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Abstract— R-dimensional parameter estimation problems

are common in a variety of signal processing applications.

In order to solve such problems, we propose a robust

multidimensional model order selection scheme and a ro-

bust multidimensional parameter estimation scheme using

the closed-form PARAFAC algorithm, which is a recently

proposed way to compute the PARAFAC decomposition

based on several simultaneous diagonalizations.

In general, R-dimensional (R-D) model order selection

(MOS) techniques, e.g., the R-D Exponential Fitting Test

(R-D EFT), are designed for multidimensional data by

taking into account its multidimensional structure. How-

ever, the R-D MOS techniques assume that the data

is contaminated by white Gaussian noise. To deal with

colored noise, we propose the closed-form PARAFAC based

model order selection (CFP-MOS) technique based on

multiple estimates of the factor matrices provided as an

intermediate step by the closed-form PARAFAC algorithm.

Additionally, we propose the closed-form PARAFAC based

parameter estimator (CFP-PE), which can be applied

to extract spatial frequencies in case of arbitrary array

geometries.

I. INTRODUCTION

High-resolution parameter estimation from R-dimensional sig-

nals is a task required for a variety of applications, such as

estimating the multidimensional parameters of the dominant

multipath components from MIMO channel sounder measure-

ments, radar, sonar, seismology, and medical imaging. For this

task, R-D model order selection techniques (R-D MOS) and

R-D parameter estimation techniques are required.

In [1], we have proposed multidimensional model order

selection (R-D MOS) techniques, which take into account

the tensor structure. Moreover, in [2], we have shown that

these multidimensional schemes outperform a non-subjective

version of CORCONDIA [3] significantly. However, one

limitation is that the R-D MOS schemes are restricted to

applications with white Gaussian noise.

Recently, a closed-form PARAFAC (CFP) decomposition

has been proposed [4]. By applying the CFP decomposition,
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multiple estimates of each factor matrix can be obtained as

an intermediate step. Based on that, we propose the closed-

form PARAFAC based model order selection (CFP-MOS)

scheme, which similarly to R-D MOS schemes [2] takes

into account the tensor structure of the data. Moreover, our

new approach is suitable for applications with white noise

or with colored noise or interference. Particularly, in some

EEG [5] and MIMO system applications [6], the colored noise

or interference has a Kronecker structure [7]. In this case,

both signal and noise have a Kronecker structure. Therefore,

a significant degradation is expected for the CFP-MOS in the

presence of this type of colored noise, since the CFP-MOS

takes into account the Kronecker structure of the data.

For the R-D parameter estimation schemes, closed-form

(CF) techniques such as Standard Tensor-ESPRIT (STE) [8]

are very appealing, since they are not iterative, their per-

formance is close to the Cramér-Rao lower bound (CRLB),

and they take into account the multidimensional structure

of the data. As proposed in [9], iterative techniques for the

PARAFAC decomposition such as Trilinear Alternating Least

Squares (TALS) and Quadrilinear Alternating Least Squares

(QALS) can be also applied to estimate the spatial frequencies.

However, in [9], comparisons with other multidimensional

parameter estimation schemes are not provided, and it is not

discussed for which scenarios the PARAFAC decomposition

has an advantage over other schemes. Therefore, another

important motivation of this work is to compare the PARAFAC

based parameter estimation schemes, which includes the CFP,

to other schemes in the literature. Moreover, we also evaluate

the CFP in conjunction with the Least Squares Khatri-Rao

Factorization (LSKRF) [10], with a shift invariance (SI) based

scheme and with the peak search (PS) based scheme to

estimate the spatial frequencies.

II. DATA MODEL

We considerN subsequent observations of a superposition of d

components sampled on an R-D lattice in an R+1 dimensional

measurement tensor X > C
M1�M2�...�MR�N , where in the r-th

dimension of X , there are Mr sensors, and MR+1 = N . Since

each component gives rise to a rank-one observation in the

absence of noise, the measurements in the absence of noise
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X 0 obey the following model [4]

X 0 = IR+1,d �1 F
(1) �2 F

(2) . . . �R+1 F
(R+1)

= IR+1,d

R+1

�
r=1

rF
(r), (1)

where F
(r) > C

Mr�d is the factor matrix in the r-th dimension.

We define IR+1,d as the identity tensor with R+1 dimensions,

where each dimension has size d. The elements of IR+1,d are

equal to 1 when all indices are equal and 0 otherwise. The

operator �r stands for the r-mode product, which is defined

according to [11]. The r-th unfolding of X is represented

by [X ](r) and is the matrix form of X varying the r-th

index along the rows and stacking all the other indices along

the columns of [X ](r) in the same order as in [11]. The

operator
R+1

�
r=1

r denotes a compact representation of R + 1 r-

mode products between a tensor and R + 1 matrices.

In the presence of noise, we can represent (1) by

X = X 0 +N
(c)

(2)

where the colored noise samples with variance σ2
n are collected

in the tensor N
(c) > C

M1�...�MR+1 . The superscript T stands

for transposition and the other superscripts used here are H and
−1, which denote Hermitian transposition and matrix inversion,

respectively. The operator # returns the number of elements

of a certain set. The operator l is the Khatri-Rao product, also

known as column-wise Kronecker product. Our first goal in

this work is to estimate the model order d.

In the parameter estimation problems considered here, we

assume that each rank one tensor represents a planar wavefront

captured by an R-D array at N subsequent time instants.

Therefore, the i-th column of the matrix F (r) denoted as

f
(r)
i represents an array steering vector. The vector f

(r)
i

can be computed as a function of ejëµ
(r)
i , where µ

(r)
i are

the spatial frequencies of the i-th source (i = 1, . . . , d) in

the r-th dimension (r = 1, . . . ,R). Our second objective is to
estimate all the spatial frequencies µ

(r)
i from the d dominant

components of X .

The (R + 1)-way array X 0 > C
M1�M2�...�MR�MR+1 in (1)

is called an outer product based array (OPA), since it can be

written as

X 0 =
d

Q
i=1

f
(1)
i X f

(2)
i X . . . X f

(R)
i X f

(R+1)
i (3)

where X is the outer product operator.
For instance, a 2-D OPA can be formed as an outer product

of two uniform linear arrays (ULAs), which gives rise to a

uniform rectangular array (URA). On the other hand, the outer

product of non-uniform linear arrays (NULAs) is also an OPA,

which we refer to as non-uniform rectangular array (NURA).

We exemplify a 2-D OPA formed by NULAs in Fig. 1. OPAs

with more dimensions are typically present if a sensor array

is used to measure a signal at consecutive time instants and/or

on a regular grid of frequency bins.

In case of ULAs/URAs, the corresponding array steering

vectors have a Vandermonde structure, while NULAs/NURAs

can be divided into arrays with shift invariant array steering

vectors (where ESPRIT-type methods are applicable), and

∆
(1)
1 ∆

(1)
2 ∆

(1)
3

∆
(2 ) 1

∆
(2) 2

∆
(2) 3

Fig. 1. An example of a 2-D outer product based array (OPA) of size 4�4 is

illustrated. All the distances ∆
(r)
i

for i = 1,2,3 and for r = 1,2 may assume
different values.

those without shift invariance. The arrays that are non-outer

product arrays are called arbitrary arrays. Note that we also

study the impact of calibration errors, which means that the

actual sensor positions are not perfectly known.

The CFP based approach can be used for Outer Product

based Arrays (OPAs). Moreover, our proposed technique is

also applicable for mixed arrays, which have some dimensions

as Arbitrary Arrays (AAs) and others as OPAs. Note that

physical dimensions that do not possess an outer product

structure are represented by a single dimension in our model.

For example, a 2-D array without outer product structure is

represented by one array steering matrix F (r) > C
Mr�d, like

a 1-D array.

III. CLOSED-FORM PARAFAC BASED MODEL ORDER

SELECTION (CFP-MOS) SCHEME

Here we propose the closed-form PARAFAC based model

order selection (CFP-MOS) technique, which is derived by

explicitly exploiting the fact that the CFP returns multiples

estimates of each factor as an intermediate step. The major

motivation of the CFP-MOS is the fact that the R-D Akaike’s

Information Criterion (AIC) [1], R-D Minimum Description

Length (MDL) [1], and R-D EFT are applicable only in the

presence of white Gaussian noise.

According to [4], the estimation of the factors F
(r)

via the

PARAFAC decomposition is transformed into a set of simulta-

neous diagonalization problems based on the relation between

the truncated HOSVD [11]-based low-rank approximation of

X

X � S[s]
R+1

�
r=1

rU
[s]
r , (4)

and the PARAFAC decomposition of X

X � IR,d

R+1

�
r=1

rF̂
(r)

, (5)

where S
[s] > C

p1�p2�...�pR+1 , U
[s]
r > C

Mr�pr , pr =

min (Mr, d), and F̂
(r)

= U
[s]
r ë T r for a nonsingular trans-

formation matrix T r > C
d�d for all modes r > R, where
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R = �rSMr C d, r = 1, . . . ,R,R + 1� denotes the set of non-

degenerate modes.

The closed-form PARAFAC (CFP) [4] decomposition con-

structs two simultaneous diagonalization problems for every

tuple (k,ℓ), such that k, ℓ > R, and k < ℓ. In order to refer

to each simultaneous matrix diagonalization (SMD) problem,

we define the enumerator function e(k, ℓ, i) that assigns the

triple (k, ℓ, i) to a sequence of consecutive integer numbers

in the range 1,2, . . . ,B. Here i = 1,2 refers to the two

simultaneous matrix diagonalizations (SMD) for our specific

k and ℓ. Consequently, SMD (e (k, ℓ,1) , d) represents the

first SMD for a given k and ℓ, which is associated to the

simultaneous diagonalization of the matrices S
rhs
k,ℓ,(n) by T k.

Since in practice d is not known, P denotes a candidate value

for d̂, which is our estimate of the model order d. Similarly,

SMD (e (k, ℓ,2) , P ) corresponds to the second SMD for a

given k and ℓ referring to the simultaneous diagonalizations of

S
lhs
k,ℓ,(n) by T ℓ. S

rhs
k,ℓ,(n) and S

lhs
k,ℓ,(n) are defined in [4]. Note

that each SMD(e(k, ℓ, i), P ) yields an estimate of all factors

F (r) [4], [12], where r = 1, . . . ,R,R + 1. Consequently, for

each factor F
(r)

there are B estimates, where B is the total

number of SMD problems given by #(R) ë [#(R) − 1]
For instance, consider a 4-D tensor, where the third mode

is degenerate, i.e., M3 < d. Then, the set R is given by�1,2,4�, and the possible (k, ℓ)-tuples are (1,2), (1,4), and

(2,4). Consequently, the six possible SMDs are enumerated via

e(k, ℓ, i) as follows: e(1,2,1) = 1, e(1,2,2) = 2, e(1,4,1) =
3, e(1,4,2) = 4, e(2,4,1) = 5, and e(2,4,2) = 6.
There are different heuristics to select the best estimates

of each factor F (r) as shown in [4]. We define the function
to compute the residuals (RESID) of the simultaneous matrix
diagonalizations (SMD) as RESID(SMD(ë)). For instance,
we apply it for e(k, ℓ,1)
RESID(SMD(e(k, ℓ,1), P )) = NmaxQ

n=1

[off �T−1
k ë Srhs

k,ℓ,(n) ë Tk�[2
F

, (6)

and for e(k, ℓ,2)
RESID(SMD(e(k, ℓ,2), P )) = NmaxQ

n=1

[off �T−1
ℓ ë Slhs

k,ℓ,(n) ë T ℓ�[2
F

, (7)

where Nmax = � R

M
r=1

Mr� ë N~ (Mk ë Mℓ).
Since each residual is a positive real-valued number, we

can order the SMDs by the magnitude of the corresponding

residual. For the sake of simplicity, we represent the ordered

sequence of SMDs corresponding to e(k, ℓ, i) by a single index
e(b) for b = 1,2, . . . ,B, such that RESID(SMD(e(b), P )) B
RESID(SMD(e(b+1), P )). Our task is to select P from the

interval dmin B P B dmax, where dmin is a lower bound and

dmax is an upper bound for our candidate values. For instance,

dmin equal to 1 is used, and dmax is chosen such that B A 1.

To satisfy B A 1, at least three dimensions should be non-

degenerate [4], i.e., d B Mr for r = 1, . . . ,R,R + 1. Note that

two degenerate dimensions can be merged in order to obtain

a non-degenerate dimension as proposed in Subsection IV-A.

We define RESID(SMD(e(b), P )) as being the b-th lowest

residuals of the SMD considering the number of compo-

nents per factor equal to P . Based on the definition of

RESID(SMD(e(b), P )), one first direct way to estimate the

model order d can be obtained from the following properties

1) Inspired by [13], if there is no noise and

P < d, the estimated factor matrices are com-

posed of mixed components. However, note that

RESID(SMD(e(b), P )) A RESID(SMD(e(b), d))
may not be guaranteed.

2) If the noise is present and P A d, then

RESID(SMD(e(b), P )) A RESID(SMD(e(b), d)),
since the matrices generated with the noise compo-

nents are not jointly diagonalizable matrices. There-

fore, the simultaneous diagonalizations produce er-

roneous results.

Based on these properties, a first model order selection scheme

can be proposed

d̂ = argmin
P

RESID(SMD(e(1), P )). (8)

Due to 1), the model order selection scheme in (8) results

in a Probability of correct Detection (PoD) inferior to the

some MOS techniques found in the literature. Therefore, in

order to improve the PoD of (8), we propose to exploit

the redundant information provided only by the closed-form

PARAFAC (CFP) [4].

Let F
(r)

e(b),P
denote the ordered sequence of estimates for

F
(r)

assuming that the model order is P . For the correct
model order and in the absence of noise, the subspaces of

F
(r)

e(b),P
should not depend on b. Consequently, a measure for

the reliability of the estimate is given by comparing the angle

between the vectors f̂
(r)

v,e(b),P for different b, where f̂
(r)

v,e(b),P

corresponds to the estimate of the v-th column of F
(r)

e(b),P
.

Hence, this gives rise to an expression to estimate the model
order using CFP-MOS

d̂ = argmin
P

RMSE(P ) where (9)

RMSE(P ) = ∆(P ) ë

¿ÁÁÁÀBlimQ
b=2

R+1Q
r=1

PQ
v=1

��f̂(r)

v,e(b),P
, f̂

(r)

v,e(1),P
�,

and the operator � denotes the angle between two vectors

computed as

� (a,b) = TaH
ë bTYaY ë YbY . (10)

In (9),Blim represents the total number of simultaneous matrix
diagonalizations taken into account and, as a design parameter
of the CFP-MOS algorithm, it can be chosen between 2 and B.

Note that the factors F
(r)

e(b),P
for different values of b should be

paired in order to guarantee that the vectors of the same source
are compared. For this pairing, the amplitude based approach
proposed in [12] is used. Similarly to the T-CORCONDIA
in [2], the CFP-MOS requires weights ∆(P ), otherwise the
Probabilities of correct Dectection (PoD) for different values
of d have a significant gap from each other. Therefore, in order
to have a fair estimation for all candidates P , we introduce the
weights ∆(P ), which are calibrated in a scenario with white
Gaussian noise, where the number of sources d varies. For
the calibration of weights, we use the probability of correct
detection (PoD) of the R-D EFT [1], [2] as a reference, since
the R-D EFT achieves the best PoD in the literature even in
the low SNR regime. Consequently, we propose the following
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expression to obtain the calibrated weights ∆var

∆var = argmin
∆

Jvar(∆) where (11)

Jvar(∆) = dmaxQ
P=dmin

UE�PoDCFP−MOS
SNR (∆(P ))�

−E�PoDR−D EFT
SNR (P )�U

where E�PoDR−D EFT
SNR (P )� returns the averaged probability

of correct detection over a certain predefined SNR range using

the R-D EFT for a given scenario assuming P as the model

order, dmax is defined as being the maximum candidate value

of P , and ∆var is the vector with the threshold coefficients

for each value of P . Note that the elements of the vector

of weights ∆ vary according to a certain defined range

and interval and that the averaged PoD of the CFP-MOS is

compared to the averaged PoD of the R-D EFT. When the

cost function is minimized, then we have the desired ∆var.
Up to this point, the CFP-MOS is applicable to scenarios

without any specific structure in the factor matrices. In case

that the vectors f
(r)

v,e(b),P
have a Vandermonde structure, we

can explicitly exploit this structure in order to obtain another

expression. Again let F̂
(r)

e(b),P be the estimate for the r-th

factor obtained from SMD(e(b), P ). Using the Vandermonde
structure of each factor we can estimate the spatial frequencies

µ
(r)

v,e(b),P
corresponding to the v-th column of F̂

(r)

e(b),P as shown

in Subsection IV-D and Subsection IV-C. Similarly to the
previous case, for the correct model order and in the absence
of noise, the estimated spatial frequencies should not depend
on b. Consequently, a measure for the reliability of the estimate
is given by comparing the estimates for different b. Hence, this
gives rise to the new cost function

d̂ = argmin
P

RMSE(P ) where (12)

RMSE(P ) = ∆(P ) ë

¿ÁÁÁÀBlimQ
b=2

RQ
r=1

PQ
v=1

�µ̂(r)
v,e(b),P

− µ̂
(r)

v,e(1),P
�2

.

Similarly to the proposed cost function in (9), in order to

have a fair PoD for all candidates P , we compute the weights

∆(P ) according to (11).

IV. CLOSED-FORM PARAFAC BASED PARAMETER

ESTIMATOR (CFP-PE)

For shift invariant arrays, µ
(r)
i can be estimated directly from

X via R-D Tensor-ESPRIT-type methods [8]. As we discuss

in this section, we can alternatively compute the PARAFAC

decomposition of X , which provides estimates for the array

steering matrices F
(r)

for r = 1, . . . ,R. This approach is more

flexible with respect to the array geometry, since the shift

invariance structure is not required. In this case, the estimation

of the spatial frequencies is performed by applying a peak

search as shown in Subsection IV-C. However, if in some

dimensions a shift invariance structure is present, the spatial

frequencies can be estimated via the shift invariance scheme in

Subsection IV-D. As we demonstrate by means of simulations,

this approach is more robust to positioning errors in the array,

especially if the closed-form PARAFAC (CFP) algorithm is

used to estimate the factors. Moreover, in Subsection IV-

A, we present one important characteristic of the PARAFAC

decomposition, which is to merge the dimensions. Due to the

merging, we can increase considerably the maximum model

order. In Subsection IV-B, we show how to separate the

merged dimensions.

A. Merging Dimensions

The merging property is of great importance for the CFP in

order to increase the maximum model order. As an example,

let us consider a five-dimensional tensor represented by X >
C

M1�M2�M3�M4�N . By using the representation of (2) in the

absence of noise, we have

X = I5,d �1 F (1)
�2 F (2)

�3 F (3)
�4 F (4)

�5 F (5). (13)

However, by merging dimensions, we can reduce (13) to a

three-dimensional tensor X
(mg) > C

M1 ëM2�M3 ëM4�N , e.g.,

X
(mg) = I3,d �1 F

(1,2)
�2 F

(3,4)
�3 F

(5), (14)

where
F

(p,q) = F
(p)

l F
(q). (15)

If N is sufficiently large, i.e., N C dmax, where dmax is

the maximum model order for the CFP decomposition, then

without merging dmax is given by

dmax = max
r=1,...,R

Mr, (16)

while with merging

dmax = max
p=1,2,...,RSpxq

max
q=1,2,...,R

Mp ë Mq. (17)

Note that it is also possible to merge more than two dimen-

sions.

Applying the CFP in (14) in the presence of noise, we obtain

the following decomposition

X
(mg) � I3,d �1 F̂

(1,2)
�2 F̂

(3,4)
�3 F̂

(5)
. (18)

Since we have merged some dimensions, we present the Least

Squares Khatri-Rao Factorization (LSKRF) [10] as a more

general and algebraic way to separate the merged dimensions

in Subsection IV-B.

B. Least Squares Khatri-Rao Factorization (LSKRF)

In this subsection, we show how an estimate of the merged

factor matrices from Subsection IV-A can be refactorized into

individual estimates for the separated dimensions.

First let us write our problem as how to estimate f̂
(p)

i and

f̂
(q)

i such that

f̂
(p)

i l f̂
(q)

i � f̂
(p,q)

i , (19)

where f̂
(p,q)

i > C
Mp ëMq�1 is the i-th column of F̂

(p,q)
shown

in (18), and where f̂
(p)

i > C
Mp�1 and f̂

(q)

i > C
Mq�1.

To solve this problem, we reshape f̂
(p,q)

i by using the unvec

operator such that it becomes of size Mq �Mp, and transform

the problem into

unvec
Mq�Mp

(f̂ (p,q)

i ) � f̂
(q)

i ë �f̂
(p)

i �T

. (20)

Since (20) should be a rank-one matrix, we can use a SVD-

based rank-one approximation

unvec
Mq�Mp

(f̂ (p,q)

i ) = U ë Σ ë V H, (21)
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The weighted right dominant singular vector
º

σ1 ë u1 and

the conjugate of the weighted left dominant singular vectorº
σ1 ëv�

1 are the estimates of f̂
(q)

i and f̂
(p)

i , respectively. Here,

σ1 is the dominant singular value. Although there is one phase

ambiguity inherent to the SVD, this does not influence the

estimate of the spatial frequencies.

C. Estimation of Spatial Frequencies via Peak Search (PS)

Another way to estimate the spatial frequencies is perform-

ing a one-dimensional peak search (PS) by using the following

function

µ̂
(r)
i = argmax

µ
(r)
i

Va(r) �µ(r)
i �H

ë f̂
(r)

i V , (22)

where a(r) �µ(r)
i � denotes the array manifold of the r-th

dimension. In case of one dimension being a two-dimensional

arbitrary array, it is possible to modify (22) in order to estimate

d separated two-dimensional peaks via a 2-D peak search, like

in 2-D spectral MUSIC.

D. Estimation of Spatial Frequencies via Shift Invariance (SI)

If the array is shift invariant in the r-th mode, the estimation

of the spatial frequency can be performed by exploiting this

property as follows

µ̂
(r)
i = arg ��J

(r)
1 ë f̂

(r)

i �H

ë J
(r)
2 ë f̂

(r)

i 	 (23)

where the operator arg(ë) returns the phase, and J
(r)
1 >

R
M(sel)

r �Mr and J
(r)
2 > R

M(sel)
r �Mr are the selection matrices

from the ESPRIT-type algorithms. The selection matrix J
(r)
1

selects the M
(sel)
r elements of the first subarray and the

selection matrix J
(r)
2 selects the M

(sel)
r elements of the second

subarray. M
(sel)
r depends on the geometry of the array, and as

an example for the ULA, M
(sel)
r = Mr − 1 corresponds to

maximum overlap.

By exploiting the 2-D shift invariance as done by the 2-D

ESPRIT-type algorithms, it is possible to estimate ejëµ̂
(p)
i and

ejëµ̂
(q)
i from f̂

(p,q)

i [8]. For instance, we can obtain the spatial

frequencies by computing

µ̂
(p)
i

= arg ���J(p)
1

a IMq
� ë f̂

(p,q)
i �H ë �J(p)

2
a IMq

� ë f̂
(p,q)
i ¡ , (24)

and

µ̂
(q)
i

= arg ���IMp
a J

(q)
1

� ë f̂
(p,q)
i �H ë �IMp

a J
(q)
2

� ë f̂
(p,q)
i ¡ , (25)

where a denotes the Kronecker product. Note that by us-

ing (24) and (25) the LSKRF is not needed.

V. SIMULATION RESULTS

In this section we present simulation results demonstrating the

performance of the proposed methods. The spatial frequencies

µ
(r)
i are drawn from a uniform distribution in [−π,π]. The

source symbols are zero mean i.i.d. circularly symmetric

complex Gaussian distributed with power equal to σ2
s for all

the sources. We define at the receiver

SNR = 10 ë log10 �σ2
s

σ2
n

� , (26)

where σ2
n is the variance of the ZMCSCG (zero-mean

circularly-symmetric complex Gaussian) elements of the noise

tensor N
(c)

in (2).

A. Model order selection

We compare our proposed CFP-MOS technique to the fol-

lowing approaches: R-D EFT [1], R-D AIC [1], RADOI [14],

M-EFT [1], EFT [15], [16], AIC [17], [18], and MDL [17],

[18]. According to [18], for white noise, the M-EFT has

the best performance compared to the state-of-the-art matrix

based model order selection techniques in the literature. For

the case of colored noise, the RADOI technique has the

best performance according to [14]. Here we assume the

PARAFAC data model in (2), where the elements of the

matrices F (r) for r = 1, . . . ,R+1 are ZMCSCG with variance

σ2
s . Moreover, we consider a measurement tensor X with the

following dimensions Mr = 5 for r = 1, . . . ,6.2

In Fig. 2, we compare our proposed approach to all men-

tioned techniques for the case that white noise is present. To

compare the performance of CFP-MOS for various values of

the design parameter Blim, we select Blim = 2 and Blim = 4.

In Fig. 2, the model order d is equal to 2. In this scenario, the

proposed CFP-MOS with Blim = 4 has a performance close

to R-D EFT in comparison to AIC, MDL, EFT, and RADOI.

In Fig. 3, the noise is colored with a Kronecker structure and

with a very high correlation, and the factors Li are computed

as explained in [7]. Therefore, the R-D EFT and R-D AIC

completely fail. On the other hand, the CFP-MOS for Blim =
2 and 4 outperforms RADOI. Note that the Kronecker noise

or interference corresponds to the most critical type of noise

for the proposed CFP based model order selection (CFP-

MOS), since the CFP-MOS takes into account the Kronecker

structure, which both signal and noise have in this case.

B. Comparison between different heuristics for the CFP

In order to show the efficiency of the selected heuristic

based on the residuals and to compare the performance of the

CFP-PE to the ESPRIT based approaches, we compute the

total RMSE of the estimated spatial frequencies µ̂i as follows

RMSE =

¿ÁÁÀE� R

Q
r=1

d

Q
i=1

�µ̂(r)
i − µ

(r)
i �2¡. (27)

We consider that we have a Uniform Rectangular Array

(URA), i.e, the outer product of two Uniform Linear Array

(ULAs) vectors, at the receiver (RX) represented by M1 and

M2, and another URA at the transmitter (TX) represented

by M3 and M4. M5 is related to the frequency bins for the

estimation of the time delay of arrival (TDOA).

For the simulations from Fig. 4 to Fig. 9, we merge M1 = 3

and M2 = 3, and also M3 = 3 and M4 = 3 for the CFP

approach. By merging we have no degenerate case in the three

new dimensions, since d = 4, while without merging the first

four dimensions are degenerate. Since in the CFP the number

2RADOI can be extended to R-D RADOI by replacing the eigenvalues
of the sample covariance matrix by the global eigenvalues [1] similar to the
definition of R-D AIC and R-D MDL. However, in our simulations we found
that RADOI and R-D RADOI give the same performance. Therefore, we only
include RADOI.
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of multiple estimates of each factor depends on the number of

non-degenerate modes, by merging we increase this number

from 2 to 6, and the maximum possible model order from 7 to

9. The other dimensions of the tensor X > C
M1�M2�...�M5�N

are M5 = 7 and N = 5, except in Figs. 8 and 9, where M5 = 10.

Since the CFP returns multiple solutions as an intermediate

step, one of the first tasks is how to select the best solution.

In [4], it was proposed to pick the combination of estimated

factors which corresponds to the lowest reconstruction error,

if compared to the noisy tensor. However, such an approach

does not necessarily minimize the estimation error for the

factors. As we observe in the simulations, picking the factors

according to the lowest residuals criterion may give more

stable estimation results.

As a benchmark, we consider a genie-aided estimation

scheme, where among the many estimates for each factor, the

particular one with the lowest estimation error is selected. In

Fig. 4, both the lowest reconstruction error and the lowest

residuals present a performance very close to the genie case.

Note also that since the simultaneous diagonalizations resid-

uals are an inherent output of the CFP, it is preferable to use

them instead of computing the lowest reconstruction error.

In order to combine factors estimated in different joint diag-

onalizations, the permutation and scaling ambiguities should

be solved. For this task, we apply the amplitude approach

proposed in [12].

C. Estimation of spatial frequencies

In this subsection, R-D SE, R-D UE, R-D UTE, R-

D STE stands for the R-dimensional Standard ESPRIT, R-

dimensional Unitary ESPRIT, R-dimensional Unitary Tensor-

ESPRIT, and R-dimensional Standard Tensor-ESPRIT, respec-

tively. Here we use the R-D ESPRIT-type algorithm with

the LS solution [8]. Moreover, for the R-D SE no forward

backward averaging (FBA) is applied, while for the other R-

D ESPRIT-type algorithms FBA is applied according to [8].

According to our simulations, in scenarios without modeling

errors and with the shift invariant arrays, the performance of

closed-form PARAFAC based parameter estimator (CFP-PE)

combined with the LSKRF, shift invariance based scheme, and

peak search is the same.

In Fig. 5, we consider the case that there is a URA with

positioning errors at the RX. Therefore, for severe positioning

errors, all the distances between all the consecutive antennas

are different, which implies that the assumption of an outer

product structure between the first and the second dimensions,

which are merged in our CFP approach, is not valid anymore.

These positioning errors are modeled by zero mean real-valued

Gaussian random variables with variance σ2
e . Note that the

URA with positioning errors is only included at the RX side,

whereas at the TX and frequency dimensions the arrays have

a Vandermonde structure without any error. The error of the

spatial frequencies at the third, fourth and fifth dimensions

is depicted in Fig. 5. The estimation performed by the R-

D ESPRIT-type based techniques is largely influenced by the

errors at the first and second dimensions. On the other hand,

since the CFP based approach is based on a very general

decomposition, there is no degradation. For the parameters

in the first and second dimensions, the estimation is equally

degraded for all the schemes. Therefore, all the schemes have

the same performance.

In Figs. 6 and 7, at the RX array, we have a Shift Invariant

(SI) outer product based array (OPA), which varies until

becoming a Non-Shift Invariant (NSI) outer product based

array (OPA) according to a zero mean real Gaussian random

variable n
(r)
p,i with variance σ2

p. For instance, in Fig. 1, ∆
(r)
i =

∆
(r)

i +n
(r)
p,i , where ∆

(r)

i is a constant. In contrast to Fig. 5, here

the positions are considered exactly known, i.e., the deviation

of the outer product structure is known. In Fig. 6 related to

the RX, the CFP combined with the PS approach has the same

performance as CFP combined with the SI approach, since in

these dimensions we have the shift invariance property. On

the other hand, in Fig. 7 related to the TX side and frequency

bins, the CFP combined with the SI has the same error as the

ESPRIT based approaches, and only the CFP combined with

the PS has no degradation.

The Multilinear Alternating Least Squares (MALS), which

is the Alternating Least Squares for a M -way tensor, presents

the same performance as the CFP when used in conjunction

with the SI, LSKRF, and PS for all the previous simulations.

We compare the MALS to the CFP in a channel generated

by the geometry-based channel modeling tool IlmProp [19].

The IlmProp generated scenario is shown in Fig. 8, and it is a

NLOS (Non-line of Sight) scenario composed of 4 paths, i.e.,

d = 4. At the RX and also at the TX, there is a URA 3 � 3,

and 10 frequency bins are used. The carrier frequency f0 is

2 ë 109 Hz. The bandwidth is 80 MHz, 5 time snapshots are

collected, and the time sampling is 1 ms. The space between

the antennas is λ
2
, where λ = c

f0

, and c is the speed of the

light.

In Fig. 9, the RMSE of the estimated spatial frequencies

by applying MALS and CFP are compared. The MALS is

more instable than CFP. Moreover, the MALS estimates have

a limited accuracy for the RMSE approximately equal to 7 ë

10−1, while the CFP reaches a limited accuracy for the RMSE

approximately equal to 4 ë 10−3. Note that the R-D STE has

also a limited accuracy of 3 ë 10−2, worse than the CFP.

The limited accuracy presented in all approaches in Fig. 9 is

a bias, which is due to the violation of the narrowband signal

assumption in the parameter estimation.

For multidimensional prewhitening schemes, which are re-

quired for the parameter estimation in the presence of colored

noise or interference with Kronecker structure, the reader is

referred to [7] and to [20].

VI. CONCLUSIONS

In this paper, we propose two new schemes for R-D robust

parameter estimation based on the closed-form PARAFAC

algorithm. First we propose the closed-form PARAFAC based

model order selection (CFP-MOS) scheme based on multiple

estimates of the factor matrices obtained via CFP as an

intermediate step. The CFP-MOS has a performance close

to the state-of-the-art multidimensional model order selection

technique R-D EFT in the presence of white noise, while

for applications with colored noise with a multidimensional
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Fig. 2. Probability of Detection versus SNR. In the simulated scenario,
R = 5, M1 = 5, M2 = 5, M3 = 5, M4 = 5, M5 = 5, and N = 5 presence of
white noise. We fixed d = 2.
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Fig. 3. Probability of Detection versus SNR. In the simulated scenario,
R = 5, M1 = 5, M2 = 5, M3 = 5, M4 = 5, M5 = 5, and N = 5 presence of
colored noise, where ρ1 = 0.9, ρ2 = 0.95, ρ3 = 0.85, and ρ4 = 0.8. We fixed
d = 3.
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estimates generated by the closed-form PARAFAC based parameter estimator
(CFP-PE) via the following approaches reconstruction error, residuals and
genie case. In the scenario, URAs of sizes M1 = 3, M2 = 3, M3 = 3,
M4 = 3, M5 = 7, and N = 5 are applied. d is fixed to 4.
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based parameter estimator (CFP-PE) to the ESPRIT based techniques in
presence of positioning errors in some dimensions. σ2

e is the variance of he
random variables associated to the positioning errors. For the RMSE only the
parameters at the third, fourth and fifth dimensions without positioning errors
are considered. In the scenario, URAs of sizes M1 = 3, M2 = 3, M3 = 3,
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Fig. 6. RMSE versus σp is depicted to compare the closed-form PARAFAC
based parameter estimator (CFP-PE) to the ESPRIT based techniques in case
that shift invariance property varies, but the outer product property is kept in
the first and second dimensions. σ2

p is the variance of the random variables
associated to the positioning variation of the outer product based arrays (OPA).
For the RMSE only the parameters at the first and second dimensions are
considered. In the scenario, URAs of sizes M1 = 3, M2 = 3, M3 = 3,
M4 = 3, M5 = 7, and N = 5 are applied. d is fixed to 4. The SNR is fixed
to 80 dB.

Kronecker structure, the CFP-MOS outperforms the state-of-

the-art matrix based model order selection scheme RADOI.

As another important contribution, we propose the closed-

form PARAFAC based parameter estimator (CFP-PE) to esti-

mate the spatial frequencies. The CFP-PE can be applied in

case of arbitrary array geometries and decouples the data of

the different dimensions. Therefore, the error of one dimension

does not affect the others, when CFP-PE is applied. Moreover,

we show how to use the CFP-PE combined with the Least

Squares Khatri-Rao Factorization (LSKRF), a Shift Invariance

(SI) based scheme, and a peak search based approach.
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