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Abstract—Safety-critical applications (SCA), such as au-
tonomous driving, and liability critical applications (LCA), such
as fisheries management, require a robust positioning system in
demanding signal environments with coherent multipath while
ensuring reasonably low complexity. In this context, antenna
array-based Global Navigation Satellite Systems (GNSS) receivers
with array signal processing schemes allow the spatial separation
of line-of-sight (LOS) from multipath components. In real-world
scenarios array imperfections alter the expected array response,
resulting in parameter estimation and filtering errors.

In this paper, we propose an approach to time-delay es-
timation for a tensor-based GNSS receiver that mitigates the
effect of multipath components while also being robust against
array imperfections. This approach is based on the Canonical
Polyadic Decomposition by a Generalized Eigenvalue Decompo-
sition (GPD-GEVD) to recover the signal for each impinging
component. Our scheme outperforms both the Higher-Order
Singular Value Decomposition (HOSVD) eigenfilter and Direction
of Arrival and Khatri-Rao factorization (DoA/KRF) approaches,
which are state-of-the-art tensor-based schemes for time-delay
estimation, particularly when array imperfections are present.

I. INTRODUCTION

While Global Navigation Satellite Systems (GNSS) po-
sitioning provides good accuracy, for Safety Critical Appli-
cations (SCA), such as autonomous cars [1], and Liability
Critical Applications (LCA), such as fisheries management [2],
it is important to deliver in demanding environments where
multipath can degrade positioning.

In order to compute the position on the earth, the GNSS re-
ceiver uses the time-delays of line-of-sight (LOS) components
from at least four satellites. However, due to the geometry of
the propagation environment, caused, for instance, by trees,
poles, lamps and buildings, reflections from the LOS compo-
nent can occur, creating multipath components, which are non-
line-of-sight (NLOS) components. As a consequence, the mul-
tipath components interfere with the received LOS component.
In practice, the quality of the ranging data provided by a GNSS
receiver largely depends on the synchronization error, that
is, on the accuracy of the propagation time-delay estimation
of the LOS signal. In case the LOS signal is corrupted by
several superimposed delayed replicas (reflective, diffractive,
or refractive multipath), the estimation of the propagation time-
delay and thus the position can be severely degraded using

state-of-the-art GNSS receivers [3], [4].

The current state-of-the-art tensor-based multipath mitiga-
tion techniques applied to time-delay estimation [5], [6] are
based on HOSVD [7] eigenfiltering with Forward-Backward
Averaging (FBA) [8], [9] and Expanded Spatial Smoothing
(ESPS) [10], [11], and Direction of Arrival (DoA) estimation
[12] and Khatri-Rao Factorization [13].

As will be demonstrated, both state-of-the-art approaches
are vulnerable to array imperfections. In this paper we propose
a new tensor-based time-delay estimation approach robust
not only against multipath components but also array im-
perfections. Our approach utilizes Canonical Polyadic De-
composition by Generalized Eigenvalue Decomposition (CPD-
GEVD) [14] to estimate the correlated pseudo-random (PR)
sequence factor matrix from the post-correlation signal tensor,
then performs time-delay estimation for each LOS and NLOS
signal component. We also incorporate two proposed selection
schemes in our framework in order to estimate the time-delay
of the LOS component: one based on the signal power and
another one selecting the smallest estimated time-delay. [6]

This paper is structured as follows: this section includes the
introduction along with the notation used in the paper. Section
II presents the pre- and post-correlation data model, along
with the decomposition into canonical components. Section III
reviews the state-of-the-art HOSVD eigenfilter-based approach
with FBA and ESPS. In section IV, we propose our CPD-
GEVD time-delay estimation approach. Section V presents the
results of the Monte Carlo (MC) simulation. Section VI draws
the conclusions.

A. Notation

Scalars are represented by italic letters (a, b, A,B), vectors
by lowercase bold letters (a,b), matrices by uppercase bold
letters (A,B), and tensors by uppercase bold calligraphic
letters (A,B).

The superscripts T, ∗, H, −1, and + denote the trans-
pose, conjugate, conjugate transpose (Hermitian), inverse, and
pseudo-inverse of a matrix, respectively.

For a matrix A ∈ CM×N , its m-th row is denoted by
(A)m,· and its n-th column is denoted by (A)·,n. The vec{·}
operator stacks the columns of a matrix (or tensor) vertically,

497



changing it to a vector. The unvec
M×N

{·} operator turns a vector

into an M ×N matrix.

The Kronecker product is represented by ⊗ and the Khatri-
Rao product (also known as column-wise Kronecker prod-
uct) by �. The Khatri-Rao product between two matrices
A = [a1, . . . ,aR] ∈ CI×R,ar ∈ CI , r ∈ {1, . . . , R} and
B = [b1, . . . ,bR] ∈ CJ×R,br ∈ CJ , r ∈ {1, . . . , R} is
defined as

A �B , [a1 ⊗ b1 · · · aR ⊗ bR] ∈ CIJ×R. (1)

The n-th mode unfolding of the tensor A is denoted
by [A](n). Unfolding provides a matrix representation of
a tensor. The n-mode product between a tensor A ∈
CI1×...×In−1×In×In+1×...×IN and a matrix B ∈ CJ×In is
denoted by A×n B ∈ CI1×...×In−1×J×In+1×...×IN .

The outer product, denoted by ◦, operates on vectors a ∈
CI , b ∈ CJ , and c ∈ CK , forming a tensor X = a ◦ b ◦ c ∈
CI×J×K such that xi,j,k = aibjck.

II. DATA MODEL

This section introduces the pre-correlation data model in
Subsection II-A, which explains how the signal tensor is
formed, and the post-correlation model in Subsection II-B,
which is the result of the signal tensor being multiplied by
the compressed correlator bank. The data model used in this
paper is based on [5].

A. Pre-correlation data model

Assuming an antenna array-based GNSS receiver sam-
pling during K epochs, in which each epoch N samples are
collected, on an M -element array, with L impinging signals
composed of 1 LOS component and L−1 NLOS components,
the received signal tensor can be modeled as:

X = I3,L ×1 Γ̃T ×2 CT ×3 A + N ∈ CK×N×M (2)

in which I3,L ∈ CL×L×L is the third-order identity tensor,
Γ̃T =

[
γ̃1, . . . , γ̃L

]
∈ CK×L collects the complex amplitudes,

CT =
[
c[τ1], . . . , c[τL]

]
∈ RN×L collects the PR sequences,

each with delay τl, A =
[
a(φ1), . . . ,a(φL)

]
∈ CM×L collects

the array responses, each with DoA φl, l = 1, . . . , L, and N
is the complex noise.

Note that the tensor in (2) has three dimensions, being
two temporal dimensions (epochs and PR sequences) and one
spatial dimension. The first dimension of size K is associated
with each epoch, the second dimension of size N corresponds
to the collected samples in each epoch, and the third dimension
of size M is related to the spatial diversity of the receive
antenna array.

B. Post-correlation data model

As shown in [5], the received signal X is correlated with
the compressed correlator bank Qω = Q(ΣVH)−1 [15] (thin
SVD) to calculate the cross-correlation vector used to estimate

the time-delay of the LOS component using the second mode
product:

Y = X ×2 QT
ω

= I3,L ×1 Γ̃T ×2 (CQω)T ×3 A + N ω (3)

and the noise tensor N ω is white Gaussian.

The tensor formulation in (3) is composed of the first
dimension of size K associated each epoch, the second di-
mension of size Q corresponds to each tap of correlator bank,
and the third dimension of size M is related to the spatial
diversity of the receive antenna array.

III. STATE-OF-THE-ART TENSOR-BASED TIME-DELAY
ESTIMATION

In this section we summarize the state-of-the-art HOSVD-
based eigenfilter with FBA and ESPS, and DoA/KRF ap-
proaches.

A. Higher-Order eigenfilter approach

First a pre-processing step is applied to incorporate the
FBA and ESPS. Next the HOSVD [5] based rank-one filters are
computed for three dimensions of the tensor and an improved
output of the correlator bank is obtained. Finally, the amount
of points is increased via a cubic spline interpolation and one
dimension peak search is performed in order to locate the time-
delay of the greatest power component.

B. DoA/KRF approach

First a pre-processing step is applied to incorporate the
FBA and SPS [5]. Next, the DoA is estimated and this
information is used to recreate the array mixing matrix, whose
pseudoinverse is used to estimate the Khatri-Rao product of
the complex amplitude and correlated PR sequence factor
matrices. A Khatri-Rao factorization is used to separate the
correlated code and this is used to finish the correlation.
Finally, time-delay estimation is performed using a cubic spline
interpolation and a LOS selection scheme [6].

IV. PROPOSED CPD-GEVD APPROACH

In this section we present an approach based on the CPD-
GEVD [14], [16], the model order, L, is assumed known.

Ommiting the noise, the polyadic decomposition of a tensor
Y expresses said tensor as a sum of rank-1 tensors formed by
outer products:

Y ≈
L∑

l=1

γ̃l ◦ (QT
ωc[τl]) ◦ a(φl) (4)

with γ̃l ∈ CK , c[τl] ∈ RN , Qω ∈ CN×Q, and a(φl) ∈ CM .

When the number of rank-1 terms is the least possible,
the polyadic decomposition in (4) is said to be the canonical
polyadic decomposition (CPD) [17], which is also known as
Candecomp [18] and PARAFAC [19].

While several techniques exist in the signal processing
literature to reduce a tensor to its rank-1 terms such as
alternating least squares [18], [20], simultaneous generalized
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Schur decomposition [21], and closed-form PARAFAC [22]–
[24], the CPD-GEVD [16] was chosen for offering a closed-
form solution to tensor decomposition with low computational
cost. An implementation can be found in Tensorlab 3.0 [25].

A. CPD-GEVD Algorithm

The CPD-GEVD algorithm can be seen in Algorithm 1.

B. Factor Matrix Estimation

The CPD-GEVD is used to estimate both the correlated
code and complex amplitude factor matrices, which are used
to estimate the time-delay and perform LOS signal selection,
as can be seen in subsection IV-C.

Note that the DoA factor matrix, Â, is estimated but is
not used. Because of this, the CPD-GEVD approach is robust
against array imperfections.

C. LOS Time-Delay Estimation

In order to find the time delay of the LOS component, two
schemes can be used, namely, greatest power-based scheme
and smallest delay-based scheme. [6].

V. SIMULATIONS

Similarly to [5], we consider the following scenario with
a left centro-hermitian uniform linear array with M = 8
elements and half-wavelength (∆ = λ/2) spacing. The GNSS
signal is a GPS course acquisition PR code a satellite with car-
rier frequency fc = 1575.42 MHz, bandwidth B = 1.023 MHz
and chip time TC = 1/B = 977.52 ns with N = 2046 samples
collected every k-th observation period during K = 30 epochs.
Each epoch has duration ∆t = 1 ms.

Aside from the LOS signal, there is one NLOS multipath
component (L = 2) with τNLOS = τLOS + ∆τ , with an
azimuth angle difference ∆φ = 30◦. For SPS/ESPS the array
is divided into LS = 5 subarrays with MS = 4 elements
each. Signal phases arg{γ} are independent and identically
distributed ∼ U[0, 2π[. While the magnitudes of the complex
amplitude remain the same during sampling, the phase changes
with each epoch. The number of correlators in the bank is
Q = 11 equally spaced between −TC and TC . The LOS
signal is selected using a power-based scheme [6], in which
the estimated complex amplitude matrix is used to select the
signal with greatest magnitude.

The carrier-to-noise ratio is C/N0 = 48 dB-Hz, resulting
in a pre-correlation SNRpre = C/N0 − 10 log10(2B) ≈
−15.11 dB. Given the processing gain G = 10 log10(B∆t) ≈
30.1 dB, post-correlation SNRpost = SNRpre + G ≈ 15 dB
and signal to multipath ratio (SMR) of 5 dB. To compare
results, the root mean squared error (RMSE) of the time-delay
multiplied by the speed of light, c = 299.792.458 m/s, is used,
expressed in meters. For each ∆τ/TC a MC simulation with
I iterations the RMSE is calculated by

RMSE = c ·

√√√√1

I

I∑
i=1

(τi − τ̂i)2 (m). (5)

Algorithm 1 Canonical Polyadic Decomposition by General-
ized Eigenvalue Decomposition
Input: reception tensor Y and model order L
Requirement: the first two modes of Y should be the largest
two modes (this increases the probability that the first two
factor matrices have full column rank)
Output: estimated factor matrices ˆ̃ΓT, (ĈQω)T, and Â

1: Calculate HOSVD of Y :

Y = S ×1 V1 ×2 V2 ×3 V3

2: Compress the core tensor and singular vector matrices:

S = (S)1:L,1:L,1:2 ∈ CL×L×2

V1 = (V1)1:K,1:L ∈ CK×L

V2 = (V2)1:Q,1:L ∈ CQ×L

V3 = (V3)1:M,1:2 ∈ CM×2

3: Calculate the GEVD of the transpose of the two frontal
slices of S:

(S)T
·,·,1E = (S)T

·,·,2ED

with eigenvectors E = [e1, . . . , eL] and eigenvalues
diag{D} = [σ1, . . . , σL].

4: X = unvec
K×QM

{vec {Y}}T
V∗

1E

5: for l = 1 to L do
6: Perform rank-1 SVD of unvec

Q×M
{(X)·,l}:

unvec
Q×M

{(X)·,l} = ulslv
H
l

7: Adjust ul using the previously calculated eigenvalue:

ũl = slul

8: end for
9: Concatenate the previously calculated rank-1 eigenvectors

to estimate (ĈQω)T and Â:

(ĈQω)T = [ũ1 · · · ũL]

Â = [v1 · · · vL]

10: Estimate ˆ̃Γ = unvec
K×QM

{vec {Y}} · ((Â � (ĈQωT))T)+

11: for l = 1 to L do
12: Normalize the columns of ˆ̃ΓT, (ĈQω)T, and Â:

(ˆ̃ΓT)·,l =
(ˆ̃ΓT)·,l

(‖(ˆ̃ΓT)·,l‖F)
4
3 (‖(ĈQω)T

·,l‖F)
1
3 (‖(Â)·,l‖F)

1
3

(ĈQω)T
·,l =

(ĈQω)T
·,l

(‖(ˆ̃ΓT)·,l‖F)
1
3 (‖(ĈQω)T

·,l‖F)
4
3 (‖(Â)·,l‖F)

1
3

(Â)·,l =
(ÂT)·,l

(‖(ˆ̃ΓT)·,l‖F)
1
3 (‖(ĈQω)T

·,l‖F)
1
3 (‖(Â)·,l‖F)

4
3

13: end for
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Fig. 1. Simulation results for an ideal array

2000 MC simulations were performed to plot the
RMSE (m) curves of time-delay estimation utilizing HOSVD
with FBA+ESPS explained in Section III, the DoA/KRF ap-
proach in [6], the proposed CPD-GEVD, and filtering suppos-
ing known A and Γ̃ approach, using expected channel factor
matrices to filter the correlated codes and estimate the time-
delay.

Errors in array geometry are added such that these distort
the array in an x and y direction using a normal distribution
∼ N (0, σ2). The standard deviation, expressed in meters, is
calculated in terms of a given probability p = P(e > λ/2)
that the error e exceeds a half wavelength, λ/2 = 0.0951 m.
Expressed mathematically using the inverse Q-function:

σ =
λ/2

Q−1(p)
(m). (6)

A. Results for an array without errors

In Figure 1, we see the results for an ideal array. While
the curve of the state-of-the-art eigenfilter varies, it remains
between approximately 0.8 and 0.83 m, peaking at ∆τ =
0.45 TC .

The DoA/KRF, CPD-GEVD, and a priori filtering ap-
proaches overlap with an error of approximately 0.675 m for
all delays.

B. Results for an array with errors

In Figure 2 the results for an array with errors are depicted.
The probability that the array error exceeds a half wavelength
is p = 10−3, resulting in σ = 0.0308 m.

The curve for the state-of-the-art eigenfilter became more
pronounced and at its peak has more than doubled its pre-
vious maximum error. The DoA/KRF approach error curve
also became more pronounced, with the error increasing then
decreasing as the LOS and NLOS signal components become
more decorrelated.

The proposed approach and filtering with a priori informa-
tion overlap at about 0.7 m error for all ∆τ/TC .
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Fig. 2. Simulation results for an imperfect array with p = 10−3
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Fig. 3. Simulation results for an imperfect array with varying p

C. Results for different σ of array geometry error

In this simulation, the relative delay ∆τ is fixed at 0.45TC
while the probability p varies from 10−6 to 10−1.

As can be seen in Figure 3, both the Higher-Order
eigenfilter and the DoA/KRF approach are sensitive to array
imperfections, while the proposed scheme is robust against
array imperfections.

VI. CONCLUSION

In this paper we propose a CPD-GEVD for multipath
mitigation that outperforms the state-of-the-art HOSVD eigen-
filtering [5], [6]. The proposed scheme not only achieves an
accuracy slightly better than filtering when a priori information
about the channel factor matrices are known, but also achieves
these results under multipath components while also being
robust against errors in the array response. Our scheme accu-
rately estimates the time-delay while mitigating the effect of
multipath components and imperfections in real-world arrays,
being therefore, very attractive for SCA and LCA.
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