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Abstract—Global Navigation Satellite Systems (GNSS), such as Amer-
ican GPS, European Galileo, and Russian GLONASS are crucial for
applications ranging from traditional civilian aviation to autonomous
vehicles. Such applications require a very accurate positioning even in
complex scenarios, where multipath components are present. In order to
reduce the degradation of multipath components, the third generation
of GPS system adds the L1 civil (L1C) pilot code and includes a Time
Multiplexed Binary Offset Carrier (TMBOC) to operate alongside the
standard Coarse Acquisition (C/A). In this paper, we propose tensor based
techniques for antenna array based third generation GPS receivers. As
shown in this paper, the tensor based approaches, namely, Canonical
Polyadic Decomposition - Generalized Eigenvalue Decomposition (CPD-
GEVD) and Higher Order Singular Value Decomposition (HOSVD),
combined with the L1C signaling and TMBOC modulation considerably
outperform the state-of-the-art solutions.

Index Terms—GNSS, GPS L1C, Time-Delay Estimation

I. INTRODUCTION

Global Navigation Satellite Systems (GNSS), such American GPS,
European Galileo, and Russian GLONASS are crucial for applications
such as civilian aviation, autonomous driving and precision agri-
culture. Once multipath components deteriorate position estimation,
it is imperative to develop robust methods capable of mitigating
multipath and interference. In this sense, the third generation of GPS
system introduces the L1 civil (L1C) pilot code and includes a Time
Multiplexed Binary Offset Carrier (TMBOC).

L1C pilot code and TMBOC were created to improve multipath
mitigation in the third generation of GPS systems [1], [2]. Recently,
the literature introduced tensor time-delay estimation methods for the
second generation of GPS satellites. Thus, we propose a combination
of the L1C pilot and TMBOC with [3], in which a HOSVD with
Forward-Backward Averaging (FBA) [4], [5] and Expanded Spatial
Smoothing (ESPS) [6], [7] approach is proposed. As well as applying
the CPD-GEVD [8] for time-delay estimation using L1C pilot code
and TMBOC modulation. Therefore, we show that the current tensor
solutions can be used to perform time-delay estimation using the
next GPS generation. Furthermore, we revealed that the new GPS
L1C pilot code and TMBOC significantly outperformed the legacy
C/A code.

This paper is divided into five sections, including this introduction.
In Section II, presents the data model, along with the specification of
the L1C pilot code and the TMBOC modulation. Section III reviews
the state-of-the-art HOSVD eigenfilter-based approach with FBA and
ESPS, and the CPD-GEVD. Section IV presents the results of the
simulations utilizing the state-of-the-art methods. Section V draws
the conclusions.

II. DATA MODEL

This section firstly introduces the scenario considered in this paper.
Then, an overview of the L1C pilot code generation and TMBOC

modulation are presented. Finally, the data model is constructed using
the L1C pilot channel created after TMBOC modulation.

Let us consider an antenna array based receiver for a third
generation GPS system. As shown in Figure 1, we assume that D
satellites have line of sight (LOS) with the GPS receiver and, for
the d-th satellite, there are Ld multipath components. Therefore, the
total amount of multipath components L is given by L =

∑D
d=1 Ld.

As illustrated in Figure 2, we assume that τ (d)1 is the time delay of
the LOS component of the d-satellite, while τ (d)2 , . . . , τ

(d)
Ld

are the
time delays of the (Ld − 1) Non LOS (NLOS) components. Each
satellite transmits N symbols corresponding to the L1C pilot code
modulated with TMBOC. We refer to the time window containing N
symbols as an epoch. Moreover, we assume that, during K epochs,
their respective N symbols are approximately constant.
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Figure 1: Satellite constellations
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Figure 2: NLOS scenario

According to the specification IS-GPS-800D [9], each Pseudo-
Random Sequence (PRS) of the L1C pilot code is composed of a
unique spreading code and a unique overlay code called L1CO . Both
L1C pilot and L1CO are independent and time synchronized. The
L1C pilot code is generated with a chipping rate of 1.023 Mbps and

978-1-5386-4675-5/17/$31.00 c©2017 IEEE



has a 10 ms duration, while the L1CO is generated with a 100 bps
rate, contains 1800 bits, and has 18 s duration. This L1CO is utilized
to improve the correlation properties of the L1C pilot code, decrease
spectral lines, and enables synchronization with the data message
[10].

The L1C pilot code is generated by firstly creating a common
10223-bit Legendre Sequence L(t), for t = 0, . . . , 10222. L(t)
is then used to generate a Weil-Code Wi(t;w) by performing the
exclusive-or (XOR) of L(t) and a shift of L(t). The shift of L(t) is
specified by the Weil index w ranging from 1 to 5111, and is defined
as:

Wi(t;w) = L(t)⊕ L((t+ w) mod 10223) (1)

where i is the PRN signal number, ⊕ denotes the XOR operation,
mod is the modulo-2 operation, and t = 0 . . . 10222. Then, the
L1C pilot codes are constructed by inserting a 7-bit fixed expansion
sequence 0 1 1 0 1 0 0 into the Weil-code in the insertion point
specified by the insertion index p = 1, 2, . . . , 10223. This expansion
sequence is inserted before the pth value of the Weil-code, as
illustrated in Figure 3. Next, the L1CO is constructed using an 11-
stage Linear Feedback Shift Register (LFSR). Then, the L1CO is
modulated into the L1C pilot code.

Fixed Length-10223 Legendre Sequence

Weil Index (w)

Weil-Code

Insertion Index (p)

1 0 1 0 1 0 1 1 0 0 1 1 1 0 1 ... 1 0 0 1 0 1 0 0 1

Expansion
Sequenceg(0) g(1) g(2) 0 1 0 1 1 0 1

W (0) W (1) W (2) ...

Figure 3: Generation of the L1C pilot code

The L1C pilot code is modulated by a TMBOC subcarrier. The
TMBOC is a mixture of BOC(1,1) subcarrier and BOC(6,1) subcar-
rier used to modulate the L1C pilot code into L1 carrier. BOC(1,1)
has subcarrier frequency of 1.023 MHz and a chipping rate of 1.023
Mbps while BOC(6,1) consists of 6 cycles of a 6 x 1.023 MHz
squarewave, thus each squarewave is defined as:

sTMBOC(6,1,4/33)(t) =

{
sBOC(1,1)(t) t ∈ S1

sBOC(6,1)(t) t ∈ S2 (2)

where S1 is the set of chips where we apply BOC(1,1) and S2 is
the set of chips where we apply BOC(6,1), 4/33 means 4 out of 33
chips of the spreading code are modulated by BOC(6,1) subcarrier
while the remaining 29 chips are modulated by BOC(1,1) subcarrier.
Finally, in (3) the L1C pilot code is modulated using TMBOC, thus
resulting in the L1C pilot channel.

c(t) = g(t)sTMBOC(6,1,4/33)(t) (3)

where g(t) is the L1C pilot code. Figure 4 illustrates the TMBOC
modulation where each chip of the L1C pilot code is multiplied by
the resulting TMBOC squarewave thus resulting in the modulated
L1C pilot channel.

Figure 4: L1C pilot with TMBOC modulation

Similarly to [3], we assume a uniform linear antenna array (ULA)
composed of M elements, of which each element captures N samples
along K epochs. Yet, according to [3] a received signal tensor
X ∈ CK×N×M can be correlated with a compressed correlator bank
Qω = Q(ΣVH)−1 [11]. Where, Q is a collection of Q taps of the
PRS, Σ and VH are, respectively, a diagonal matrix with the singular
values and the right singular vector of the thin SVD of Q. Thus, in
order to compute the cross-correlation to estimate the time-delay of
the LOS component we have:

Y = X ×2 Qω
T

= I3,L ×1 Γ̃T ×2 (CQω)T ×3 A + Nω
(4)

where Γ̃T = [γ̃1, . . . , γ̃L] ∈ CK×L, gathers complex amplitudes,
C = [c[τ1], . . . , c[τL]] ∈ RN×L gathers the L1C pilot channel’s
PRS, A = [a(φ1), . . . ,a(φL)] ∈ CM×L collects the array responses,
Nω is a white Gaussian noise tensor. Thus, it results in the tensor
Y ∈ CK×Q×M , where K is the number of epochs, Q is the number
of taps of the correlator bank, and M receiver elements in the antenna
array.

III. TENSOR BASED TIME-DELAY ESTIMATION FOR THIRD

GENERATION GPS

In this section, we overview the state-of-the-art tensor based time-
delay estimation schemes. Note that these schemes proposed for
second generation GPS can be directly applied to third generation
GPS receivers. In Subsection III-A, the HOSVD with FBA and ESPS
is overviewed, while, in Subsection III-B, the CPD-GEVD method
is summarized.

A. HOSVD based Time Delay Estimation

As shown in Figure 5, in order to perform the Higher-Order
Eigenfilter decomposition [3], first the incoming signal Y is pre-
processed to incorporate the Forward-Backward Averaging (FBA)
[4], [5] and Expanded Spatial Smoothing (ESPS) [6], [7]. Next,
the resulting tensor ZESPS is used to perform the HOSVD rank-
one approximation on the space and epoch dimensions. Afterwards,
the resulting singular vectors are multiplied by ZESPS . Then, the
resulting tensor is multiplied by the ΣVH from the thin SVD of
Q. Thus resulting in the |qESPS | vector. The resulting vector in the
correlator dimension is then interpolated using a cubic spline so that
higher precision can be achieved.

B. CPD-GEVD based Time-Delay Estimation

In [12] a low computational method was proposed to perform code
separation. This method computes the Canonical Polyadic Decompo-
sition, also known as Candecomp and PARAFAC, by Generalized
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Figure 5: HOSVD Time Delay Estimation block diagram

Eigenvalue Decomposition. As illustrated in Figure 6, the CPD-
GEVD first computes the HOSVD of the incoming signal Y . Then,
it uses the GEVD method to estimate the core tensor S and singular
matrices. Next, it compresses the core tensor and singular matrices to
compute the eigenvectors and eigenvalues. The eigenvector are then
combined with the singular matrix V∗

1 from the HOSVD method
and the second mode unfolding of the tensor [Y]2. Then a rank-
1 Singular Value Decomposition (SVD) is performed. Finally, this
solution estimates the correlated code and the complex amplitude
factor matrices to estimate time-delay and perform LOS signal
selection.
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Figure 6: CPD-GEVD Time Delay Estimation block diagram

IV. SIMULATIONS

The simulation scenario consists of a left centro-hermitian uniform
linear array with M = 8 elements and half-wavelength ∆ = λ/2
spacing. Both L1C pilot channel and C/A code are transmitted from
the satellite with PRN = 17 with a carrier frequency fs = 1575.42
MHz. The simulation considers using the modulated L1C pilot chan-
nel with a total period t = 10 ms with a bandwidth B3rd = 12.276
MHz, the higher bandwidth is due to TMBOC modulation. In order
to perform a fair comparison we increase the C/A code bandwidth
to B2nd = 12.276 MHz. Both L1C pilot channel and C/A code
samples are collected every K-th epoch during K = 30 epochs with
each epoch during 10 ms. Thus, once C/A code has a total period
of t2nd = 1 ms, each epoch of C/A code collects 10 ms of data.
Therefore, we collect N = 245520 samples of both L1C pilot and
C/A code per epoch. Furthermore, besides the LOS component there
is one NLOS component, L = 2 with an azimuth angle difference
∆φ = 30◦. In order to perform the SPS/ESPS the antenna array is
separated into LS = 5 subarrays with MS = 4 elements each. The

Figure 7: CPD-GEVD simulation with M = 8 antennas and L = 2
impinging signal. Both 2nd generation and 3rd generation are col-
lected during K = 30 epochs, and have N = 245520 samples.

carrier-to-noise ratio is C/N0 = 48 dB-Hz and a signal to multipath
ratio SMR = 5 dB. Furthermore, CPD-GEVD based solution has
only worked when there are one LOS component and one NLOS
component [13], [14]. This limitation is due to the compression
procedure thus even though we have a L = 3 after compressing
the tensor S we have a Kruskal-rank-2 tensor [15].

The approaches are compared in terms of the Root Mean-Squared
Error (RMSE) of the time delay estimation of the LOS components
considering the HOSVD based approach, the CPD-GEVD approach,
and the ideal case, filtering supposing known Γ̃ and A. In Figures 7
and 8, each point is computed with 2000 Monte Carlo simulations.

In Figure 7, the third generation GPS system is compared with
the second generation GPS system. Both second and third generation
receivers are equipped with antenna arrays and the LOS component
is obtained using the CPD-GEVD. The state-of-the-art second gener-
ation CPD-GEVD based solution achieves an error of approximately
0.08 m, whereas the proposed third generation CPD-GEVD based
solution achieves around 0.077 m. Note that, in all cases, the result
obtained using CPD-GEVD superposes the ideal case, when A and
Γ̃ are known.

Similarly to the previous scenario, in Figure 8 the third generation
GPS system is compared with the second generation GPS system.
Again, both receivers are equipped with antenna arrays however the
LOS component is obtained using the HOSVD. Figure 8 achieves
a peak error of about 0.37 m at ∆τ = 0.6Tc. When simulating
using the proposed third generation HOSVD based solution, observe
that the third generation HOSVD based solution presents the best
performance by showing a peak error of approximately 0.24 m at
∆τ = 0.5Tc.

Additionally, for the sake of comparison, we perform 100 MC
simulations considering only M = 1 antenna with one LOS and
one NLOS, L = 2. In order to perform the SPS/ESPS the antenna
array is separated into LS = 1 subarrays with MS = 1 elements
each. In Figure 9 the state-of-the-art second generation GPS system
is compared with the third generation. The state-of-the-art second
generation HOSVD based solution achieves a peak error of roughly
20 m at ∆τ = 0.6Tc. While the proposed third generation HOSVD
based solution presents a peak error of approximately 2 m at ∆τ =
0.5Tc. For the purpose of simplification, the state-of-the-art second
generation and third generation CPD-GEVD based solution are not
shown once these solutions present peak error of about 286 m and 24
m respectively. This large error occurs due to no longer having a three
dimensional model when considering only one receiver element.



Figure 8: HOSVD+FBA+ESPS simulation collects code samples
during K = 30 epochs. Both 2nd and 3rd generation receiver have
M = 8 antennas separated into LS = 5 subarrays with MS = 4
elements each and receive L = 2 signals with N = 245520 samples.

Figure 9: In HOSVD+FBA+ESPS simulation both 2nd and 3rd
generation have N = 245520 samples. In both cases code samples
are collected during K = 30 epochs with M = 1 antenna separated
into LS = 1 subarrays with MS = 1 elements each and receives
L = 2 signals.

V. CONCLUSION

As shown in this paper, the tensor based approaches, namely,
Canonical Polyadic Decomposition - Generalized Eigenvalue Decom-
position (CPD-GEVD) and Higher Order Singular Value Decompo-
sition (HOSVD), combined with the L1C signaling and TMBOC
modulation outperform the state-of-the-art solutions. Therefore, the
incorporation of antenna array in the third generation GPS receivers
and the inclusion of tensor based approaches are crucial to achieve
accurate time-delay estimates in the presence of multipath compo-
nents.
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