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Abstract—For the next generation communications, a high
data-rate scenario is expected not only due to the increasing
amount of mobile subscribers, but also due to the impact of
technologies such as the Internet of Things (IoT), Vehicular Ad
Hoc Networks (VANETs) and Virtual Reality (VR). One of the
key technologies to allow for a better exploitation of the scarce
spectrum is the incorporation of antenna arrays into communi-
cation devices. In that sense, beamforming is an array processing
tool that provides spatial separation of multiple sources sharing
the same spectrum band. In this work, we propose a framework
composed of a bank of frequency invariant beamformers (FIB)
and an adaptive parallel factor analysis (PARAFAC) decom-
position instead of the state-of-the art independent component
analysis (ICA). The original PARAFAC adaptation is modified
for scenarios where the signals are time-correlated (non-white)
and the a pseudo-inversion step is added for an increased
accuracy. Our proposed framework outperforms the state-of-the-
art methods in terms of accuracy and convergence.

I. INTRODUCTION

In 2022, the amount of mobile subscribers is expected
to achieve 8.9 billion [1]. Moreover, applications related to
video, Internet of Things (IoT), Vehicular Ad Hoc Networks
(VANETs) and Virtual Reality (VR) will dramatically increase
the data traffic. In order to fit such demands, wireless commu-
nication systems should likely face broadband channels and
use beamforming as a key technology to extract a signal of
interest (SOI) and mitigate interfering signals. Beamformers
work by compensating time delays and, in narrow-band sys-
tems, these can be approximated by phase shifts. However, this
approximation fails if the relative bandwidth is too large.

The computation of a bank of frequency invariant beam-
formers (FIBs) allows for processing of the data in the
beamspace, where an instantaneous mixture model applies to
its output [2]. As a consequence, simpler separation techniques
for instantaneous mixtures such as the independent component
analysis (ICA) [3], [4] can be used. In this paper, we propose
a modification of the framework composed of a bank of
FIBs proposed in [5] by using it with parallel factor analysis
(PARAFAC) tensor decompositions [6], [7] as the separation
step. Moreover, the framework exploits the adaptive PARAFAC
recursive least squares tracking (RSLT) technique [8] and its
is also modified in order to adaptively track the PARAFAC
decomposition.

The original PARAFAC recursive least squares tracking

(RLST) technique proposed in [8] was designed to exploit a
time growing tensor, requiring the sources to be non-stationary.
In this paper, the correlation tensor is substituted by the time-
correlation tensor and a novel cyclical update is required.
Therefore, the PARAFAC track decomposition is modified to
process time correlated sources as originally proposed in its
batch form in [9], but adaptively. The decomposition estimates
a steering matrix that is used for beamforming by computing its
pseudinverse recursively via the Ben-Israel and Cohen iterative
method [10]. The method is compared with the widely used
Frost’s algorithm [11].

The remainder of the paper is divided as follows. In
Section II, the data model is described. Section III reviews
the broadband beamforming via a bank of FIBs. The proposed
framework is explained in Section IV. Then, the simulation
and results are shown in Section V and the conclusions are
drawn in Section VI.

II. DATA MODEL

Each isotropic antenna receives a combination of the SOI
and the interference signals. All signals are assumed to be
time-correlated (non-white). The signals have bandwidth B
and, since their directions of arrival are different, their relative
delays are different for each antenna. Therefore, the received
signal at the m-th antenna can be written as a sum of time-
delayed signals

xm(t) =
d−1
∑

i=0

si(t− τi,m) + vm(t), (1)

where si(t) is the i-th source signal, τi,m is the propagation
delay between source signal i and the antenna m and vm(t)
is additive Gaussian white noise.

When designing beamformers, the goal is to estimate the
SOI s0(t) and mitigate the interferes si6=0(t) given noisy obser-
vations xm(t). Narrowband models approximate propagation
delays as phase delays and, therefore, are valid only for a
specified frequency. Since in this case the source signal has
a bandwidth B in the interval [ωmin, ωmax], all frequencies
within B should be taken into consideration. Therefore, a
space-time finite impulse response (FIR) filter is applied to
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the received signals in order to estimate the original signal .

yk(t) =
M−1
∑

m=0

L−1
∑

l=0

xm(t− lTs) · [w
(k)
m,l]

∗, (2)

where w
(i)
m,l are the space-time FIR filter coefficients for

estimating the i-th source, l = 0, . . . , L − 1 is the FIR tap
delay index, m = 0, . . . ,M − 1 is the antenna index and Ts

is the sampling interval. To allow for a compact notation, the
reconstructed signals at the i-th output are written as

yk(t) = wH
k x(t), (3)

In a frequency domain representation without a delay, the
received signal for each antenna and tap delay is written by
considering phase delays for each frequency bin

Xm,l(ω) =
d−1
∑

i=0

am,l(pi, ω)Si(ω) + Vm(ω), (4)

where ω is the angular frequency and the array is at the origin
of the coordinate system, the i-th source is at position pi and
am,l(pi, ω) are elements of the steering vector.

For a ULA, am,l(pi, ω) is dependent on the azimuth θi
instead of the coordinate pi:

am,l(θi,Ω) = e−jµΩ(m sin θi+l), (5)

where Ω = ωTs is the normalized frequency, µ = ∆x/(cTs)
and ∆x and c are the antenna spacing and wave speed, respec-
tively. By adjusting ∆x to half of the smallest wavelength and
Ts to half of the period of the highest frequency, µ can be set
to 1 without loss of generality.

III. STATE-OF-THE-ART FRAMEWORK BASED ON BANK

OF FREQUENCY INVARIANT BEAMFORMERS (FIB) AND

INDEPENDENT COMPONENT ANALYSIS (ICA)

In this section, the FIB design that is based on the bidi-
mensional inverse DFT (IDFT2) [2] for a ULA is reviewed.
Detailed explanations and extensions for the uniform rectan-
gular array is found in [12]. The main idea described in [2]
is depicted in Figure 1. The signals are first processed by a
bank of FIBs. The output of the FIBs form a smaller size
virtual array so that an adaptive algorithm is processed in the
beamspace. The computation of a FIB is described as follows.

FIB 1

FIB 2

FIB 

Bank of FIBs Virtual array

adaptive 
algorithm

Fig. 1. Diagram of a filtering scheme composed of a bank of FIBs and a
narrowband adaptive algorithm [2]

First we define the (spatial) frequency response of a filter with

coefficients w
(k)
m,n

P (Ω1,Ω2) =
M−1
∑

m=0

L−1
∑

l=0

w(k)
m,n · e−jΩ1me−jΩ2l, (6)

where Ω1 = Ωµ sin θ, Ω2 = Ω. By dividing Ω1/Ω2 = µ sin θ
and setting µ = 1 we find that the ratio only exists in the
interval [−1, 1]. The final desired spatial-temporal response of
the beamformer is

P (Ω1,Ω2) =







F (Ω1/Ω2) if |Ω1/Ω2| ≤ 1,

α(Ω1,Ω2) if |Ω1/Ω2| > 1,

α(0, 0) if Ω1 = Ω2 = 0.

(7)

A common choice for F (Ω1/Ω2) is the response of a nar-
rowband delay and sum filter [13] designed to the Nyquist
frequency so that it becomes frequency independent:

F (θ) =
1

M ′

⌊M ′/2⌋
∑

m=−⌈M ′/2⌉

e−jmπ sin θ, (8)

where ⌈·⌉ and ⌊·⌋ are the ceiling and floor rounding operators,
respectively, and M ′ is the size a prototype beamformer
array. Since α(Ω1,Ω2) lies outside the region of existence of
P (Ω1,Ω2) and the DC component at point Ω1 = Ω2 = 0
carries no spatial information, they affect only the regions
near the boundary and can be set randomly or adjusted
empirically. From (6), we see that the resultant beamformer is
the bidimensional inverse discrete Fourier transform (IDFT2)
of P (Ω1,Ω2), which has a frequency invariant response F (θ),
sampled along Ω1,Ω2. It is worth noting that the points
α(Ω1,Ω2) are required for the computation of the IDFT2.

In order to perform filtering in the beamspace, multiple
FIBs are created by shifting the FIB response K times as
follows1[5]

Fk(θ) =
1

M ′

⌊M ′/2⌋
∑

m=−⌈M ′/2⌉

e−jmπ sin θe−jm 2πk
K . (9)

By generating various FIBs with their main lobes shifted
towards different directions, one can form a virtual array
signal xfib(t) ∈ C

K×1 [2] containing the outputs of K
FIBs in its elements. Since an FIB has a frequency invariant
response over the signals bandwidths, the filtering process can
be approximated by a weighting one

xfib(t) = WH
fibx(t) ≈ P · s(t) ∈ C

K×1, (10)

where Wfib ∈ C
ML×K contains wk’s in its columns, P ∈

C
K×d is an instantaneous mixture matrix containing weights

pk,i between the i-th signal and the k-th output and s(t) =
[s0(t) . . . sd−1(t)]

T. The data model of the output data in (10)
is similar to narrowband scenarios for instantaneous mixtures,
where Independent Component Analysis (ICA) [3] applies.
Therefore, instantaneous mixture separation algorithms can be
applied to to revert the operation in (10) so that the SOI s0(t)
is recovered.

1According to [2] and [5], for maximum computational efficiency the max-
imum number of FIBs to still assure independence is Kmax = ⌊M/3⌋. This
value is intimately related to M ′ and should also be set to a maximum value
of M ′

= min{⌊M/3⌋, ⌊L/3⌋} so that beam independence is guaranteed.
Beam independence implies better computational efficiency.
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IV. PROPOSED FRAMEWORK BASED ON BANK OF FIBS

AND ADAPTIVE PARAFAC

The framework proposed in this section includes a modifi-
cation based on the PARAFAC recursive least squares tracking
(RLST) algorithm proposed in [8]. The algorithm in [8] is
suited for non-stationary narrowband signals. Therefore, a
modification for the case where signals can be stationary yet
having their non-whiteness explored is proposed.

We first consider that P is slowly varying in time and we
compute the time correlation matrices

R(τj) = E[xfib(t)x
H
fib(t− τj)], (11)

where τj is a relative time delay and E[·] is the expectation
operator. From (10), one can find that R(τj) = PRs(τj)P

H,
where Rs(τj) = E[s(t)sH(t− τj)]. By concatenating J ma-
trices R(τj), j = 1, ...J , we can build a third order tensor
R ∈ C

K×J×K , i.e. each matrix R(τj) is a slice of R.
From further assuming that R(t, τj) approximately diagonal,
a PARAFAC structure is built so that its elements are

rk1,j,k2 =
d−1
∑

i=0

pk1,icj,ip
∗
k2,i (12)

where cj,i are elements of the diagonal of Rs(τj).

In order to adaptively track (12) via methods in [8],
we adaptively compute R(τj) [14] for every new snapshot
acquired at time t:


















R(t+ 1, τ1) = λrR(t, τ1) + xfib(t)x
H
fib(t− τ1),

R(t+ 1, τ2) = λrR(t, τ2) + xfib(t)x
H
fib(t− τ2),

...
...

R(t+ 1, τJ) = λrR(t, τJ) + xfib(t)x
H
fib(t− τJ),

(13)

where t indicates that R(τj) changes with time.

The RLST algorithm in [8] requires that a new slice is
appended to R for each received snapshot. However, from
(13), it is seen that R is fixed with J slices in the second
dimension. Therefore, in order to apply [8], we cyclically
append a new slice to R as depicted in Figure 2.

In Figure 2, after the correlation tensor is updated as in
(13), the first slice of the tensor is removed and a correlation
estimate R(t+1, τj) is selected. This estimate is then used as
a new slice of R. The time index t is used to indicate that the
tensor is updated with time. The set of Equations (14) to (16)
shows an example on how the correlation tensor is updated
from snapshot t− 1 to t+ 1:

R(t− 1) = [R(t− J, τJ) ⊔2 · · · ⊔2 R(t− 1, τJ−1)], (14)

R(t) = [R(t− J + 1, τ1) ⊔2 · · · ⊔2 R(t, τJ)], (15)

R(t+ 1) = [R(t− J + 2, τ2) ⊔2 · · · ⊔2 R(t+ 1, τ1)]. (16)

Making the correspondence with the previous tensor model
(12), the matrix P contains in its rows information regarding
each source. Our goal is to use the row containing information
of the SOI to extract it via linear filtering and further mitigate
interference by using the remaining rows. One adequate solu-

tion would be to find the pseudoinverse W = P̂+ and multiply
the SOI corresponding line W0,: by (10). However, the pseu-
doinversion step requires a high computational complexity. To

RLST
update

updated factors

Select a time-correlation 
matrix. Once     is reached,
return to    . 

Append a new slice.Remove old slice.

Fig. 2. Proposed updated of the correlation tensor. A new slice is concatenated
in the second dimension after cyclically selecting a time-correlation matrix
estimate.

address the complexity problem, we propose the application
of one iteration of the Ben-Israel and Cohen algorithm [10] at
each update step of the RLST

W(t+ 1) = W(t)
(

2IK − 〈P̂(t+ 1)〉tW(t)
)

, (17)

where IK is the identity matrix of size K and 〈·〉t is a moving

average such as 〈P̂(t+ 1)〉t = λtP̂(t+ 1) + (1− λt)P̂(t) for
0 < λt ≤ 1. W(0) can be initialized with a good estimate of
P+, e.g. by taking the pseudoinverse during the initialization

of the PARAFAC RLST. The time average over P̂(t + 1) is
not present in the original algorithm [10] and its introduced
in (17) to avoid convergence problems due to variations in the
input data. The above solution is denoted as the PARAFAC
RLST-Ben.

TABLE I. MODIFIED FIB-RLST-BEN AND FIB-RLST-FROST

Step Description

1. Initialization a. Compute a bank of FIBs according

to Section III

b. Find initial estimates for P, C and P∗,

e.g. via ALS algorithm and W = P+

2. Update R(t + 1): Equation (13)

correlation tensor

3. Cyclically select Figure 2 and Equations (14) to (16)

correlation matrix

4. First update RLST update of P(t + 1), C(t + 1)
and P∗(t + 1)

5. Update W W(t + 1) = 2W(t) − W(t)F(2)(t + 1)W(t)

or w(fr)(t + 1) =
[P̂(t+1)]:,0

[P̂(t+1)]H:,0[P̂(t+1)]:,0

+ Qi

(

w(fr)(t) − µfre
∗(n)xfib(t)

)

6. Extract the SOI W0,:(t + 1)xfib(t + 1) or [w(fr)(t + 1)]Hxfib(t + 1)

Alternatively, in order to remove interference in a direct
and computationally efficient way, one can apply a narrow-
band adaptive beamformer where each row is a beamformer
constraint. One of such algorithm is the Frost algorithm [11]
with filter update

w(fr)(t+ 1) =
[P̂(t+ 1)]:,0

[P̂(t+ 1)]H:,0[P̂(t+ 1)]:,0
+

Q0

(

w(fr)(t)− µfre
∗(n)xfib(t)

)

, (18)
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where Qi = Ik − [P̂(t + 1)]:,0
(

[P̂(t + 1)]H:,0[P̂(t +

1)]:,0
)−1

[P̂(t + 1)]H:,0, e(n) = [w(fr)(t)]Hxfib(t) and µfr is
the step size. This method is denoted as the PARAFAC
RLST-Frost. The framework steps are summarized in Table I.

V. SIMULATIONS AND RESULTS

In this section, simulations for evaluation of the proposed
framework are conducted. First, three sources impinging from
0◦ (SOI), 30◦ and -55◦ are set. Each signal is randomly
generated and band limited to the region Ω > 0.4π. The
SOI has its center frequency shifted to Ω = 0.65π. The
interferences are centered at Ω = 0.66π and Ω = 0.67π. The
signals are received by a ULA of size M = 17 and the tap-
delay line has length L = 80 and a bank of FIBs is constructed
for P = 5 virtual sensors. The SNR is fixed to 20 dB, the
ALS threshold is set to 10−5 and the step sizes λr and λt are
0.999 and 0.98, respectively. The resulting SINRs are averaged
over 1000 simulations for N = 10000 snapshots. For the first
simulation, each signal has a different spectrum changed by a
bandstop filter with cutoff frequencies at [0.5 0.6]π, [0.6 0.7]π
and [0.7 0.8]π, respectively, so that they have a different
time correlation. The interferences move 7◦ in a clockwise
direction at snapshot 5000 during the course of 100 snapshots.
The obtained SINR after 1000 simulations is shown in Figure
3. In Figure 3, the proposed framework with pseudoinverse

samples

0 2000 4000 6000 8000 10000

S
IN

R
 [
d
B

]

0

5

10

15

20

25

30

Batch PARAFAC

Proposed TW-RLST PARAFAC Frost

Proposed TW-RLST PARAFAC Ben

Fig. 3. SINR for a varying DOA in scenario containing 3 sources. The
sources move 7◦ at sample 5000.

iteration tracks the batch PARAFAC decomposition [9] for
SOI extraction after initialization with gap of less than 3 dB
in comparison with the ALS. After the sources move, the
framework adapts and also follows the SINR of the ALS. The
framework applied with the Frost algorithm also tracks the
SOI extraction but with a slower convergence and roughly 1
dB less final SINR than the Ben-Israel based algorithm.

For the final simulation the proposed method is compared
with the method proposed in [4], which uses the kurtosis
approach for the ICA [3], [15]. For the simulation, two sources
are set at 0◦ and 40◦. The SOI at 0◦ is a BPSK signal
containing 8 samples per symbol filtered by a raised cosine
filter with rolloff 0.3 and its center frequency shifted to the

normalized frequency Ω = 0.65π. The second signal (inter-
ference) has a Laplacian distribution and its band is limited
to the region Ω > 0.45π. The SOI has a measured kurtosis
of -0.65 and the interference has a measured kurtosis of +1.1
and the SNR is 20 dB. The output of the bank of FIBs is then
processed by a kurtosis based ICA algorithm and compared
with the Batch ALS PARAFAC updated every 10 snapshots
and the proposed adaptive framework. The PARAFAC RLST
algorithms are initialized after 800 snapshots. The SINR is
computed and the result is shown in Figure 4.

samples

0 2000 4000 6000 8000 10000
S

IN
R

 [
d

B
]

5

10

15

20

25

30

35

40

45

ICA

Batch PARAFAC

Proposed PARAFAC TW-RLST Frost

Proposed PARAFAC TW-RLST Ben

Proposed PARAFAC TW-RLST pinv

Fig. 4. SINR comparison between ICA and the PARAFAC-based agorithms.
The result is filtered by a moving average of length 10 for clarity.

In Figure 4, the proposed framework with Ben-Israel
iteration extracts the SOI extraction with practically the same
SINR as the ALS. Also, the pseudoinverse is directly applied
to show that practically the same SINR and convergence are
achieved. Finally, the ICA also achieves a comparable SINR,
but with a very slow convergence. The Frost based algorithm
converges faster than then ICA approach, however the final
SINR is about 7 dB lower.

VI. CONCLUSION

In this work, the proposed framework uses a bank of FIBs
to transform the broadband input signals into instantaneous
mixtures signals with narrowband characteristics. The signals
are separated via a modified adaptive PARAFAC decompo-
sition. After the decomposition is applied, a beamformer is
created via a pseudoinversion iteration step that succeeds in
extracting the SOI and mitigating interference. The proposed
framework achieves better SINR levels and faster convergence
than the state-of-the frameworks.
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