations. The I-

MD-PWT achieves an accurate estimation of the signal parameters and noise variance.

It attains the same performance as MD-PWT, which utilizes an equal number of

noise-only and signal-bearing snapshots, at low and high SNRs. Nevertheless, when

the noise power is comparable to the signal powers and there exists a fairly strong

correlation between noise samples, the I-MD-PWT is inferior to its non-iterative

counterpart that relies on the noise statistics.

This chapter is organized as follows. In Section 4.2, the R-D parameter estima-

tion problem is formulated using the PARAFAC data contaminated by Kronecker

structured colored noise model. In Section 4.3, classical vector- and matrix-based

techniques for prewhitening R-D noisy measurements are reviewed. In Section 4.4,

we propose the MD-PWT technique and its iterative version, I-MD-PWT. In Sec-

tion 4.5, we describe how to integrate the multidimensional prewhitening algorithm

with CFP-PE. In Section 4.6, simulation results are presented to evaluate the perfor-

mance of the proposed multidimensional prewhitening techniques. Finally, a summary

is provided in Section 4.7.
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4.2 Data Model

In the presence of colored noise, the multidimensional data are expressed as

Y = X +N (c), (4.2.1)

where X is the noise-free signal that follows the PARAFAC model defined in Sec-

tion 3.1, and N (c)
∈ CM1×⋅⋅⋅×MR×N is the additive colored noise tensor, whose elements,

unlike white noise, are typically correlated with each other in several dimensions.

We focus on a form of multidimensional colored noise with a Kronecker correla-

tion structure, which exists in applications such as EEG/MEG [43–46] and MIMO

systems [47]. For example, the multichannel EEG signals recorded at multiple scalp

sensors (electrodes) are typically contaminated by strong background noise. Often,

the noise components are correlated in both time and across the channels. Fur-

thermore, it has been found in [43–46] that the noise covariance matrix in the joint

spatio-temporal dimensions can be modeled as the Kronecker product of the spatial

and temporal covariance matrices. More specifically, defining the noise covariance

matrices in the spatial, temporal, and joint spatio-temporal dimensions, respectively,

by

C(1) ≜
1

α1
E{N (c) [N (c)]H} ∈ CM×M , (4.2.2)

C(2) ≜
1

α2
E{[N (c)]T [N (c)]∗} ∈ CN×N , (4.2.3)

C ≜
1

σ2
n

E{vec (N (c)) ⋅ vec (N (c))H} ∈ CMN×MN , (4.2.4)

where αr, r = 1,2, are the scaling coefficients, σ2
n is the noise power after prewhitening,

and M is the number of channels and N is the number of samples, we have

C =C(2) ⊗C(1). (4.2.5)

The extension of the 1-D to the general R-D case is straightforward. Formally,

the Kronecker colored noise is a form of multidimensional noise that is characterized

by the following correlation structure:

C =C(R+1) ⊗ ⋅ ⋅ ⋅ ⊗C(1), (4.2.6)
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where C ∈ CMN×MN with M = ∏R
r=1Mr and C(r) ∈ CMr×Mr , r = 1, . . . ,R + 1, respec-

tively, denote the noise covariance matrix in all dimensions and in the r-th dimension,

and they are defined as:

C ≜
1

σ2
n

E{vec (N (c)) ⋅ vec (N (c))H} , (4.2.7)

C(r) ≜
1

αr
E{[N (c)](r) [N (c)]H(r)} . (4.2.8)

Note that here we consider a more general model for colored noise in comparison

to [3, 173, 174], where the noise correlation is only present in the first R dimensions,

whereas in the general model the noise correlation in the (R+1)-th temporal dimension

is also examined.

Applying the Cholesky decomposition to C and C(r), r = 1, . . . ,R + 1, yields

C = LLH, C(r) = L(r)L(r)
H

, r = 1, . . . ,R + 1, (4.2.9)

where L ∈ CM×M is the correlation factor in the joint dimensions, and L(r) ∈ CMr×Mr ,

r = 1, . . . ,R + 1, is the correlation factor in the r-th dimension.

It can be verified that (4.2.6) corresponds to

L = L(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1). (4.2.10)

The multidimensional colored noise, which is assumed to have a Kronecker corre-

lation structure, can be expressed as

N (c)
=N ×1 L

(1) ⋅ ⋅ ⋅ ×R+1 L
(R+1), (4.2.11)

where N ∈ CM1×⋅⋅⋅×MR×N is a tensor collecting i.i.d. ZMCSCG noise samples with

variance σ2
n. After applying vectorization to the tensors on both sides of (4.2.11), we

obtain

vec (N (c)) = [L(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1)] ⋅ vec (N ) . (4.2.12)

The equivalence between (4.2.6), (4.2.10), (4.2.11) and (4.2.12) is proved in Ap-

pendix D.1. The scaling coefficients αr, r = 1, . . . ,R + 1, in (4.2.8) are (See Ap-

pendix D.2):

αr = σ
2
n ⋅ tr (GrG

H
r ) . (4.2.13)
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where

Gr = L
(R+1) ⋅ ⋅ ⋅ ⊗L(r+1) ⊗L(r−1) ⊗ ⋅ ⋅ ⋅ ⊗L(1). (4.2.14)

The parameter estimation problem in the presence of colored noise is formulated

as follows. Given the measurement tensor Y contaminated with colored noise and

the number of components d, the objective is to estimate the factor matrices F (r),

r = 1, . . . ,R + 1. In particular, for the R-D HR model, we desire to estimate µ
(r)
i ,

r = 1, . . . ,R, i = 1, . . . , d. Once all estimates of {F (r)} or {µ(r)i } are obtained, the

estimation of S can be performed via a linear least squares fit. In the vector- and

matrix-based prewhitening schemes which will be reviewed in Section 4.3 and the

proposed MD-PWT scheme in Section 4.4, it is assumed that a noise-only tensor

Ñ
(c)
∈ CM1×⋅⋅⋅×MR×Nl , where Nl is the number of noise-only snapshots, is independently

observed, whereas in our I-MD-PWT scheme in Section 4.4.2, noise-only observations

are not required.

4.3 Matrix- and Vector-based Prewhitening

The classical vector- and matrix-based prewhitening schemes are widely used in ap-

plications where noise-only measurements can be collected in the absence of signal

components. An example of such applications is speech processing, where the noise

can be recorded in speechless frames [175, 176]. Although originally designed for

prewhitening of single or multi-channel noisy time series, the vector- and matrix-

based prewhitening algorithms are also applicable to multidimensional measurements

and moreover their use do not rely on a specific multidimensional correlation structure

of colored noise.

4.3.1 Matrix-based Prewhitening for Spatially Colored,
Temporally White Noise

In case that colored noise is uncorrelated in the last temporal dimension, we have

L(R+1) = IMR+1
, and the (R + 1)-mode unfolding of Ñ

(c)
is

[Ñ (c)]
(R+1)

= [Ñ ](R+1)LT
mtx, (4.3.1)
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where Ñ is the white noise tensor, and Lmtx is the prewhitening matrix. In particular,

for Kronecker structured noise,

Lmtx = L
(R) ⊗ ⋅ ⋅ ⋅ ⊗L(1). (4.3.2)

The noise covariance matrix in all except the temporal dimension is defined as

Cmtx ≜
1

Nlσ2
n

E{[Ñ (c)]T
(R+1)

[Ñ (c)]∗
(R+1)
}

= Lmtx ⋅E{ 1

Nlσ2
n

[Ñ ]T(R+1) [Ñ ]∗(R+1)}LH
mtx

= LmtxL
H
mtx ∈ C

M×M .

(4.3.3)

Therefore, we can estimate Lmtx by applying a Cholesky decomposition or an

EVD to the noise SCM given by

Ĉmtx =
1

β
[Ñ (c)]T

(R+1)
[Ñ (c)]∗

(R+1)
= L̂mtxL̂

H

mtx, (4.3.4)

where β is chosen such that tr(Ĉmtx) =M . When Nl →∞, L̂mtx → Lmtx.

Once an estimate of Lmtx is obtained, the prewhitening step is performed by

[Y ′]T(R+1) = L̂†

mtx [Y]T(R+1) , (4.3.5)

where Y ′ represents the prewhitened data tensor.

Note that the matrix-based prewhitening for Nl lower than the number of sen-

sors M leads to a rank-deficient estimate of Lmtx, in which case it has poor empir-

ical performance that is even worse than that without prewhitening. Therefore, the

matrix-based prewhitening should be only used when sufficient noise-only snapshots

are available.

Employing the HOSVD-based low-rank approximation of Y ′, also known as trun-

cated HOSVD of Y ′ according to [22], we obtain the denoised prewhitened tensor X̂
′

.

Finally, for parameter estimation, the original signal X should be recovered, which is

accomplished by dewhitening

[X̂ ]T(R+1) = L̂mtx [X̂ ′]T(R+1) , (4.3.6)

where X̂ can be used in the R-D ESPRIT [22] or CFP-PE [172] to extract the signal

parameters.
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4.3.2 Vector-based Prewhitening for Spatio-Temporally

Colored Noise

One drawback of the matrix-based prewhitening is that it cannot remove the temporal

correlation of colored noise, and therefore performance degradation may occur when

the noise is correlated along the temporal dimension. To handle this, we propose

a solution which is referred to here as vector-based prewhitening. First, the noise

measurements are divided into successive cuboids along the temporal dimension,

Ñ
(c)

1 , Ñ
(c)

2 , . . . , Ñ
(c)

Q ∈ C
M1×⋅⋅⋅×MR×Mc , (4.3.7)

where Mc is the correlation length measured in samples, and Q is the number of

cuboids. The correlation length is a measure of the time interval over which the noise

samples are correlated with each other.

The total noise SCM is obtained by averaging these Q cuboids, namely,

Ĉ =
1

Q

Q

∑
q=1

vec (N (c)
q ) ⋅ vec (N (c)

q )H . (4.3.8)

Then an estimate of the prewhitening matrix L̂vec can be computed by a Cholesky

decomposition or an EVD of Ĉ. In particular, for colored noise with a Kronecker

structure, when Mc = N and Q → ∞, L̂vec → Lvec = L
(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1). Using L̂vec,

the prewhitening can be applied by

vec (Y ′) = L̂†

vec ⋅ vec (Y) . (4.3.9)

Similarly, after truncated HOSVD of Y ′ and dewhitening, the R-D ESPRIT [22]

or CFP-PE [172] can be applied to extract the signal parameters.

4.4 Multidimensional Prewhitening Algorithms

The matrix- and vector-based prewhitening schemes work well when sufficient snap-

shots are available in the absence of the desired signal components. However, in real

applications, often the noise-only snapshots are unavailable or limited in number. In



CHAPTER 4. MULTIDIMENSIONAL PREWHITENING 124

this case the vector- and matrix-based prewhitening schemes either totally fail or can-

not provide accurate enough noise modeling and prewhitening to obtain the desired

performance improvement in the parameter estimates. In this section, we propose two

multidimensional prewhitening schemes: one is for the noise sample starved case and

the other is an iterative one for the noise sample unavailable case. The former, like

vector- and matrix-based prewhitening, requires noise-only measurements, whereas

the latter does not have such a requirement.

4.4.1 Multidimensional Prewhitening with Noise-Only Mea-
surements

Using the noise measurement tensor [Ñ (c)]
(r)

for r = 1, . . . ,R + 1, the noise SCM in

the r-th dimension is calculated according to (4.2.8):

Ĉ
(r)
=

1

βr
[Ñ (c)]

(r)
[Ñ (c)]H

(r)
, r = 1, . . . ,R + 1, (4.4.1)

where βr is chosen such that tr(Ĉ(r)) =Mr.

From Ĉ
(r)

, an estimate of the noise correlation factor L̂
(r)

can be obtained by

applying an EVD or a Cholesky decomposition. For example, from the EVD of Ĉ
(r)

:

Ĉ
(r)
=Q(r)Λ(r)Q(r)

H

, (4.4.2a)

L(r) can be estimated as

L̂
(r)
=Q(r)Λ(r)

1
2

. (4.4.2b)

The prewhitening is then performed by [48]

Y ′ = Y ×1 [L̂(1)]−1 ⋅ ⋅ ⋅ ×R+1 [L̂(R+1)]−1 . (4.4.3)

Note that when colored noise is correlated in the temporal dimension so that

prewhitening is required, the size of the correlation factor L̂
(R+1)

must be equal to N .

In case the number of signal-free snapshots Nl is different from signal-bearing snap-

shots N , we can apply the temporal smoothing technique [177–180]. First, we divide

the Nl noise-only temporal snapshots into successive blocks of correlation length Mc.
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For each block, we estimate the Mc ×Mc noise SCM in the temporal dimension ac-

cording to (4.4.1) and then average them over all blocks. Then we obtain an averaged

noise SCM C(R+1) ∈ CMc×Mc , which can be reduced or expanded to fit the number of

signal-bearing snapshots N . For example, in case of a stationary colored noise whose

correlation coefficients do not change in time and depend only on the time lag, the

temporal covariance matrix then has a Toeplitz structure, and the desired correlation

matrix for N < Mc can be formed from the N × N leading principal minor of the

Mc ×Mc noise SCM C(R+1). For this reason, hereafter we assume without loss of

generality that Nl = N ≤Mc.

We apply a sequential implementation of (4.4.3) along the dimensions as follows.

Let Ỹ
(0)
= Y , and Ỹ

(r−1)
, r = 1, . . . ,R + 1, be the tensor which has been prewhitened

up to the (r − 1)-th dimension, namely,

Ỹ
(r−1)

= Y ×1 [L̂(1)]−1 ⋅ ⋅ ⋅ ×r−1 [L̂(r−1)]−1 . (4.4.4)

To perform the prewhitening in the r-th dimension, we need to calculate

Ỹ
(r)
= Ỹ

(r−1)
×r [L̂(r)]−1 , (4.4.5)

which corresponds to

[Ỹ(r)]
(r)
= [L̂(r)]−1 [Ỹ(r−1)]

(r)
. (4.4.6)

Note from (4.4.2b) that the inverse of L̂
(r)

, r = 1, . . . ,R + 1, can be readily obtained

as [L̂(r)]−1 = [Λ(r)]− 1

2 [Q(r)]T. In case one or more of the estimated correlation fac-

tors L̂
(r)

are rank deficient, their pseudoinverses can be used. Note also in [3, 173],

the GSVD is used to compute [L̂(r)]−1 in order to perform prewhitening after L(r)

has been estimated according to (4.4.2). However, this will increase the computa-

tional complexity since an additional step is required. Moreover, no improvement in

prewhitening accuracy is empirically observed by using GSVD instead of our simpli-

fied prewhitening scheme.

Substituting (4.2.1) into (4.4.3), we obtain

Y ′ = X ×1 [L̂(1)]−1 ⋅ ⋅ ⋅ ×R+1 [L̂(R+1)]−1 + N̂ , (4.4.7)
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where after prewhitening the multidimensional noise

N̂ = N (c) ×1 [L̂(1)]−1 ⋅ ⋅ ⋅ ×R+1 [L̂(R+1)]−1
= N ×1 ([L̂(1)]−1L(1)) ⋅ ⋅ ⋅ ×R+1 ([L̂(R+1)]−1L(R+1))
≃ N (4.4.8)

approximately becomes white.

After applying the HOSVD-based low-rank approximation to Y ′, we have

Y ′ ≃ X̂
′

= Ss ×1 U
(1)
s ⋅ ⋅ ⋅ ×R+1 U

(R+1)
s , (4.4.9)

where X̂
′

∈ CM1×⋅⋅⋅×MR+1 is the truncated HOSVD, Ss ∈ C
p1×⋅⋅⋅×pR+1 , and U (r)s ∈ C

Mr×pr

with pr = min(Mr, d) for r = 1, . . . ,R + 1.
To recover the signal X , the dewhitening step should be applied in X̂

′

, which

yields

X̂ = X̂
′

×1 L̂
(1)
⋅ ⋅ ⋅ ×R+1 L̂

(R+1)

= Ss ×1 (L̂(1)U (1)s ) ⋅ ⋅ ⋅ ×R+1 (L̂(R+1)U (R+1)s ) .
(4.4.10)

Computational Complexity Evaluation

The main computational load in a prewhitening scheme lies in two phases: (i) Estima-

tion of correlation factors from Ñ
(c)
∈ CM1×⋅⋅⋅×MR×Nl; (ii) Prewhitening and dewhiten-

ing. The number of flops required in matrix-based prewhitening and MD-PWT are

given in Table 4.1.

Table 4.1: Number of flops in matrix-based and multidimensional prewhitening.
Matrix-based prewhitening MD-PWT

Corr. factor esti. O([min(M,Nl)]2max(M,Nl)) O (MNl∑R
r=1Mr)

Pre/Dewhitening 2M2N 2MN ∑R
r=1Mr

Total O(M2min(2N +Nl,2N +N2
l /M)) O (M(2N +Nl)∑R

r=1Mr)
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The ratio of the number of flops required in MD-PWT to that in its matrix-based

counterpart is

ratio = O( M(2N +Nl)∑R
r=1Mr

M2min(2N +Nl,2N +N2
l /M))

= O( (2N +Nl)∑R
r=1Mr

M min(2N +Nl,2N +N2
l /M))

= O(∑R
r=1Mr

∏R
r=1Mr

) .
(4.4.11)

The last equality in (4.4.11) holds when max(2N,Nl) ≥M . In particular, when Mr,

r = 1, . . . ,R, are equal to each other, the ratio becomes

ratio∝
R

MR−1
r

. (4.4.12)

where ∝ denotes “proportional to”.

In (4.4.12), the ratio decreases subexponentially with the dimensionality R and

(R−1)-degree polynomially with the array size Mr. Clearly, the MD-PWT is compu-

tationally much more efficient than the matrix-based prewhitening, particularly for

large dimensionality R and/or array size Mr, r = 1, . . . ,R.

4.4.2 Iterative Multidimensional Prewhitening without
Noise-Only Measurements

The vector, matrix and multidimensional prewhitening techniques are based on the

assumption that the noise samples can be collected in the absence of signal compo-

nents. However, in some applications, the noise is always present with the signal. For

instance, in EEG/MEG and MIMO applications [43–47], noise-only snapshots may

not be collected. In this case, only Y is available, and we have no access to Ñ
(c)
.

Therefore, we have to extract the noise components from the signal-plus-noise

measurements in order to perform prewhitening. To this end, we propose an iterative

multidimensional prewhitening algorithm, namely I-MD-PWT, where estimation of

the noise and signal and prewhitening are jointly performed in an iterative way. For

multidimensional parameter estimation, the CFP-PE is employed due to its appli-

cability to arbitrary OPA geometries and robustness to ASEs [2]. Here OPA refers
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to the outer product of a number of 1-D uniform or non-uniform linear arrays (NU-

LAs). Figure 4.1 shows an example of a 2-D OPA formed by the outer product of

two NULAs. More details about OPAs can be found in [2, 3].

I-MD-PWT for Factor Estimation and Signal Reconstruction

Given the maximum number of iterations K, the iterative prewhitening algorithm for

the general PARAFAC model proceeds in the following steps.

(i) Initialization: k = 0, X̂ 0 = Y , and the correlation factors L̂
(r)
0 = IMr

, r = 1, . . . ,R+

1.

(ii) Obtain the pre/de-whitened tensor X̂ 0 in 3 steps: prewhitening of Y via (4.4.3),

truncated HOSVD via (4.4.9), and dewhitening via (4.4.10).

(iii) Increment k.

(iv) From the PARAFAC decomposition of X̂ k−1, F̂
(r)
k−1, r = 1, . . . ,R+1, are obtained

as F̂
(r)
k−1 = (L̂(r)k−1U

(r)
s )T r, where (L̂(r)k−1U

(r)
s ) is given by (4.4.10) and T r is a

nonsingular transformation matrix [172]. As will be described in Section 4.5, T r

can be estimated by means of simultaneous matrix diagonalization (SMD) [172].

(v) From F̂
(r)
k , r = 1, . . . ,R + 1, compute X̂ k according to (3.1.3).

(vi) The noise tensor N̂
(c)

k is estimated as N̂
(c)

k = Y − X̂ k.

(vii) Given N̂
(c)

k , the correlation factors L̂
(r)
k , r = 1, . . . ,R+1, are estimated according

to (4.4.1) and (4.4.2).

(viii) Compute the pre/de-whitened tensor X̂ k through sequential prewhitening of

Y via (4.4.3) with L̂
(r)
k , r = 1, . . . ,R + 1, truncated HOSVD via (4.4.9), and

dewhitening via (4.4.10).

(ix) If k =K, stop; Otherwise, go to Step (iii).
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Note that the iterative signal parameter and noise variance estimation procedures

described in Steps (iv)-(vii) have been used for the 1-D case [181–184].

Although the global convergence of the iterative multidimensional prewhitening

algorithm cannot be guaranteed, it has been observed in the simulations that for low

SNRs it converges to the global minimum with a very high probability. For low SNRs,

the algorithm often converges as well, although it takes more iterations to converge

and may converge to a local minimum. However, for intermediate SNRs, the algo-

rithm frequently ends up in non-convergence (periodic or non-periodic fluctuations in

some or all frequency estimates). The local/global convergence and convergence rate

of the proposed prewhitening algorithm depend on the initial guess of the correlation

factors L̂
(r)
0 , r = 1, . . . ,R + 1. For low SNRs, it has been observed in simulations

that initializing the correlation factors from Y instead of simply as identity matrices

results in faster speed of convergence and higher probability of global convergence.

This is reasonable, since for low SNRs, Y is dominated by the noise. An adaptive ini-

tialization scheme where the initial correlation factors adapt to SNR deserves further

research.

I-MD-PWT for Multidimensional Harmonic Retrieval

For R-D HR, two candidate schemes can be used. In the first scheme, denoted as

I-MD-PWT CFP-PE I, similar to that proposed in [174], the parameter estimation is

incorporated in each iteration. In the second scheme, denoted as I-MD-PWT CFP-

PE II, the I-MD-PWT in Section 4.4.2 is used for factor matrix estimation and the

parameter estimation step is applied only after the iterations have converged.

In Figure 4.2, the scatter plots of square errors (SEs) of the parameter estimates

for both I-MD-PWT schemes are given for various number of iterations k. Here, the

parameter settings are the same as that in Section 4.6: R = 3, M1 = M2 = M3 = 6,

N = 25, d = 4, and SNR=10 dB. The correlation coefficients of colored noise, which are

defined in Section 4.6, in the first 3 dimensions are set as ρ1 = 0.9, ρ2 = 0.5, ρ3 = 0.75.

100 independent MC runs are conducted. The SNR is defined as in (3.5.25), and is
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repeated here for ease of reference:

SNR =
∥X ∥2F
MNσ2

n

. (4.4.13)

Note that a few outliers with abnormally large SEs are present in both I-MD-PWT

versions. This may stem from the unusual case where inaccurate parameter/factor

estimates are picked up in I-MD-PWT and the subsequent error accumulation and

magnification as iterations proceed. The outliers are so far deviated from the true

parameters that it improperly reflects the central tendency of the SEs when their

mean values are employed. Indeed, although for k ≥ 4 most SEs are cluttered around

6.5×10−3, their mean values are far above this value due to the outliers. On the other

hand, the median value of the SE is a robust statistic that can properly reflect the

central tendency of the SEs by ignoring the outliers. Therefore, hereafter, the root

median square error (RMDSE) defined as

RMDSE =

¿ÁÁÁÁÁÀmed

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∑R

r=1∑d
i=1 (µ̂(r)i − µ

(r)
i )2

R × d

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
Tmc

t=1

, (4.4.14)

where med{⋅} denotes the median operator and Tmc is the number of independent

MC runs, is used for evaluation of the proposed algorithm rather than the root mean

SE.

In Figure 4.3, the RMDSE versus iteration index k of the two I-MD-PWT CFP-

PE schemes are compared. For a low SNR of -10 dB, the second scheme converges

much more quickly with more accurate estimation than the first scheme. One expla-

nation is that for low-to-intermediate SNRs, parameter estimates may contain large

errors, which, when parameter estimation is incorporated in the iterative process,

are propagated to the reconstructed factor matrices and accumulated and magnified

as iterations proceed. In contrast to the first scheme, the second one is free from

such error accumulation and magnification. For a high SNR of 15 dB, both schemes

converge rapidly and achieve the same performance as their non-iterative counterpart

after only a couple of iterations, although it takes 2 more iterations for I-MD-PWT

CFP-PE II to converge.
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Estimating Optimal Number of Iterations by Using an Adaptive Thresh-
old

Simulation results show that for high SNRs, e.g., SNR > 5 dB, the proposed I-MD-

PWT converges quickly to the true parameters or factor matrices, and typically less

than 5 iterations are required. However, for low-to-intermediate SNRs, i.e., SNR < 5

dB, after a large number of iterations, the I-MD-PWTmay end up in non-convergence,

either periodic or non-periodic fluctuations in some or all parameter estimates.

Figure 4.4 shows the typical patterns of convergence and non-convergence with

periodic fluctuation in the I-MD-PWT. We see that after a number of iterations, the

parameter estimates reach a stable region. The optimal number of iterations, denoted

asKopt, is defined as the minimum number of iterations required to reach such a stable

state. This subsection is devoted to finding the optimal number of iterations Kopt.

For uniform multidimensional HR, the mean square change (MSC) of the spatial

frequency estimates in the k-th iteration defined as

MSC(k) = ∑R
r=1∑d

i=1 (µ̂(r)i,k − µ̂
(r)
i,k−1)2

R × d
, (4.4.15)

where {µ̂(r)i,k } and {µ̂(r)i,k−1} represent the estimated frequencies in the k-th and (k−1)-th
iteration, respectively, is used in the stopping criterion.

To handle the unusual case that the I-MD-PWT CFP-PE ends in periodic fluc-

tuation in certain/all estimates, which may occur for intermediate SNRs and a large

number of sources, we use instead the minimum MSC defined as

minMSC(k) = min
l=1,...,k−1

∑R
r=1∑d

i=1 (µ̂(r)i,k − µ̂
(r)
i,l )2

R × d
. (4.4.16)

Moreover, in case that permutation of estimates between adjacent iterations occurs,

frequency pairing is achieved by the greedy-based algorithm [185]. When

minMSC(k) < η1, (4.4.17)

where η1 the predefined convergence threshold, then the algorithm stops.



CHAPTER 4. MULTIDIMENSIONAL PREWHITENING 132

Obviously, a good stopping criterion depends on the choice of η1. Empirical results

show that the threshold depends on the noise level and other factors such as array

size and number of sources. Following (4.4.15), we set the threshold η1 in the k-th

iteration as

η1(k) = c1∑
R
r=1∑d

i=1CRLB (µ(r)i )
R × d

, (4.4.18)

where CRLB (µ(r)i ), i = 1, . . . , d, r = 1, . . . ,R, is the CRLB for µ
(r)
i , and c1 is a small

constant coefficient. The motivation of using (4.4.18) as the threshold is that the

CRLB is the lower bound on the error variance of the estimated frequencies from

certain central points (the true frequencies), and for a reasonably small constant c1,

e.g., c1 = 0.01, the condition of (4.4.17) is hardly satisfied before the algorithm has

converged due to a large fluctuation in the parameter estimates. In other words, the

probability that (4.4.17) holds is high only after convergence.

Since the CRLB depends on unknown parameters including the frequencies µ
(r)
i ,

r = 1, . . . ,R, i = 1, . . . , d, the signal covariance matrixRss and the noise power σ2
n [186],

we employ its approximation which is computed with the use of the parameter esti-

mates in the algorithm implementation. The Rss in the k-th iteration is estimated

as

R̂ss(k) = 1

N
ŜkŜ

H

k , (4.4.19)

where Ŝk = (F̂ (R+1)k )T ⋅ diag([δ1, . . . , δd]) with δi = ∏R
r=1 [f̂ (r)k ]1,i due to the Vander-

monde structure of the steering matrices in (2.1.2). The noise power is estimated

as

σ̂2
n(k) = ∣∣N̂

(c)
k ∣∣2F

MN
. (4.4.20)

For the general PARAFAC model, we use the square reconstruction change (SRC)

of recovered signal tensor in two adjacent iterations

SRC(k) = ∣∣X̂ k − X̂ k−1∣∣2F
MN

. (4.4.21)

The stopping criterion is given by

SRC(k) < η2(k) = c2σ̂2
n(k), (4.4.22)
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where c2 is a small positive constant, and empirically 0.0001 ≤ c2 ≤ 0.01 works well.

The motivation of choosing η2(k) is similar to that in the choice of η1(k) in (4.4.18).

As there is large fluctuation in the reconstructed signals due to the presence of noise

before the algorithm reaches a stationary state, for a small constant c2, the probability

that SRC(k) < c2σ̂2
n(k) is very low.

Theoretically, for a reasonably chosen threshold coefficient, the I-MD-PWT can

achieve the optimal estimation performance at the cost of (Kopt + 1) iterations.
4.5 Integration of Multidimensional Prewhiten-

ing with CFP-PE

In the closed-form PARAFAC [172], estimation of the factor matrices is based on the

relationship between the HOSVD-based low-rank approximation of Y and PARAFAC

decomposition of Y .

After MD-PWT, the HOSVD of the dewhitened tensor X̂ is given by (4.4.10).

Suppose the PARAFAC decomposition of X̂ has the form of

X̂ = IR+1,d ×1 F̂
(1)
⋅ ⋅ ⋅ ×R+1 F̂

(R+1)
. (4.5.1)

It holds that F̂
(r)
= (L̂(r)U (r)s )T r for a nonsingular transformation matrix T r ∈ C

d×d

for all non-degenerate modes r ∈ R = {r∣Mr ≥ d, r = 1, . . . ,R + 1}. Therefore, it only

remains to estimate T r in order to obtain F̂
(r)

. Note that for vector- and matrix-

based prewhitening, an additional HOSVD of X̂ is required to compute the singular

vector matrices.

The estimation of T r is performed via SMDs [172]. As a result, (R2+1) estimates

for each factor matrix F̂
(r)

are returned and one estimate should be selected. Here,

the final estimate for each factor is chosen based on the smallest diagonalization

residuals. According to [2], such a selection criterion yields more accurate parameter

estimation than using the smallest reconstruction error.

For R-D HR, peak search (PS) or shift invariance (SI) based schemes are used to

extract the spatial frequencies µ̂
(r)
i from F̂

(r)
[2]. The PS allows µ

(r)
i to be estimated
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for any array structure by maximizing the objective function given by

µ̂
(r)
i = argmax

µ
(r)
i

∣(a(r) (µ(r)i ))H f̂
(r)
i ∣ , (4.5.2)

where a(r)(µ(r)i ) denotes the array manifold of the r-th dimension.

In case the array is uniform in the r-th mode, the estimation of the spatial fre-

quencies can also be performed by exploiting the SI equation [56]

µ̂
(r)
i = ∠[(J (r)1 f̂

(r)
i )HJ

(r)
2 f̂

(r)
i ] , (4.5.3)

where the operator ∠ [⋅] returns the phase of its argument [187].

4.6 Simulation Results

We present simulation results demonstrating the performance of the proposed mul-

tidimensional prewhitening schemes. The source samples are i.i.d. ZMCSCG dis-

tributed with power equal to σ2
s for all sources. Colored noise is generated according

to (4.2.11). As in (3.5.26) [141,151], along the r-th mode colored noise is modeled as

a first-order autoregressive process with correlation coefficient ρr.

Unless stated otherwise, the following parameter settings are employed: R = 3,

M1 = M2 = M3 = 6, N = 25, and d = 4. The correlation coefficients of colored noise

in the first 3 dimensions are set as ρ1 = 0.9, ρ2 = 0.5 and ρ3 = 0.75. 100 MC runs are

conducted.

Initially the legends used in the figures are explained. The suffix Color stands for

the case where no prewhitening is applied. The prefix MP stands for matrix-based

prewhitening, while TP (abbr. for tensor prewhitening) and I-TP (abbr. for iterative

tensor prewhitening) stand respectively for the MD-PWT and its iterative version

I-MD-PWT. The CFP-PE (PS) and CFP-PE (SI) respectively represent CFP-PE

combined with the peak search according to (4.5.2) and the SI equation according

to (4.5.3). Finally, CI (abbr. for correlation information) means that the correlation

factor matrices are assumed to be perfectly known.
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4.6.1 Uniform Multidimensional Harmonic Retrieval

In the R-D HR model, the spatial frequencies µ
(r)
i are drawn from a uniform distribu-

tion in [−π,π]. In order to evaluate the prewhitening schemes integrated into CFP-

PE, the RMDSE of the estimated spatial frequencies as introduced in Section 4.4.2

is employed as the performance measure.

When noise-only snapshots are available: matrix-based prewhitening
versus multidimensional prewhitening

First, we assess the applicability of our proposed MD-PWT in case that the noise is

correlated in all dimensions. To this end, a correlation coefficient of ρ4 = 0.8 is added

in the last temporal dimension. The MD-PWT applied only in the first 3 dimensions

is compared with that applied in all dimensions. For the sake of simplicity, it is

assumed that the number of available noise-only snapshots is equal to that of the

signal-bearing snapshots, and is less than the correlation length, namely Nl = N =

25 ≤ Mc. From Figure 4.5(a) and (b), we see that by applying the MD-PWT in

all dimensions, the parameter estimation accuracy is improved which indicates an

enhanced prewhitening effect. Note that the performance of MD-PWT is inferior to

the ideal prewhitening scheme MD-PWT(CI) by a small margin, which we believe

is caused by the small number of noise-only snapshots used. Note also that the

matrix-based prewhitening completely fails due to its failure to remove the temporal

correlation and to a small number of noise-only snapshots. As shown in Section 4.3,

the matrix-based prewhitening requires at least M =M1M2M3 = 216 (which is equal

to the number of sensors) noise-only snapshots before it begins to work. Since here,

the number of noise-only snapshots used is much less than M , it performs even worse

than the CFP-PE without prewhitening.

Hereafter, we consider the case where noise correlations are only present in the

first three dimensions. For the matrix-based prewhitening and MD-PWT, the number

of available noise-only snapshots Nl is set to 5000.

In Figure 4.6(a), we plot the RMDSE versus SNRs for d = 2 sources. The CFP-PE



CHAPTER 4. MULTIDIMENSIONAL PREWHITENING 136

Color has the worst performance, since for colored noise the major part of the noise

power may be concentrated in the signal subspace, and consequently the HOSVD-

based low-rank approximation does not lead to a significant denoising. By applying

prewhitening, the noise power is almost evenly distributed over the whole space.

Therefore, a considerable performance improvement is achieved compared to CFP-

PE Color. In particular, the CFP-PE in conjunction with the ideal multidimensional

prewhitening scheme which considers the correlation factors as being known, namely

TP(CI)+CFP-PE, achieves the most significant improvement, and its estimation er-

ror will be used as the lower bound hereafter. The MP+CFP-PE has an accuracy

limitation of approximately 4 × 10−3 at high SNRs, which is caused by estimation of

the prewhitening matrix without taking into account the Kronecker structure. In con-

trast, by taking the Kronecker structure into account, the TP+CFP-PE is not subject

to such error floor and achieves the lower bound obtained by TP(CI)+CFP-PE.

In Figure 4.6(b), the number of sources is increased from d = 2 to d = 4. The

performance gap between TP(CI)+CFP-PE and CFP-PE Color increases. For the

matrix-based approach MP+CFP-PE, the error floor is drastically increased, such

that its RMDSE becomes constantly large even at high SNR. Again, the MD-PWT

performs as well as TP(CI)+CFP-PE, with a more obvious gain over the matrix-based

prewhitening as well as CFP-PE Color.

In Figure 4.7, the prewhitening schemes are evaluated for different correlation

levels. The correlation coefficients ρ1 and ρ2 are equal to ρ, which varies from 0 to

0.999. In Figure 4.7(a), a scenario with a low SNR = −5 dB is studied. For such a sce-

nario, with the increase of the noise correlation level, CFP-PE Color degrades rapidly

in performance until it reaches a futile state when ρ > 0.3. The MP works for low

correlation levels of ρ < 0.5. However, its performance degrades significantly for high

correlation levels of ρ > 0.5. In contrast to MP, with the increase of the noise correla-

tion level, the RMDSE of TP+CFP-PE consistently decreases. This observation can

be well explained in (14) of [188]: a higher noise correlation level implies that more

noise power is removed via prewhitening which results in an improved SNR. Hence
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it achieves a performance equal to the lower bound and much better than CFP-PE

Color at all noise correlation levels.

In Figure 4.7(b), we have the same scenario as in Figure 4.7(a), except that

instead of a low SNR level, a high SNR level of 25 dB is used. For such a high

SNR, the performance gap between the CFP-PE Color and the performance lower

bound becomes much smaller. Nevertheless, this marginal gain is fully captured by

TP+CFP-PE. In contrast, since the matrix-based prewhitening technique MP has

an accuracy limitation, the performance of MP+CFP-PE is even worse than the one

without prewhitening for all correlation levels.

In Figure 4.8, we evaluate the effect of the number of noise-only snapshots Nl on

the performance of the matrix-based prewhitening and MD-PWT. A 2-D array of size

M1 =M2 = 6 is considered, with ρ1 = 0.9 and ρ2 = 0.75. For an intermediate SNR of

0 dB shown in Figure 4.8(a), Nl = 105 noise snapshots are needed for MP+CFP-PE to

achieve the performance lower-bound of TP(CI)+CFP-PE, whereas for TP+CFP-PE

only about 100 noise snapshots are required to achieve the same lower bound. Note

again that the matrix-based prewhitening for Nl lower than M1 ⋅M2 = 36 leads to a

rank-deficient estimate of Lmtx, in which case it performs particularly bad. Therefore,

to safely use the matrix-based prewhitening, the number of available noise-only snap-

shots must not be less than the number of sensorsM . For a high SNR of 20 dB shown

in Figure 4.8(b), even for Nl = 105, the MP+CFP-PE cannot achieve the performance

lower bound due to the limited level of accuracy, while TP+CFP-PE attains it using

less than Nl = 10 noise snapshots.

Next we evaluate the prewhitening plus CFP-PE schemes in the presence of ASEs.

Suppose the first 2 dimensions correspond respectively to a ULA at the transmitter

and receiver, and the third dimension corresponds to the Doppler shifts. Consider

the case that the ULAs at the transmitter and receiver suffer from ASEs, which are

modeled as zero-mean real-valued Gaussian random variables with standard deviation

ρe, whereas in the frequency dimension the steering matrix has an error-free Vander-

monde structure. Here it is assumed that the position deviations at the transmitter
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and receiver are exactly known, so that the CFP-PE combined with the PS approach

can be applied.

The RMDSEs of the estimated spatial frequencies at the first two spatial dimen-

sions and the frequency dimension are depicted in Figure 4.9(a) and Figure 4.9(b),

respectively. For parameter estimation at the spatial dimensions, all R-D ESPRIT-

type algorithms suffer from a sharp performance degradation with the increase of

ASEs, even with perfect prewhitening. In contrast, the CFP-PE(PS) is robust against

ASEs, and by utilizing the MD-PWT in CFP-PE, a significant gain is achieved over

CFP-PE Color. Such performance degradation in R-D ESPRIT-type algorithms is

due to their reliance on the shift invariance properties and uniform spacing OPA axes

for parameter estimation. The CFP-PE has no such requirement because it is based

on the PARAFAC decomposition.

For parameter estimation in the frequency dimension, performance degradation in

the R-D ESPRIT-type techniques is also observed for non-neglectable ASEs, which

is obvious particularly for unitary ESPRIT. This is not unexpected, since in unitary

ESPRIT, the estimation of parameters is jointly performed in all dimensions (e.g.,

joint matrix diagonalization for automatic frequency pairing via the simultaneous

Schur decomposition [21]), and hence the structural loss in certain dimensions will

propagate to other ones. In contrast, in CFP-PE, the dimensions are decoupled by

CFP such that the estimation of parameters in different dimensions is performed

independently. Consequently, the CFP-PE is free from error propagation among the

different dimensions, and after CFP the SI scheme can be employed to extract the

parameters without any performance loss. Moreover, CFP-PE(SI) integrated with

MD-PWT or perfect prewhitening yields a remarkable gain over CFP-PE Color.

When noise-only snapshots are unavailable: Iterative Multidimensional
Prewhitening

To evaluate the effect of the number of iterations K on the estimation performance,

the I-MD-PWTs with two stopping conditions are used. In the first one, denoted

as I-TP (K = K0), the maximum number of iterations is fixed as K0, while in the
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second one, denoted as I-TP (η1 ∶ c1), an adaptive convergence threshold η1 is adopted

according to (4.4.18). For comparison, the RMDSEs of CFP-PE Color, TP+CFP-

PE, and TP(CI)+CFP-PE are also provided. In MD-PWT, the number of available

noise-only snapshots is set to be equal to that of signal-bearing snapshots, namely,

Nl = N = 25.

In Figure 4.10, the RMDSEs of three I-MD-PWT versions and their required

numbers of iterations are compared. Note that, first, with only four iterations, I-TP

(K = 4) gives almost the same performance as TP+CFP-PE and TP(CI)+CFP-PE

for low and high SNRs, and significantly outperforms CFP-PE without prewhiten-

ing. Second, by increasing the number of iterations to 25, a marginal performance

improvement is obtained for intermediate SNRs. Third, the I-TP (η1 ∶ 0.1) captures

the marginal gain at the cost of slightly more than four iterations.

In Figures 4.11 and 4.12, the RMDSEs of the three I-MD-PWT versions are com-

pared at different correlation levels. For an intermediate SNR of 0 dB shown in

Figures 4.11(a) and 4.11(b), I-TP (η1 ∶ 0.1) and I-TP (K = 25) present equal level

of performance at all correlation levels, which is the same as or comparable with

that of TP+CFP-PE and TP(CI)+CFP-PE for low-to-intermediate correlation levels

of ρ < 0.55. In addition, with only four iterations, I-TP (K = 4) achieves almost

the same performance as that of I-TP (K = 25), and with slightly more iterations,

I-TP (η1 ∶ 0.1) with an adaptive threshold achieves the marginal gain. For a high

SNR = 20 dB shown in Figure 4.12(a) and Figure 4.12(b), all three versions result

in the same estimation performance, which is as good as that obtained using CFP-

PE with MD-PWT in the presence of equal noise-only snapshots and with perfect

prewhitening for all noise correlation levels. Note that I-TP (η1 ∶ 0.1) requires smaller

number of iterations than the other two versions, and hence it is computationally most

efficient. For low SNRs, all the iterative prewhitening schemes are also as good as

the non-iterative TP+CFP-PE and TP(CI)+CFP-PE for all noise correlation levels.

In Figures 4.13, the performance of I-MD-PWT plus CFP-PE schemes is assessed

in the presence of ASEs. Note that for a high SNR of 20 dB, at both the spatial and
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frequency dimensions, I-TP (η1 ∶ 0.1) achieves the same performance as TP+CFP-

PE and TP(CI)+CFP-PE for all ASE levels, and significantly outperforms CFP-PE

without prewhitening. Same observations are also obtained for low SNRs. Only for

intermediate SNRs, performance degradation is observed. Note that this observation

is similar to that without ASEs, which implies that the presence of ASEs hardly

affects the performance of I-MD-PWT, just as they cannot affect MD-PWT.

4.6.2 Signal Reconstruction

In order to measure the performance of the proposed prewhitening schemes for the

general PARAFAC model in Kronecker colored noise environments, we use the relative

root median square reconstruction error (rRMDSRE), which is defined as [172]

rRMDSRE =

¿ÁÁÁÁÁÁÁÀmed

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∥IR+1,d ×1 F̂

(1)
⋅ ⋅ ⋅ ×R+1 F̂

(R+1)
−X∥2

F∥X ∥2F
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Tmc

t=1

. (4.6.1)

In Figures 4.14 and 4.15, we respectively plot the rRMDSRE versus SNR and noise

correlation level at a high SNR of 20 dB. Similarly with that in the multidimensional

HR scenario, the MP+CFP-PE has an error floor for high SNRs, and degrades in level

of accuracy with the increase of the correlation level. Furthermore, the TP+CFP-PE

achieves the best performance as TP(CI)+CFP-PE with perfect prewhitening, with

a remarkable superiority over the CFP-PE Color and MP+CFP-PE. In contrast, the

MD-PWT in conjunction with CFP-PE has no such error floor, and consistently

improves in performance with the increase of SNRs and/or noise correlation levels.

In Figure 4.16, the rRMDSREs of the three I-MD-PWT versions with different

stopping conditions are shown for various SNRs and correlation levels, respectively.

Again, I-TP (K = 25) presents the same performance as that of TP+CFP-PE and

TP(CI)+CFP-PE at low and high SNRs, and at intermediate SNRs for a wide range

of low-to-intermediate noise correlation levels. Moreover, with only four iterations,

the I-TP (K = 4) achieves close performance to that of I-TP (K = 25), with only a

slight performance degradation for a narrow range of intermediate SNRs and high
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noise correlation levels. The I-TP (η2 ∶ 0.05) attains the same performance as I-TP

(K = 25), but at the computational cost of a much smaller number of iterations.

4.6.3 Experimental data: IlmProp measurements

In order to check the applicability of our proposed multidimensional prewhitening

schemes to real data, we generate a MIMO channel by the geometry-based channel

modeling tool IlmProp [4]. The IlmProp generated scenario is a non-line-of-sight

scenario composed of four paths, i.e., d = 4. At both the transmitter and receiver,

there is a URA of size 3×3. The central carrier frequency is 2 GHz. 50 frequency bins

are used, with an interval of 200 kHz between adjacent frequency bins and hence a

total bandwidth of 10 MHz. The number of snapshots is set as N = 5. Colored noise

with a Kronecker structure is added manually. The number of noise-only snapshots

is set as Nl = 5000.

In Figures 4.17 (a) and 4.17 (b), we compare MD-PWT and matrix-based prewhiten-

ing for various SNRs and correlation levels, respectively, using the IlmProp based

scenario. Note that obvious improvement is observed in MD-PWT compared with

matrix-based prewhitening and without prewhitening.

4.7 Summary

Parameter estimation in the presence of colored noise or interference can severely

deteriorate the estimation accuracy. In order to avoid this, prewhitening techniques

are applied. In this chapter, tensor-based prewhitening techniques are proposed to

prewhiten the multidimensional colored noise with a Kronecker structure. Compared

with classical vector- and matrix-based prewhitening techniques, the tensor-based

prewhitening requires much fewer available noise-only snapshots to provide an effec-

tive prewhitening effect, since it exploits the noise Kronecker structure. Moreover, it

has a lower computational complexity than its matrix-based alternative.

Moreover, the performance of our proposed multidimensional prewhitening is il-

lustrated by combining it with the CFP-PE. The results show that, the MD-PWT
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improves remarkably the estimation accuracy of CFP-PE, while retaining its merits,

namely, its applicability to arbitrary OPA geometries and robustness to array spacing

errors.

When noise-only snapshots are not available, an iterative algorithm is proposed

where the tensor-based prewhitening and CFP-PE are alternatively executed. This

iterative algorithm has achieved both an accurate estimation of the signal parameters

and noise variance, and for low and high SNRs it has the same performance as the

non-iterative tensor prewhitening employing an equal number of noise-only and signal-

bearing snapshots. Nevertheless, when the noise power is comparable to the average

signal power, there is significant performance degradation. Meanwhile, the stopping

conditions are investigated and adaptive convergence thresholds are devised such

that the optimal number of iterations can be automatically determined. In this

way, typically only a couple of iterations are necessary for convergence. Therefore,

the iterative tensor-based prewhitening and parameter estimation algorithm can be

implemented at a reasonable computational cost.
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Figure 4.1: An example of a 2-D OPA of size 4 × 4, where the distances ∆
(r)
i for

i = 1,2,3 and for r = 1,2 may assume different values [2, 3]
.
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(a) I-MD-PWT CFP-PE I
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(b) I-MD-PWT CFP-PE II

Figure 4.2: The scatter plot of SEs of the parameter estimates versus iteration index
k. R = 3, M1 = M2 = M3 = 6, N = 25, and d = 4. The correlation coefficients of
the colored noise in the first 3 dimensions are set as ρ1 = 0.9, ρ2 = 0.5, ρ3 = 0.75.
SNR=10 dB.
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Figure 4.3: RMDSE of the parameter estimates versus iteration index k. Other than
SNR, other parameter settings are the same as in Figure 4.2.
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Figure 4.4: Typical iterative patterns of the I-MD-PWT. R = 2,M1 = M2 = 6,N =
10, d = 3, ρ = [0.75,0.75],K = 25.
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(b) RMDSE versus ρr. SNR=10 dB

Figure 4.5: Prewhitening performance when noise correlation is present in all di-
mensions. R = 3, M1 = M2 = M3 = 6, and N = 25. The correlation coefficients
of the colored noise in all dimensions are ρ1 = 0.9, ρ2 = 0.5, ρ3 = 0.75, ρ3 = 0.8. For
matrix-based prewhitening and MD-PWT, the number of available noise-only snap-
shots Nl = N = 25. 100 independent MC runs are conducted.
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(b) d=4

Figure 4.6: RMDSE of parameter estimates versus SNR. R = 3, M1 = M2 = M3 = 6,
and N = 25. The correlation coefficients of colored noise in the first 3 dimensions
are ρ1 = 0.9, ρ2 = 0.5, ρ3 = 0.75. For matrix-based prewhitening and MD-PWT, the
number of available noise-only snapshots Nl is set to 5000. 100 independent MC runs
are conducted.
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(b) SNR=25 dB

Figure 4.7: RMDSE versus correlation coefficient ρr. Other parameter settings than
the SNR are the same as in Figure 4.6(b).
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Figure 4.8: RMDSE versus number of available noise-only snapshots Nl. R = 2,
M1 =M2 = 6, N = 25, ρ1 = 0.9, ρ2 = 0.75. 1000 independent MC runs are conducted.
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Figure 4.9: RMDSE versus standard deviation of ASE ρe in the spatial dimensions.
SNR=20 dB. Other parameter settings are the same as in Figure 4.6(b).
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Figure 4.10: Comparison of I-MD-PWT with different stopping criteria: fixed max-
imum number of iterations K versus adaptive threshold η, in terms of estimation
accuracy and computational complexity. R = 3, M1 = M2 = M3 = 6, N = 25, and
d = 4. The correlation coefficients of colored noise in the first 3 dimensions are
ρ1 = 0.9, ρ2 = 0.5, ρ3 = 0.75. For MD-PWT, the number of available noise-only snap-
shots is set as Nl = N = 25. 100 independent MC runs are conducted.
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(a) RMDSE versus ρr. SNR=0 dB.
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(b) Actual number of iterations required in I-MD-PWT

Figure 4.11: Comparison of I-MD-PWT with different stopping criteria: fixed max-
imum number of iterations K versus adaptive threshold η, in terms of estimation
accuracy and computational complexity. SNR=0 dB. Other parameters are the same
as those in Figure 4.10.
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Figure 4.12: Comparison of I-MD-PWT with different stopping criteria: fixed max-
imum number of iterations K versus adaptive threshold η, in terms of estimation
accuracy and computational complexity. SNR=20 dB. Other parameters are the same
as those in Figure 4.10.
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Figure 4.13: RMDSE versus standard deviation of ASE ρe in the spatial dimensions.
SNR=20 dB. Other parameter settings are the same as in Figure 4.10.
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Figure 4.14: rRMDSRE versus SNR.
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Figure 4.15: rRMDSRE versus ρr. SNR=20 dB.
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Figure 4.16: Comparison of I-MD-PWT with different stopping criteria: fixed max-
imum number of iterations K versus adaptive threshold η, in terms of estimation
accuracy. The parameter settings are the same as in Figure 4.10.
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(a) RMDSE versus SNR in IlmProp scenario. d=4.
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(b) RMDSE versus ρr in IlmProp scenario. SNR=75 dB.

Figure 4.17: The IlmProp [4] NLOS scenario composed of 4 paths. Both at the
receiver and at the transmitter URAs of size 3 × 3 are placed. 50 frequency bins are
used with a total bandwidth is 10 MHz. The carrier frequency is 2 ⋅ 109 Hz, and 5
snapshots with 1 ms time sampling are collected. colored noise with a Kronecker
structure is added manually. The number of noise-only snapshots is set as Nl = 5000.



Chapter 5

Concluding Remarks and Future Works

Detection of the number of signals from noisy R-D measurements, known as R-D

source enumeration, is an important issue in array processing and often acts as the

first step prior to multidimensional harmonic retrieval (HR). However, most efforts

are devoted to 1-D source enumeration, whereas less attention has been paid to the

R-D source enumeration problem.

Existing solutions to R-D detection fall into two categories: tensor-based and

matrix-based. The tensor-based approach CORe CONsistency DIAgnostic (COR-

CONDIA), which relies on the PARAFAC decomposition for determining the number

of signals, is able to identify the typical rank that exceeds the size of each dimension

of the measurement tensor [32, 33]. In CORCONDIA, the core tensor is calculated

using the ALS based PARAFAC decomposition, and is then compared with the ideal

identity tensor for determining the rank of the tensor.

One drawback of CORCONDIA is that a proper user-defined threshold is required

to ensure reliable performance, and the optimal threshold increases with the SNR,

which results in an over-enumeration of the number of components for high SNRs

under normal threshold settings. Motivated by the empirical observation that for

high SNRs the reconstruction error is powerful at discriminating the true number

of components from its vicinity, we propose to use the reconstruction error to assist

in detecting the number of components. The proposed scheme results in accurate

detection performance at both low and high SNRs with almost no extra computational

cost.
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Another drawback of CORCONDIA is that the PARAFAC decomposition is com-

putationally very demanding, which restricts its practical use. To reduce the com-

putational complexity, an alternative solution is to unfold (stack) the observation

tensor into a matrix along the temporal or spatial dimension, and then to apply the

1-D detection methods on the sample eigenvalues or sample vectors associated to

the resultant unfolded matrices of the measurement tensor. This stacking operation

destroys the multilinear structure of the measurement tensor and as a result, the

identifiable number of signals is restricted by the size of the measurement tensor.

To increase the identifiability, we generalize the R-mode unfolding of a tensor so

that the unfolding along merged dimensions is included. Using the unfolding of the

measurement tensor along merged dimensions, (2R−1) sets of sample eigenvalues are

obtained and combined for source enumeration. The number of identifiable signals

is increased up to the size of the most squared unfolded matrix minus one, which is

approximately equal to the square root of the product of the sizes of all dimensions of

the measurement tensor and is a significant improvement for R ≥ 3 over existing R-D

solutions, whose identifiability is limited to the maximum dimension length minus

one.

For uniform multidimensional HR, an R-D extension of the subspace-based ES-

TER is also devised. The R-D ESTER inherits the robustness against colored noise

of its 1-D counterpart, and is especially suitable for R-D HR in colored noise envi-

ronment.

In some applications, the measurements are contaminated by colored noise. Due

to the interference between the signal and noise subspaces, extraction of the signals

or their parameters in colored noise environment suffers severe performance degra-

dation. In electroencephalogram/magnetoencephalogram and MIMO applications,

typically the colored noise is correlated in both spatial and temporal dimensions, and

the noise covariance matrix in joint spatio-temporal dimensions can often be modeled

as the Kronecker product of the spatial and temporal covariance matrices. We develop

the multidimensional prewhitening (MD-PWT) scheme by exploiting the Kronecker
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noise correlation structure for efficient noise reduction. The MD-PWT significantly

improves the performance of the multidimensional estimation techniques designed for

white noise at the cost of much smaller number of noise-only snapshots than the

traditional matrix based prewhitening. When noise-only measurements are unavail-

able, an iterative joint noise estimation and prewhitening algorithm is proposed by

iteratively applying the MD-PWT and parameter estimator.

5.1 Outlook and Future Works

Although in this thesis several contributions have been proposed, we list below some

open topics that deserve further research.

1) In Section 2.5, we have defined the ESN and determined it via the MC simulation.

The derivation of an analytical formula of the ESN would be an important and

interesting research topic;

2) Investigate the impact of a broader class of penalty functions on the consistency

and delectability of the EFIC in the large M , relatively large N asymptotic,

and derive the penalty function that is optimal in balancing source under-

enumeration and over-enumeration, using, e.g., the Bayes theory, random ma-

trix theory;

3) In Section 3.4.4, we have heuristically devised an extension of the 1-D EFIC. One

more reliable alternative would be to find the best generalized unfolded matrix

for applying the 1-D EFIC, using, e.g., the Neyman-Pearson lemma;

4) In Chapter 3, a number of R-D detection methods have been proposed under the

white and colored Gaussian noise assumption. A systematic study and compar-

ison of these methods under different conditions, e.g., low SNRs, finite-sample

constraint, number of snapshots, high resolution, deserves further research.



Appendix A

Performance Measures of Source
Enumerators

The basic performance measures for a source enumerator are the probability of correct

detection (PoD), probability of false alarm (Pfa) and probability of missed detection

(PmD).

Let d be the true number of signals. The PoD is defined as the probability that the

number of signals d is correctly detected, namely, Pd = Pr[d̂ = d]. On the other hand,

the Pfa is defined as the probability of overestimating the number of signals, namely,

Pfa = Pr[d̂ > d], whereas the PmD is defined as the probability of underestimating the

number of signals, namely, Pmd = Pr[d̂ < d]. Obviously, the three probabilities sum

to one, namely,

Pd + Pfa + Pmd = 1. (A.1)

Defining three sets of Dfa = {d̂∣d̂ > d}, Dd = {d̂∣d̂ = d} and Dmd = {d̂∣d̂ < d}, we have

Pfa = E [1Dfa
(d̂)] , Pd = E [1Dd

(d̂)] , Pmd = E [1Dmd
(d̂)] . (A.2)

According to (A.2), given the number of signals d and other parameter settings

such as data size M , N and SNR, the PoD, Pfa and PmD can be approximately

obtained by the MC simulation, which consists of a large number of independent

trials. In each trial, the noise is randomly generated and then added to the signal

(the signal may also be randomly generated by varying the source powers and/or

DoAs, etc.), and the number of signals is estimated from the synthetic signal-plus-

noise data and then compared with d to obtain the detection results (correct detection:
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d̂ = d; missed detection: d̂ < d; false alarm: d̂ > d). The PoD, Pfa and PmD are then

approximated by an average of these results of random trials:

Pfa ≃
1

L

L

∑
l=1

1Dfa
(d̂(l)) , Pd ≃

1

L

L

∑
l=1

1Dd
(d̂(l)) , Pmd ≃

1

L

L

∑
l=1

1Dmd
(d̂(l)) , (A.3)

where L is the total number of MC trials, and d̂(l), l = 1, . . . ,L, is the estimated

number of signals in the l-th trial.

In the literature, normally the PoD is used to measure the performance of a

source enumerator, while the Pfa is either explicitly fixed to a specific value (in the

threshold-based source enumerators such as EFT [31] and RMT [121]), e.g., Pfa = 0.01,

or implicitly set (in the threshold-free source enumerators such as the ITCs [30]

and EFIC [39]). In most cases, the PoD is a fairly good indicator of the detection

performance of the source enumerators.

Nevertheless, the source numeration problem is essentially a multiple hypothesis

testing problem, and hence the PoD ( as well as Pfa and PmD) cannot tell to what

content the signal number is under-/over- estimated. This is different from the binary

detection or binary hypothesis testing problem, where the objective is to determine

whether the signal(s) is/are present or not [189,190]. In the binary detection problem,

only two hypotheses exist, namely, the signal-absence hypothesis H0 is tested against

the signal-presence hypothesis H1. In this case, the Pd and Pfa are sufficient to tell

the performance of a detector. In the context of joint source enumeration and DoA

estimation, where the estimated number of signals d̂ is used by a parameter estimator

such as ESPRIT [56] or MUSIC [57] for parameter estimation, it is preferred that d̂ is

as close to d as possible in case that correct detection is not possible due to challenging

scenarios such as presence of closely-spaced sources and/or low SNR. To characterize

the deviation of the signal number estimate obtained by a source enumerator from

the true number of signals, in this thesis we also use the histogram of d̂ to compare

the detection performance of various source enumerators. This is roughly equivalent

to using the root mean square detection error (RMSDE), defined as

RMSDE =

√
∑L

l=1 ∣d̂(l) − d∣2
L

, (A.4)
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as the performance measure.



Appendix B

Proof of Theorem 3.4.1

Proof. Define
d̃(s) ≜ max

r∈{1,...,s}
{rank (X(r))} a.s. as N → +∞, (B.1)

To prove (3.4.14), it suffices to prove that in the s-th step, s = 1,2, . . . ,

d̂(s) = d̃(s) a.s. as N → +∞, (B.2)

which is equivalent to prove that for any k ≠ d̃(s),

RDMDL(k) > RDMDL(d̃(s)) a.s. as N → +∞. (B.3)

To prove (B.3), we observe from (3.4.12b) that

1

Qs

[RDMDL(k) −RDMDL(d̃(s))]
=G(k) −G(d̃(s)) + (k − d̃(s)) (2Ps − k − d̃

(s)) logQs

2Qs

,

(B.4a)

where

G(k) = (Ps − k) log 1
Ps−k
∑Ps

i=k+1 (∑s
r=1 ℓ

(r)
i )

∏Ps

i=k+1 (∑s
r=1 ℓ

(r)
i )1/(Ps−k) = (Ps − k) log 1

Ps−k
∑Ps

i=k+1 ℓ̄i,s

∏Ps

i=k+1 (ℓ̄i,s)1/(Ps−k)

(B.4b)
and

ℓ̄i,s =
∑s

r=1 ℓ
(r)
i

s
. (B.4c)

Denote the population signal eigenvalues of the ordered unfolded matrices of X
in (3.4.3) as

λ
(r)
1 , λ

(r)
2 , . . . , λ

(r)
Pr
, r = 1,2, . . . ,2R − 1. (B.5)

According to [191],

ℓ
(r)
i = λ

(r)
i + σ

2
z +O⎛⎝

√
log logQr

Qr

⎞⎠ a.s., i = 1,2, . . . , Pr, r = 1,2, . . . , s. (B.6)
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As √
log logQr

Qr

= O⎛⎝
√

log logQs

Qs

⎞⎠ r = 1, . . . , s − 1.

it follows that

ℓ̄i,s = λ̄i,s + σ
2
z +O⎛⎝

√
log logQs

Qs

⎞⎠ a.s. (B.7)

where λ̄i,s = ∑s
r=1 λ

(r)
i /s.

1) Case I: k < d̃(s). From (B.7), it follows that when N → +∞ (and hence Qs → +∞
), ℓ̄i,s, i = k + 1, . . . , Ps, are not all equal with probability one. Therefore, by the
arithmetic-mean geometric-mean inequality it follows that in the large-sample limit,
we have

1

Ps − k

Ps

∑
i=k+1

ℓ̄i,s >
Ps

∏
i=k+1
(ℓ̄i,s)1/(Ps−k)

. (B.8)

Hence, G(k) > 0.
On the other hand, in the large-sample limit, ℓ̄i,s, i = d̃(s) + 1, . . . , Ps, are all equal

to σ2
z with probability one. Therefore,

G(d̃(s)) = 0. (B.9)

Considering that the last term on the RHS of (B.4a) approaches zero as N tends
to infinity, it follows that

RDMDL(k) > (d̃(s)) a.s. as N → +∞. (B.10)

2) Case II: k > d̃(s). Expanding {ℓ̄i,s} using Taylor series around σ2
z , we obtain

G(k) = (Ps − k) log(σ2
z +

1

Ps − k

Ps

∑
i=k+1
(ℓ̄i,s − σ2

z)) − Ps

∑
i=k+1

log (σ2
z + ℓ̄i,s − σ

2
z)

=
1

2

Ps

∑
i=k+1
(ℓ̄i,s/σ2

z − 1)2 (1 + o(1)) − 1

2(Ps − k) (
Ps

∑
i=k+1
(ℓ̄i,s/σ2

z − 1))
2 (1 + o(1)) .

,

(B.11)

where o(1) is a quantity that tends to zero as N → +∞.
From (B.1), it follows that λ̄i,s = 0, i = d̃(s) + 1, . . . , Ps, and therefore

ℓ̄i,s/σ2
z = 1 +O⎛⎝

√
log logQs

Qs

⎞⎠ , i = k + 1, . . . , Ps

which, when being substituted into (B.11), yields

G(k) = O( log logQs

Qs

) , a.s. as N → +∞. (B.12)

Substituting (B.9) and (B.12) in (B.4a), and recalling that as N → +∞,
log logQs/ logQs → 0, we arrive at (B.3).

This completes the proof.
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Proof of (3.5.12)

Proof. In order to prove the global equation in (3.5.12), we apply the method of
induction. For r = 1, it holds that

A ×1 J
(1)
1 ×R+1 Φ

(1)
=A ×1 J

(1)
2 (C.1)

Suppose for a certain r ≥ 1, we have

A ×1 J
(1)
1 ⋅ ⋅ ⋅ ×r J

(r)
1 ×R+1

r

∏
i=1

Φ(i) =A ×1 J
(1)
2 ⋅ ⋅ ⋅ ×r J

(r)
2 . (C.2)

Then for r + 1,

A ×1 J
(1)
2 ⋅ ⋅ ⋅ ×r J

(r)
2 ×r+1 J

(r+1)
2

= (A ×1 J (1)1 ⋅ ⋅ ⋅ ×r J
(r)
1 ×R+1

r

∏
i=1

Φ(i)) ×r+1 J (r+1)2

= (A ×r+1 J (r+1)2 ) ×1 J (1)1 ⋅ ⋅ ⋅ ×r J
(r)
1 ×R+1

r

∏
i=1

Φ(i)

= (A ×r+1 J (r+1)1 ×R+1 Φ
(r+1)) ×1 J (1)1 ⋅ ⋅ ⋅ ×r J

(r)
1 ×R+1

r

∏
i=1

Φ(i)

=A ×1 J
(1)
1 ⋅ ⋅ ⋅ ×r J

(r)
1 ×r+1 J

(r+1)
1 ×R+1

r+1

∏
i=1

Φ(i). (C.3)

This completes the proof.
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Appendix D

Multidimensional Colored Noise with
Kronecker Correlation Structure

D.1 Proof of equivalence between (4.2.6),

(4.2.10), (4.2.11)and (4.2.12)

Proof. 1) (4.2.6) ⇐⇒ (4.2.10)

C =C(R+1) ⊗ ⋅ ⋅ ⋅ ⊗C(1) (D.1.1)

⇔LLH
= (L(R+1) [L(R+1)]H)⊗ ⋅ ⋅ ⋅ ⊗ (L(1) [L(1)]H) . (D.1.2)

By means of the mixed-product property of a Kronecker product,

⇔LLH
= [L(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1)] [L(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1)]H (D.1.3)

⇔L = L(R+1) ⊗ ⋅ ⋅ ⋅ ⊗L(1). (D.1.4)

2) (4.2.11) ⇐⇒ (4.2.12)
In matrix form, (4.2.11) can be rewritten as

[N (c)](R+1) = L(R+1) [N ](R+1) [L(R) ⊗ ⋅ ⋅ ⋅ ⊗L(1)]T . (D.1.5)

Taking the transposes of both sides of (D.1.5) gives

[N (c)]T(R+1) = [L(R) ⊗ ⋅ ⋅ ⋅ ⊗L(1)] [N ]T(R+1) [L(R+1)]T . (D.1.6)

Taking vectorization of both sides of (D.1.6), and exploiting the equality that
vec (ABC) = (CT ⊗A)vec (B) yields (4.2.12).

3) (4.2.6) ⇐⇒ (4.2.12)

C = E{vec (N (c))vec (N (c))H} = σ2
nLLH (D.1.7)

⇔ E{[L−1vec (N (c))] [L−1vec (N (c))]H} = σ2
nIMN , (D.1.8)
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This indicates that L−1vec (N (c)) = n is a random vector containing i.i.dMN random
variables with variance σ2

n, and can be interpreted as vectorized white random tensor
N ∈ CM1×⋅⋅⋅×MR×N . Therefore,

vec (N (c)) = Lvec (N ) = (L(R+1) ⊗ ⋅ ⋅ ⋅⊗ L(1))vec (N ) . (D.1.9)

D.2 Proof of (4.2.13)

To prove (4.2.13), first we give the following Lemma.

Lemma D.2.1. Consider a random matrix N ∈ CM×N collecting i.i.d. ZMCSCG
noise samples with variance σ2

n and also a constant matrix G ∈ CN×T . The following
equality holds

E{NGGHNH} = αIM . (D.2.1)

where α = tr (GGH)σ2
n.

Proof. Let nT
k be the k-th row of the matrix N . The (k, l) entry of (D.2.1) can be

written as

E{nT
kGGH(nT

l )H} . (D.2.2)

Considering the term inside the expectation operator of (D.2.2) is a scalar, a trace
operator can be added to it and then according to the commutative property of the
trace, we have

E{tr [nT
kGGH(nT

l )H]} = E{tr [GH(nT
l )HnT

kG]} . (D.2.3)

Since the trace is linear, the expectation operator can be moved inside. Moreover,
G is a constant matrix so that it can be moved outside the expectation operator. We
then have

tr{GH
E [(nT

l )HnT
k ]G} . (D.2.4)

Due to the whiteness of the noise samples, the inner expectation

E [(nT
l )HnT

k ] = σ2
n ⋅ IN ⋅ δ[k − l], (D.2.5)

where δ[n] is the Kronecker delta function which is equal to 1 for n = 0 and 0
otherwise. Therefore, (D.2.4) becomes

tr(GHG) ⋅ σ2
n ⋅ δ[k − l], (D.2.6)

which shows that (D.2.1) is a scaled identity matrix, with a scaling coefficient of
α = tr(GGH) ⋅ σ2

n.
This completes the proof.
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The r-mode unfolding of the noise tensor N (c) is

[N (c)](r) = L(r) [N ](r) [L(R+1) ⋅ ⋅ ⋅ ⊗L(r+1) ⊗L(r−1) ⊗ ⋅ ⋅ ⋅ ⊗L(1)] . (D.2.7)

By defining
Gr = L

(R+1) ⋅ ⋅ ⋅ ⊗L(r+1) ⊗L(r−1) ⊗ ⋅ ⋅ ⋅ ⊗L(1), (D.2.8)

we have

E{[N (c)](r) [N (c)]H(r)} = L(r)E{[N ](r)GrG
H
r [N ]H(r)} [L(r)]H . (D.2.9)

Since the entries of [N ](r) are i.i.d. ZMCSCG random variables, it follows from
Lemma 1 that

E{[N ](r)GrG
H
r [N ]H(r)} = αr ⋅ IMr

, r = 1, . . . ,R + 1, (D.2.10)

where αr = σ2
n ⋅ tr(GrG

H
r ).

Substituting (D.2.10) into (D.2.9) results in

E{[N (c)](r) [N (c)]H(r)} = αr ⋅L
(r)L(r)

H

. (D.2.11)
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the HOSVD for estimating the model order in PARAFAC models,” in Proc.

5th IEEE Sensor Array and Multichannel Signal Processing Workshop (SAM),

2008, pp. 510–514.
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