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Global Navigation Satellite Systems (GNSS), such as GPS, Galileo, GLONASS, and BeiDou, are vital for 
safety-critical applications such as civilian aviation and autonomous vehicles. These applications demand 
very accurate positioning, especially in scenarios in which multipath components are present. In this 
paper, we propose a semi-algebraic framework for approximate Canonical Polyadic Decomposition via 
simultaneous matrix diagonalization (SECSI) with Higher Order Singular Value Decomposition (HOSVD) 
low-rank approximation for time-delay estimation for antenna array based GNSS receivers. The HOSVD-
SECSI based approach outperforms all the state-of-the-art tensor-based algorithms for time-delay 
estimation, mainly, for scenarios with highly correlated or coherent signals and in case of more than 
two multipath components.

© 2019 Elsevier Inc. All rights reserved.
1. Introduction

Global Navigation Satellite Systems (GNSS), such as GPS, Galileo, 
GLONASS, and Beidou, are vital for several applications such as 
civilian aviation, defense, and timing and synchronization of crit-
ical networks. In order to compute the receiver’s position on the 
Earth’s surface, the GNSS receiver performs ranging using line-of-
sight (LOS) signals from at least four satellites. As a consequence 
of the propagation environment, reflections of the satellite signals 
on trees, lamps, and buildings generate multipath components. The 
superposition of the LOS signals and multipath components at the 
receiver degrades the time-delay estimation and, consequently, the 
position estimation [1–3].

In order to mitigate the effect of multipath components, GNSS 
receivers equipped with antenna arrays have been considered. In 
[4], the authors propose a Maximum Likelihood (ML) approach to 
mitigate the effects of interference and multipath. In [5], the au-
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thors present an improved two-step approach that uses the space 
alternating generalized expectation maximization (SAGE) and the 
extended invariance principle (EXIP) to obtain and refine the ML 
estimates, respectively. In [6], an ML estimation based on New-
ton’s method is proposed. The ML approaches in [4–6] in general 
have high computational complexity which is challenging for real-
time applications. Furthermore, the schemes in [4–6] assume that 
the model order is known, while, in practice, the model order 
should be estimated by model order selection techniques. Thus, 
tensor-based time-delay estimation methods have been assessed 
to reduce computational complexity and especially to avoid mul-
tidimensional searches [7–10]. In addition, new types of signals 
have been introduced to mitigate the multipath effect, e.g., the 
GPS L1C signal for the third generation GPS with a Time Mul-
tiplexed Binary Offset Carrier (TMBOC) modulation [11,12]. The 
authors proposed in [13] an improved framework for time-delay 
estimation composed of the L1C pilot signal and the algorithms de-
rived in [7–10], including the Higher Order Singular Value Decom-
position (HOSVD) with Forward-Backward Averaging (FBA) [14,15]
and Expanded Spatial Smoothing (ESPS) [16,17], HOSVD+FBA+SPS. 
Moreover, [13] combines the L1C pilot signal with the Canonical 
Polyadic Decomposition by Generalized Eigenvalue Decomposition 
(CPD-GEVD) [9].
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Fig. 1. Multipath scenario for an antenna array based GNSS receiver.
Since tensor-based methods have shown high accuracy, robust-
ness for challenging scenarios with positioning errors, and low 
computational complexity, we propose a novel approach based on 
the semi-algebraic framework for approximate Canonical Polyadic 
Decomposition via simultaneous matrix diagonalization (SECSI) 
[18–20] to perform time-delay estimation for GNSS. The proposed 
SECSI-based approach can also be combined with the GPS L1C sig-
nal, outperforming the state-of-the-art CPD-GEVD in case more 
than two multipath components are received and highly corre-
lated or even coherent signals are received. In order to compute 
the SECSI-based method we integrate the HOSVD low-rank ap-
proximation [21]. Therefore, we refer to this scheme as HOSVD 
SECSI-based approach. Additionally, we evaluate the performance 
of the SECSI, replacing the HOSVD by the Higher Order Orthog-
onal Iteration (HOOI) low-rank approximation [22]. Therefore, we 
refer to this scheme as HOOI SECSI-based approach. Furthermore, 
we compare other tensor-based state-of-the-art methods to the 
proposed SECSI-based approach for both second and third gen-
eration GPS. We show that the SECSI-based approach combined 
with the HOSVD low-rank approximation and the third generation 
GPS signals outperforms the second generation GPS regarding ma-
trix decomposition accuracy. A significant performance gain of the 
HOSVD SECSI-based approach in comparison to the state-of-the-
art schemes can be observed in case that signal components are 
highly correlated or even coherent.

In order to compare the schemes in terms of computational 
complexity, we adopt the FLoating point OPeration (FLOP). Al-
though the computational complexity of the HOSVD SECSI-based 
approach is slightly higher than the state-of-the-art algorithms, the 
higher accuracy of the HOSVD SECSI-based approach pays off, spe-
cially for highly correlated signals and in the presence of two or 
more multipath components.

This paper is divided into seven sections, including this intro-
duction. In Section 2 we introduce the mathematical notation uti-
lized in this paper. Section 3 presents the considered scenario and 
the data model. Section 4 describes the proposed HOSVD SECSI-
based time-delay estimation approach. Section 5 presents the re-
sults of computer simulations utilizing the state-of-the-art and the 
proposed HOSVD SECSI-based and HOOI SECSI-based approaches. 
Section 6 shows the computational complexity of the tensor-based 
state-of-the-art and proposed HOSVD SECSI-based approaches. Sec-
tion 7 draws the conclusions.

2. Notation

In this section, we introduce the mathematical notation used 
along this paper. Scalars are represented by italic letters (a, b, A, 
B), vectors by lowercase bold letters (a, b), matrices by upper-
case bold letters (A, B), and tensors by uppercase bold calligraphic 
letters (A, B). The superscripts T, ∗ , H, −1, and + denote the 
transpose, conjugate, conjugate transpose (Hermitian), inverse, and 
pseudo-inverse of a matrix, respectively.

For a matrix A ∈ CM×N , the element in the mth row and nth 
column is denoted by am,n , its mth row is denoted by Am,· , and 
its nth column is denoted by A·,n . The vec{·} operator reshapes a 
matrix into a vector in such a manner that its vectors are stacked, 
and the unvec{·} operator reshapes a vector into a matrix of de-
termined size. The operators �, ◦, and ⊗ denote the Khatri-Rao
product, the outer product, and the Kronecker product, respec-
tively.

The operator cond{·} computes the condition number of a ma-
trix. The smaller is the condition number, the more stable is the 
inversion of the said matrix [23]. The Frobenius norm of a matrix 
A is denoted by ||A||F. For a matrix A ∈ CM×N with M < N , the 
diag{·} operator extracts the diagonal:

diag{A}�

⎡
⎢⎢⎢⎣

a1,1
a2,2

...

aM,M

⎤
⎥⎥⎥⎦ . (1)

The nth mode unfolding of tensor A is denoted as [A](n) , 
which is the matrix form of A obtained by varying the nth index 
along the rows and stacking all other indices along the columns 
of [A](n) . The n-mode product between tensor A and a matrix B
is represented as A ×n B. The Nth order IN,L is defined as the 
N-way identity tensor of size L, L × · · · × L, which is equal to one 
when the N indices are equal and zero otherwise.

3. Data model

This section is divided into three subsections. In Subsection 3, 
the multipath scenario for antenna array based GNSS receiver is in-
troduced, while, in Subsection 3.1, the pre-correlation tensor data 
model is derived based on the described scenario. Finally, in Sub-
section 3.2, the post-correlation tensor data model is derived for 
both GPS C/A and L1C pilot signal [24].

Multipath scenario for antenna array based GNSS receiver 
assume a GNSS receiver equipped with an antenna array with M
elements. As shown in Fig. 1a, we assume that the received signal 
is composed of a LOS signal of the dth satellite superposed with 
its Ld − 1 multipath components, for d = 1, . . . , D satellites. There-
fore, the total number of received signal components L = ∑D

d=1 Ld , 
where � = 1, . . . , L and �d = 1, . . . , Ld . As illustrated in Fig. 1b, we 
assume that τ (d)

1 is the time-delay of the LOS component of the 
dth satellite, while τ (d)

2 , . . . , τ (d)
Ld

are the time-delays of the (Ld − 1) 
non-LOS (NLOS) components. Each satellite broadcasts the L1C pi-
lot or the L1 C/A code signal with carrier frequency fc = 1575.42. 
The received signals are down-converted to baseband and sampled 
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at a sampling rate f s = 2B , where B is the one-sided signal band-
width. Thus, the observations are collected during K periods (or 
epochs) each with N samples, where k = 1, . . . , K and n = 1, . . . , N .

3.1. Pre-correlation data model

As derived in [8], the received complex basedband signal at the 
output of the M antennas of the antenna array can be expressed 
by a tensor model

X = I3,L ×1 �̃T ×2 C̃T ×3 Ã +N , (2)

where

�̃T = [γ 1, . . . ,γ L] ∈ CK×L (3)

collects the complex amplitudes related to each signal component 
during K epochs with

γ � ∈CK×1 = [γ1, . . . , γK ]T, (4)

being the vector with the complex amplitudes related to each 
epoch. The matrix

C̃ = [c1[τ (1)
1 ], . . . , c1[τ (1)

L1
], . . . , cD [τ (D)

1 ], . . . , cD [τ (D)
LD

]] ∈RN×L

(5)

comprises the sampled L1 C/A code or L1C pilot code sequences 
with cd[τ (d)

�d
] ∈RN×1. Each cd[τ (d)

�d
] corresponds to the periodically 

repeated pseudo random binary sequences (PRBSs) with time-
delay τ (d)

�d
for each satellite and the respective multipath compo-

nents. The matrix

Ã = [a(φ1), . . . ,a(φL)] ∈ CM×L (6)

refers to the array responses with a(φ�) ∈CM×1 being the steering 
vector of an antenna array with azimuth angle φ� , and N is a 
white Gaussian noise tensor.

Note that the tensor in (2) is composed of three dimensions. 
The first dimension of size K is related to each epoch, the sec-
ond dimension of size N is associated to the collected samples in 
each epoch, and the third dimension of size M corresponds to the 
spatial diversity of the receive antenna array.

3.2. Post-correlation data model

Since each satellite has its specific and fixed pseudo random 
binary sequence (PRBS), in order to separate the Ld LOS and NLOS 
multipath components only from the dth satellite, the GNSS re-
ceiver applies a correlator bank corresponding to each satellite. 
Hence in total, the GNSS receiver applies D correlator banks on the 
received signal obtaining D output signals. Note that the correlator 
bank compresses the signal as it preserves all the relevant infor-
mation necessary for the estimation of the time-delay of LOS and 
NLOS components. To enable tracking the satellite signals with a 
correlator bank, coarse knowledge of the time-delay of each satel-
lite is necessary, which can be achieved by standard acquisition as 
performed in any GNSS receiver as an initial step before parameter 
estimation and tracking. Without loss of generality, we represent 
the dth correlator bank with Q taps as

Qd = [
cd[κ1], . . . , cd[κQ ]] ∈CN×Q , (7)

with κ1 < . . . < κQ and the qth delayed reference sequence cd[κq]
corresponding to the qth tap. The left-hand thin SVD of Qd is given 
by
Qd = Q(d)
ω �VH (8)

and provides the correlator bank

Q(d)
ω = Qd(�VH)−1, (9)

which performs cross-correlation (compression) preserving the 
statistics of the noise [6]. The use of the correlator bank Q(d)

ω pre-
serves the noise statistics at the output of the correlator bank, but 
the output, with respect to the signal, is changed. When compar-
ing Q(d)

ω to the correlator bank Qd , we note that Qd produces a 
sampled cross-correlation function of the correlator bank with the 
received LOS signal. Thus, according to [7], the received signal ten-
sor X ∈ CK×N×M can be correlated with Q(d)

ω to separate the dth 
satellite from all other received satellites and we obtain

Y = X ×2 (Q(d)
ω )T

= I3,Ld ×1 �T ×2 (CQ(d)
ω )T ×3 A +N ×2 (Q(d)

ω )T +M
= I3,Ld ×1 �T ×2 (CQ(d)

ω )T ×3 A +N ω +M
≈ I3,Ld ×1 �T ×2 (CQ(d)

ω )T ×3 A +N ω,

(10)

where I3,Ld ∈ RLd×Ld×Ld is the identity tensor, �T ∈ CK×Ld col-
lects the complex amplitudes of the Ld signal components of 
the dth satellite obtained from matrix �̃T, (CQ(d)

ω )T ∈ RQ ×Ld , A ∈
CM×Ld comprizes the Ld array responses of the signals of the 
dth satellite from Ã, and N ω ∈ CK×Q ×M is the white Gaussian 
noise tensor after correlation. The tensor M is the multiple ac-
cess interference (cross-correlation) of the other satellites and their 
respective multipath components. The effects of multiple access in-
terference is out of the scope of this work, since our goal is to 
propose signal processing schemes that mitigate the effect of the 
Ld − 1 NLOS multipath components.

4. Proposed semi-algebraic-based framework for time-delay 
estimation

In [18–20] a closed form Canonical Polyadic Decomposition 
(CPD) based on simultaneous diagonalization has been proposed. 
This closed form CPD approach has been called SECSI due to the 
redundant simultaneous matrix diagonalization problems used in 
the factor matrix estimation process. SECSI is capable of exploiting 
symmetries and Hermitianity to solve undetermined cases when 
there are at least two modes that are non-degenerate and full rank. 
The HOSVD SECSI-based approach for GNSS time-delay estimation, 
proposed in this work, achieves similar performance to previous 
techniques [8,9], however, it outperforms these techniques in sce-
narios for which the received signals are highly correlated or even 
coherent. In Fig. 2, a block diagram detailing the steps of the pro-
posed HOSVD SECSI-based approach is depicted.

This section is composed of three subsections. In Subsection 4.1
we define the HOSVD SECSI-based approach. In Subsection 4.2 we 
present the LOS selection method. Finally, Subsection 4.3 defines 
the time-delay estimation procedure.

4.1. Tensor decomposition

As a first step of the HOSVD SECSI-based approach, we derive 
the HOSVD low-rank approximation of the incoming signal Y from 
(10) as

Y = S ×1 U1 ×2 U2 ×3 U3, (11)

where S ∈ CLd×Ld×Ld is the truncated core tensor, and U1 ∈
CK×Ld , U2 ∈ CQ ×Ld , and U3 ∈ CM×Ld are the truncated singular 
matrices, respectively. In practice, in order to obtain the singular 
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Fig. 2. Proposed HOSVD SECSI-based time-delay estimation block diagram using the right-hand matrix from the second dimension of S .
matrices and the core tensor, the SVD is applied to the unfolding 
of the tensor for each dimension. Therefore, we have the following 
equations:

[Y ](1) = U1S1VH
1 , (12)

[Y ](2) = U2S2VH
2 , (13)

[Y ](3) = U3S3VH
3 , (14)

where Ui , Si , and Vi stand for the left singular vector matrix, sin-
gular value matrix and right singular vector matrix for the ith 
dimension, respectively. Note that the left singular vector matri-
ces can be also be sequentially computed as follows:

[Y ](1) = U1S1VH
1 , (15)

[
Y ×1 UH

1

]
(2)

= U2S2VH
2 , (16)

[
Y ×1 UH

1 ×2 UH
2

]
(3)

= U3S3VH
3 . (17)
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As shown in Subsection 4.1.1, such sequential computation is 
exploited by the HOOI in order to compute more accurate singular 
matrices and core tensor.

Next, let us consider the first-mode unfolding of Y and use the 
representation in (10) and (11), then, we obtain

U1 [S](1) (U2 ⊗ U3)
T = �T [

I3,L
]
(1)

((CQ(d)
ω )T ⊗ A)T. (18)

Consequently, the subspace spanned by the columns of U1, 
U2, and U3 and the subspace spanned by the columns of �T, 
(CQ(d)

ω )T, and A are respectively identical. Hence, there exist a set 
of non-singular transform matrices T1 ∈ CLd×Ld , T2 ∈ CLd×Ld , and 
T3 ∈ CLd×Ld which represent the loading matrices of the CPD of 
the core tensor of the HOSVD from (11). Thus, the tensor S can 
be represented as

S = I3,Ld ×1 T1 ×2 T2 ×3 T3. (19)

The transform matrices T1 ∈ CLd×Ld , T2 ∈ CLd×Ld , and T3 ∈
CLd×Ld constitute the loading matrices of the CPD of the core ten-
sor S ∈ CLd×Ld×Ld in (19). In principle, the CPD can be directly 
applied to Y in order to extract the factor matrices. However, as 
shown in [25], by directly computing the factor matrices using 
Alternating Least Squares (ALS), there are convergence problems 
resulting into a poor performance in terms of time-delay estima-
tion for the ALS. Therefore, HOSVD+FBA+SPS is recommended for 
the time-delay estimation instead of the ALS. Therefore, to perform 
the CPD, it is sufficient to compute the loading matrices T1, T2, and 
T3, to obtain the factor matrices as

U1T1 = �T, (20)

U2T2 = (CQ(d)
ω )T, (21)

U3T3 = A. (22)

In [18–20] the authors showed that due to the symmetry of the 
problem we can construct 6 Simultaneous Matrix Diagonalization 
(SMD) problems for a three-way model. However, without loss of 
generality we only need to use one mode of the compressed core 
tensor S to compute the right-hand matrix utilized in the SMD 
step described in [18–20]. After performing various numerical sim-
ulations for the resulting diagonalization problem, we select the 
third-mode of the compressed core tensor S for the problem at 
hand as it yields the best estimation when we have one impinging 
LOS and two or more NLOS. Hence, the ith slice of the third-mode 
of tensor S is selected to compute the right-hand matrix

S3,i = [(
S ×3 U3

) ×3 eT
i

]

= T1 diag{AH
·,i}T2

T,
(23)

where eT
i is a vector with all zeros except in the ith position. Then, 

we select the slice of tensor S with the smallest condition number

S3,p = T1 diag{AH·,p}T2
T, (24)

where p is an arbitrary index between one and the total number 
of slices to be diagonalized and defines the slice of tensor S with 
the smallest condition number

p = arg min
i

cond{S3,i}. (25)

Here, cond{·} computes the condition number of a matrix. The 
smaller the condition number of a matrix, the more stable is its 
inversion. Furthermore, we obtain the right-hand matrices Srhs

3,i by 
multiplying S3,i by S3,p on the right-hand side
Srhs
3,i = S3,iS3,p

−1

= T1 diag{AH
·,iA·,p}HT1

−1

= T1AHT1
−1.

(26)

As p is fixed, we can vary all possible values of i in (26) ob-
taining N − 1 equations, since i �= p. Our goal is to find T̂1 that 
simultaneously diagonalizes the said N − 1 equations. We refer 
here to the techniques in [26] and [27].

Since in the noiseless case, according to (10), the first-mode 
unfolding exposes the factor matrix �, we can write

[Y]T
(1) =

[
(CQ(d)

ω ) � A
]
�T. (27)

Using U1 from (11) and T̂1 from the diagonalization step we 
obtain

U1T̂1 = �̂T. (28)

Next, we multiply (27) by the pseudo-inverse of the estimated 
�̂T from the right-hand side and we obtain

F(2,3) = [Y ]T
(1)�̂

+T =
[
(CQ(d)

ω )T � A
]
��̂+T

≈
[
(CQ(d)

ω )T � A
]

∈CQ M×Ld .

(29)

The matrix F(2,3) includes the Khatri-Rao product of the fac-
tor matrices (CQ(d)

ω )T and A. Thus, we can use the Least Squares 
Khatri-Rao Factorization (LSKRF) [28,29] to estimate the remaining 
factor matrices. Afterwards, we use the estimates of (ĈQ(d)

ω )T and Â
to perform the time-delay estimation. Moreover, when utilizing the 
HOSVD SECSI-based approach there are various ways to estimate 
the matrices (ĈQ(d)

ω )T, Â, and �̂. Furthermore, we could estimate 
the matrix �̂ by utilizing the slice S2,· from the core tensor S . 
However, we selected the slice S3,· since it showed the best re-
sults during several test simulations. Moreover, by utilizing all ma-
trix diagonalization solutions, we would have a notably expensive 
method, which would be unusable to some applications. Therefore, 
it was imperative utilizing only one slice of the core tensor S to 
achieve a better trade-off between computational complexity and 
parameter estimation accuracy.

4.1.1. Higher order orthogonal iteration
According [22], the HOOI approach outperforms the HOSVD in 

terms of estimating the singular vector matrices and the core ten-
sor. Therefore, the HOOI is overviewed so that it can be applied in 
order to replace the HOSVD in our proposed framework. The HOOI 
is an iterative algorithm that computes the best rank-(r1, r2, r3) ap-
proximations through higher order orthogonal iterations for which 
dominant subspaces are computed instead of individual singular 
vectors [22]. Note that in our case r1 = r2 = r3 = Ld . In order to 
apply the HOSVD in (11), SVD decomposition can be sequentially 
applied to each dimension of the tensor using the tensor unfolding 
as exemplified in (15), (16) and (17). In order to achieve more ac-
curate singular matrices and core tensor, we can use the following 
equations:

[Y ×2 U(i)
2

H ×3 U(i)
3

H](1) = U(i+1)
1 S(i+1)

1 V(i+1)H
1 , (30)

[Y ×1 U(i+1)
1

H ×3 U(i)H
3 ](2) = U(i+1)

2 S(i+1)
2 V(i+1)

2

H
, (31)

[Y ×1 U(i+1)H
1 ×2 U(i+1)H

2 ](3) = U(i+1)
3 S(i+1)

3 V(i)
3

H
. (32)

where i = 0, 1, . . . I indicates the iterations. Note that at i = 0 the 
HOOI is initialized with the loading matrices obtained from the 
HOSVD of Y in (15), (16), and (17). Therefore, (30), (31) and 
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(32) are iteratively applied until reaching the convergence crite-
rion. Moreover, we define the convergence criterion as∣∣∣
∣∣∣U(i)

1 − U(i+1)
1

∣∣∣
∣∣∣
F
< 2e−5. (33)

Once the HOOI converges after I iterations, the core tensor S
is defined as

S = Y ×1 U(T )
1

H ×2 U(T )
2

H ×3 U(T )
3

H
. (34)

In Algorithm 1 we present the HOOI algorithm.

Algorithm 1: Higher Order Orthogonal Iteration.

Input : Y and initial singular subspaces U(0)
1 , U(0)

2 , and U(0)
3 with the 

HOSVD.
Output : Ŷ best rank-Ld approximation of Y

1 Initialize i = 1
2 Initialize the loading matrices U(0)

1 , U(0)
2 , U(0)

3 from (15), (16), and (17)

3 U(0)
1 = U1

4 U(0)
2 = U2

5 U(0)
3 = U3

6 while (has not converged) do

7 [Y ×2 U(i)
2

H ×3 U(i)
3

H](1) = U(i+1)
1 S(i+1)

1 V(i+1)H
1

8 [Y ×1 U(i+1)
1

H ×3 U(i)H
3 ](2) = U(i+1)

2 S(i+1)
2 V(i+1)

2

H

9 [Y ×1 U(i+1)H
1 ×2 U(i+1)H

2 ](3) = U(i+1)
3 S(i+1)

3 V(i)
3

H

10 Check convergence criterion

11
∣∣∣
∣∣∣U(i)

1 − U(i+1)
1

∣∣∣
∣∣∣
F
< 2e−5

12 Increment i, i = i + 1
13 end

14 S = Y ×1 U(I)
1

H ×2 U(I)
2

H ×3 U(I)
3

H

4.2. LOS selection

Since our goal is to estimate the time-delay of the LOS com-
ponent, we need to identify the LOS component and the NLOS 
components given that we have found the estimate of (ĈQ

(d)

ω )T

composed of Ld components. Therefore, in this subsection, we de-
scribe the LOS signal selection step utilizing the estimated factor 
matrices after obtaining the factor matrices (ĈQ(d)

ω )T and Â from 
the LSKRF, we normalize all estimated factor matrices to unit norm 
for the �dth component

( ˆ̄CQ(d)
ω )T·,�d

= (ĈQ(d)
ω )T·,�d

/||(ĈQ(d)
ω )T·,�d

||F , (35)

ˆ̄A·,�d = Â·,�d /||Â·,�d ||F , (36)

ˆ̄�·,�d = �̂·,�d/||�̂·,�d ||F . (37)

Next, we reconstruct the tensor G�d for the �dth normalized 
component of the estimated factor matrices from (37) as follows

G�d = ˆ̄�·,�d ◦ ( ˆ̄CQ(d)
ω )T·,�d

◦ ˆ̄A·,�d , (38)

where G�d ∈ CK×Q ×M . Then, we vectorize the tensor G�d corre-
sponding to the �dth component as

G·,�d = vec{G�d }, (39)

where G ∈ CK Q M×Ld , and vec{G�d } is the vectorized tensor G�d . 
Thus, we can compute the tensor amplitudes by multiplying the 
pseudo-inverse of G by the vec{Y} as follows

γ = G+ vec{Y}. (40)

Assuming that the received signal component with the largest 
power (or amplitude) corresponds to the LOS signal, we select the 
respective column of the estimated ( ˆ̄CQ(d)

ω )T with
�̂d = arg max
�d=1,...,Ld

|γ �d,·|2. (41)

4.3. Time-delay estimation

Given the vector ( ˆ̄CQ
(d)

ω )
,�̂d

that corresponds to the LOS, we can 
use it to estimate the time-delay of the LOS signal. Since in (10), 
we use Q(d)

ω instead of Qd , we need to recover the original data by 
multiplying the estimated time-delay vector by �VH as follows

q =
[
( ˆ̄CQ(d)

ω )T
·,�̂d

�VH
]T

, (42)

where q contains the cross-correlation values at each tap of the 
correlator bank. As shown in [7–10], the resulting vector q is in-
terpolated using a simple cubic spline interpolation. Therefore, by 
using the resulting interpolated vector q, we can derive the cost 
function F (κ) which is the cross-correlation function of the corre-
lator bank with the received LOS signal. Finally, we can use F (κ)

to estimate the time-delay of the LOS signal by solving

τ̂LOS = arg max
κ

F (κ). (43)

F (κ) is defined Appendix A.

5. Simulation results

In this section we present the simulation results for several sce-
narios. For all following simulation scenarios we consider a left 
centro-hermitian uniform linear array (ULA) with M = 8 elements 
and half-wavelength � = λ/2 spacing. We assume an environment 
with Ld = 2 signal components, one LOS and one NLOS signal. We 
also consider an environment with Ld = 3 signal components, one 
LOS signal and two NLOS signals.

Both L1C pilot and C/A code signals are transmitted by the 
satellite with PRBS = 17 and a carrier frequency fc = 1575.42 MHz. 
We consider processing the L1C pilot signal with a total period 
t3rd = 10 ms and a receiver bandwidth B3rd = 12.276 MHz. We 
also consider a C/A code signal with receiver bandwidth B2nd =
B3rd. For both the L1C pilot and the C/A code signal, samples are 
collected each kth epoch during K = 30 epochs with each epoch 
having a duration of 10 ms. The spreading sequence of the C/A 
code signal has a period of t2nd = 1 ms, and thus for each epoch 
10 periods are collected. Therefore, N = 245520 samples are col-
lected per epoch for both the L1C pilot and C/A code signal. or 
both the L1C pilot and C/A code we assume a correlator bank with 
Q = 11.

Furthermore, the LOS and NLOS components are received with 
an azimuth angle difference �φ = 60◦ . The LOS angle of arrival 
φLOS = 10◦ and the NLOS angle of arrival φNLOS1 = φLOS + �φ in 
case Ld = 2. For Ld = 3 with two multipath components the sec-
ond NLOS angle of arrival φNLOS2 = φLOS − �φ. In case Ld = 2
the NLOS time-delay τNLOS1 = τLOS + �τ . For Ld = 3 the sec-
ond NLOS time-delay τNLOS2 = τNLOS1 + �τ . Following [13], the 
SPS/ESPS is performed dividing the antenna array into L S = 5 sub-
arrays with M S = 4 antenna elements each. The carrier-to-noise 
ratio is C/N0 = 48 dB-Hz, resulting in a pre-correlation signal-to-
noise ratio SNRpre = C/N0 − 10 log10(2B3rd) ≈ −25.10 dB for both 
the second and third generation of GPS signals. The processing 
gain G3rd = 10 log10(Bt3rd) ≈ 50.9 dB for the signals of the third 
generation of GPS. Since the C/A code signal is collected during 
10 ms (10 periods), the second generation GPS has a processing 
gain G2nd = G3rd. Hence, the post-correlation signal-to-noise ratio 
SNRpost = SNRpre +G3rd ≈ 25 dB for both the second and third gen-
eration of GPS and thus we can perform a fair comparison between 
the two. Furthermore, the signal-to-multipath ratio SMR1 = 5 dB 
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Fig. 3. State-of-the-art techniques and proposed HOSVD SECSI-based approach with M = 8, Ld = 2, K = 30, and N = 245520.

Fig. 4. State-of-the-art techniques and proposed HOSVD SECSI-based approach with M = 8, Ld = 3, K = 30, and N = 245520.
for Ld = 2. In case Ld = 3 the SMR1 = 5 dB for the first NLOS sig-
nal, and a SMR2 = 10 dB for the second NLOS signal.

Following [9], besides the simulations using a perfect array, we 
also perform simulations considering errors in the x and y posi-
tions of the antenna elements according to a normal distribution 
∼ N (0, σ 2). Based on these simulations the robustness of the dif-
ferent approaches with respect to their application in a real phys-
ical system with deviations in the array response can be assessed. 
The standard deviation σ is computed in terms of the probability 
p = P(e > λ/2) where the error e exceeds a half wavelength. We 
fix the relative delay �τ at 0.1Tc while varying the error prob-
ability p from 10−6 to 10−1. Moreover, we discuss a simulation 
scenario for which the angle of arrival of LOS and NLOS signals 
is varied. We perform 2000 iteration Monte Carlo (MC) runs to 
compare all approaches in terms of the Root Mean-Squared Er-
ror (RMSE) of the time-delay estimation of the LOS component 
considering the state-of-the-art HOSVD+FBA+SPS [7], DoA/KRF [8], 
CPD-GEVD [9] based approach, the proposed HOSVD SECSI-based 
approach, the HOOI SECSI-based approach, and the ideal case; i.e. 
filtering assuming known �̃ and A. In the HOOI SECSI-based ap-
proach we substitute the HOSVD low-rank approximation step by 
the HOOI low-rank approximation.

The results of the MC simulations for the second generation 
GPS are presented in Subsection 5.1 while in Subsection 5.2 the 
results for the third generation GPS are shown. In Subsection 5.3
the results of the MC simulations in case position errors are added 
to the antenna elements are presented. Subsection 5.4 discusses 
the results for MC simulations varying the NLOS angle of arrival.

5.1. Second generation GPS time-delay estimation considering an ideal 
scenario with multipath components

In this section we present simulation results for the state-of-
the-art tensor-based methods and the proposed HOSVD SECSI-
based approach for the second generation GPS signals. We consider 
two scenarios; i.e. Ld = 2 and Ld = 3.

In Fig. 3 the HOSVD+FBA+ESPS, DoA/KRF, and CPD-GEVD are 
compared with the proposed HOSVD SECSI-based approach us-
ing the first factor estimate for Ld = 2. The HOSVD+FBA+ESPS 
shows the worst result with a maximum error of about 0.28 m 
at �τ = 0.6Tc . The DoA/KRF, CPD-GEVD, and HOSVD SECSI-based 
approach considerably outperform the HOSVD+FBA+ESPS by having 
an approximately constant error of around 0.079 m.

In Fig. 4 the state-of-the-art techniques are compared with the 
proposed HOSVD SECSI-based approach for Ld = 3. The HOSVD+
FBA+ESPS shows an almost constant error of approximately 0.28 
m at �τ = 0.5Tc . All other methods achieve an overall error of 
approximately 0.082 m. However, for Ld = 3 the proposed HOSVD 
SECSI-based approach shows a slightly larger error for �τ < 0.1Tc

and the CPD-GEVD has a larger error for �τ < 0.2Tc . This larger 
error is due to the highly correlated LOS and NLOS signals for 
�τ < 0.2Tc which results in a rank deficient received signal tensor. 
Therefore, the tensor model order cannot be determined correctly 
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Fig. 5. State-of-the-art methods and proposed HOSVD SECSI-based approach with M = 8, Ld = 2, K = 30, and N = 245520.

Fig. 6. State-of-the-art techniques and proposed HOSVD SECSI-based approach with M = 8, Ld = 3, K = 30, and N = 245520.
which in turn results in a poor time-delay estimation. However, we 
Note that the proposed HOSVD SECSI-based approach has a bet-
ter performance in case of highly correlated LOS and NLOS signals 
than the CPD-GEVD.

5.2. Third generation GPS time-delay estimation considering an ideal 
scenario with multipath components

In this section, simulation results for the different methods for 
the third generation of GPS are discussed. We assess the cases 
Ld = 2 and Ld = 3. Moreover, we show that when using the third 
generation GPS signals both state-of-the-art tensor-based methods 
and the proposed HOSVD SECSI-based approach outperform the 
second generation GPS.

In Fig. 5 the state-of-the-art techniques are compared with the 
proposed HOSVD SECSI-based approach for Ld = 2. Note that the 
HOSVD+FBA+ESPS presents the worst result with a maximum er-
ror of about 0.12 m for �τ = 0.3Tc . The DoA/KRF, CPD-GEVD, and 
the proposed HOSVD SECSI-based approach considerably outper-
form the HOSVD+FBA+ESPS with an approximate error of around 
0.075 m. Note that the third generation GPS outperforms the sec-
ond generation GPS. The better performance achieved by the third 
generation GPS is due to superior robustness against multipath 
thanks to the TMBOC modulation.

In Fig. 6 simulation results for Ld = 3 are depicted. Observe that 
the ideal case with known A and � is a reference to the small-
est error in noisy scenarios but, in practice, the A and � must 
be estimated. Note that the HOSVD+FBA+ESPS shows an almost 
constant error of approximately 0.13 m which is similar to the er-
ror achieved for Ld = 2. Note that the DoA/KRF and the proposed 
HOSVD SECSI-based approach achieve an overall error of approxi-
mately 0.078 m for �τ > 0.1Tc . The DoA/KRF estimates A and �
however, the DoA/KRF assumes perfect positioning of the anten-
nas of the array, therefore, in realistic scenarios the DoA/KRF can 
present degraded estimation results [9]. However, in case Ld = 2, 
the proposed HOSVD SECSI-based approach shows a larger er-
ror for �τ < 0.1Tc and the CPD-GEVD has a larger error for 
�τ < 0.2Tc . This larger error is due to the highly correlated NLOS 
signals in case �τ < 0.2Tc which results in a rank deficient re-
ceived signal tensor. Note that the proposed HOSVD SECSI-based 
approach achieves, again, a better performance in case of highly 
correlated LOS and NLOS signals than the CPD-GEVD. Furthermore, 
we observe that the third generation GPS considerably outperforms 
the second generation GPS due to advanced signal multipath per-
formance of the L1C pilot code signal. The better performance is 
achieved since the TMBOC modulation provides a better signal sep-
aration. Therefore, the multipath components have a lower impact 
on the time-delay estimation.

In Fig. 7 we compare the performance of the HOSVD SECSI-
based approach for second and third generation GPS signals. Ad-
ditionally, we include the HOOI SECSI-based approach to compare 
its performance against the HOSVD SECSI-based approach. There-
fore, in Fig. 7 we compare the HOSVD SECSI-based approach to 
the HOOI SECSI-based approach considering Ld = 2. Since the third 
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Fig. 7. Proposed HOSVD SECSI-based approach and HOOI SECSI-based approach with Ld = 2 for both 2nd and 3rd with N = 245520, K = 30, and M = 8.

Fig. 8. Proposed HOSVD SECSI-based approach and HOOI SECSI-based approach with Ld = 3 for both 2nd and 3rd with N = 245520, K = 30, and M = 8.
generation GPS provides better signal separation, the third gen-
eration GPS outperforms the second generation GPS. Note that 
the ideal case with known A and � establish the smallest error 
in noisy scenarios, however, in realistic applications, the A and 
� must be estimated. The DoA/KRF estimates A and �, however, 
the DoA/KRF assumes a perfect positioning of the antennas of the 
array. Therefore, when the array elements are not perfectly posi-
tioned, the DoA/KRF presents degraded performance [9].

In Fig. 8 simulation results for Ld = 3 are presented. Observe 
that the ideal case with known A and � is a reference to the 
smallest error in noisy scenarios, however, in practice, the A and 
� must be estimated. The DoA/KRF estimates A and �, however, 
the DoA/KRF assumes a perfect positioning of the antennas of the 
array, in realistic scenarios the DoA/KRF can present degraded es-
timation results [9]. The proposed HOSVD SECSI-based approach 
achieves an error of approximately 0.082 m for �τ < 0.1Tc in case 
of processing second generation GPS signals. The proposed HOSVD 
SECSI-based and HOOI SECSI-based approach achieve a maximum 
error of about 0.09 m for �τ < 0.1Tc (highly correlated LOS and 
NLOS signals) processing third generation GPS signals. This larger 
error is due to the highly correlated LOS and NLOS signals which 
results in a rank deficient received signal tensor. Note that even 
though the HOSVD SECSI-based and HOOI SECSI-based approach 
achieve similar performance, the HOSVD SECSI-based approach 
performs slightly better in case the received signals are highly cor-
related. Moreover, note that the advanced multipath performance 
of the third generation GPS allows the proposed HOSVD SECSI-
based approach and state-of-the-art tensor-based approaches to 
achieve a lower time-delay error compared to the second gener-
ation GPS.

5.3. Second and third generation GPS considering realistic scenarios 
assuming an antenna array response with errors and multipath 
components

In this section, simulation results of the different methods for 
the second and third generation GPS assuming an antenna array 
response with errors are discussed. We assess the cases Ld = 2 and 
Ld = 3 for a fixed relative delay �τ = 0.1Tc . Additionally, we show 
that considering signals of the third generation GPS both state-
of-the-art tensor-based methods and the proposed HOSVD SECSI-
based approach outperform the second generation GPS. Moreover, 
we include the HOOI SECSI-based method to identify if the extra 
cost of the HOOI contributes to a better time-delay estimation.

In Fig. 9 simulation results for processing signals of the second 
generation GPS for Ld = 2 are depicted. Note that the ideal case 
with known A and � is a reference to the smallest error in noisy 
scenarios, however, in practice, the A and � must be estimated. We 
can observe that the HOSVD+FBA+ESPS and DoA/KRF are sensitive 
to array imperfections with an error of about 0.99 m at p = 10−1

and 3.7 m at p = 10−1.5, respectively. However, the CPD-GEVD, 
the proposed HOSVD SECSI-based approach, and the HOOI SECSI-
based approach have similar performance compared to using an 
array response with no errors, which demonstrates that the HOSVD 
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Fig. 9. State-of-the-art techniques, proposed HOSVD SECSI-based approach, and HOOI SECSI-based approach with Ld = 2 for the 2nd generation GPS with N = 245520, K = 30, 
and M = 8.

Fig. 10. State-of-the-art techniques, proposed HOSVD SECSI-based approach, and HOOI SECSI-based approach with Ld = 2 for the 3rd generation of GPS with N = 245520, 
K = 30, and M = 8.
SECSI-based approach is robust in case of antenna array response 
errors. The state-of-the-art DoA/KRF relies on a known array re-
sponse and a translation invariance of two subarrays. Therefore, by 
increasing the positioning errors on the antenna array elements, 
the DoA/KRF outputs a higher time-delay estimation error, as the 
required properties of the array response are no longer fulfilled.

In Fig. 10 simulation results for processing signals of the 
third generation GPS for and Ld = 2 are illustrated. Note that 
the ideal case with known A and � establishes the smallest er-
ror in noisy scenarios however, in real-world applications, the A
and � must be estimated. The HOSVD+FBA+ESPS and DoA/KRF 
are sensitive to array imperfections. Note that the third genera-
tion GPS signal does not introduce a significant gain compared to 
the results obtained with the second generation GPS, since the 
HOSVD+FBA+ESPS achieves an error of about 0.92 m at p = 10−1

and the DoA/KRF of about 3.69 m at p = 10−1.5. The CPD-GEVD, 
the proposed HOSVD SECSI-based, and the HOOI SECSI-based ap-
proach show similar performance compared to the scenario with a 
perfect array, which demonstrates that the HOSVD SECSI-based ap-
proach is resilient to antenna array response errors. Note that even 
considering the third generation GPS the state-of-the-art DoA/KRF 
achieves the worst performance which is due to the above dis-
cussed requirements on the array response.

In Fig. 11 simulation results for processing signals of the sec-
ond generation of GPS for Ld = 3 are depicted. Note that the ideal 
case with known A and � is a reference to the smallest error in 
noisy scenarios but, in practice, the A and � must be estimated. 
By adding an extra NLOS component we can observe an increase 
in the time-delay estimation error for the HOSVD+FBA+ESPS and 
DoA/KRF. Moreover, the CPD-GEVD, the proposed HOSVD SECSI-
based, and the HOOI SECSI-based approach are robust against ar-
ray imperfections and show similar results to the scenario with 
a perfect array and thus known array response. Therefore, this 
demonstrates that the proposed HOSVD SECSI-based approach and 
the state-of-the-art CPD-GEVD approach are more suitable for real-
world applications for which the array response in many cases is 
not known without errors.

In Fig. 12 simulation results for processing signals of the third 
generation of GPS for Ld = 3 are illustrated. By adding an extra 
NLOS component we can observe a slight increase in the time-
delay estimation error for HOSVD+FBA+ESPS and DoA/KRF. We can 
also observe that for the third generation GPS for Ld = 3 a lower 
error is achieved than for the second generation GPS for Ld = 2. 
Furthermore, the CPD-GEVD, the proposed HOSVD SECSI-based, 
and the HOOI SECSI-based approach are robust against array im-
perfections and show similar results to the case for which the 
array response is known without errors. Moreover, note that in 
case LOS and NLOS signals are highly correlated or even coherent, 
the received signal tensor becomes rank deficient. Therefore, the 
signal tensor model order cannot be determined correctly which 
results in a poor time-delay estimation. We can observe that the 
third generation GPS contributes to diminishing the time-delay es-
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Fig. 11. State-of-the-art techniques, proposed HOSVD SECSI-based approach, and HOOI SECSI-based approach with Ld = 3 for the 2nd generation of GPS with N = 245520, 
K = 30, and M = 8.

Fig. 12. State-of-the-art techniques, proposed HOSVD SECSI-based approach, and HOOI SECSI-based with Ld = 3 for the 3rd generation of GPS with N = 245520, K = 30, and 
M = 8.
timation error achieved by DoA/KRF. However, the DoA/KRF still 
shows poor performance since it relies on a correctly positioned 
antenna array elements or in other words requires knowledge of 
the array response without errors.

5.4. Second and third generation GPS considering scenarios with 
varying angle of arrival

In this subsection, simulation results of the different methods 
for the third generation of GPS assuming a varying angle of arrival 
are discussed. We assess the cases Ld = 2 and Ld = 3 with a fixed 
relative delay �τ = 0.1Tc . In both cases we randomly draw an an-
gle of arrival from −0.25 rad to 0.25 rad for the LOS component. 
Thus, we can evaluate the minimum resolvable angle of arrival 
difference between LOS and NLOS signals. Moreover, the curve of 
the HOOI SECSI-based approach overlaps the curve of the HOSVD 
SECSI-based approach in ideal and realistic scenarios. Therefore, for 
the sake of a clear visualization of the curves, we did not include 
the curve of the HOOI SECSI-based approach.

In Fig. 13 the results for processing signals of the second gen-
eration of GPS for Ld = 2 are depicted. Note that the ideal case 
with known A and � establishes the smallest error in noisy sce-
narios, however, in realistic applications, the A and � must be 
estimated. Note that the DoA/KRF is sensitive to the difference of 
the angle of arrival of the LOS and the NLOS signals. However, the 
DoA/KRF stabilizes at �φ = 0.005 × 0.25 rad. Moreover, the CPD-
GEVD and the proposed HOSVD SECSI-based approach achieve a 
higher estimation error than DoA/KRF if �φ = 0 × 0.25 rad, which 
in practice means both signals arrive from the same direction. 
However, the CPD-GEVD and the proposed HOSVD SECSI-based ap-
proach outperform the DoA/KRF method once these methods sta-
bilize at �φ = 0.0025 × 0.25 rad. Since a smaller difference of the 
angle of arrival of the two signals means that the received signals 
are highly correlated, the HOSVD SECSI-based and the CPD-GEVD 
approaches show the worst performance for �φ < 0.0025 × 0.25. 
Moreover, note that since the DoA/KRF relies on angle of arrival es-
timation to be able to estimate the time-delay, it achieves a lower 
estimation error for small angle of arrival differences. Addition-
ally, Note that in case LOS and NLOS signals are highly correlated, 
the received signal tensor becomes rank deficient and, as discussed 
above, this results in a poor time-delay estimation.

In Fig. 14 the simulation results for processing signals of the 
second generation of GPS for Ld = 3 are depicted. Observe that 
the ideal case with known A and � is a reference to the small-
est error in noisy scenarios, however, in practice, the A and �

must be estimated. Note that again the DoA/KRF is sensitive to 
the difference of the angle of arrival of the LOS and NLOS signals. 
However, the estimation error stabilizes at �φ = 0.017 × 0.25 rad. 
Moreover, the CPD-GEVD and the proposed HOSVD SECSI-based 
approach achieve a higher estimation error than the DoA/KRF for 
�φ = 0 × 0.25 rad, which in practice means that both signals ar-
rive from the same direction. However, the CPD-GEVD and the 
proposed HOSVD SECSI-based approach outperform the DoA/KRF 
method since these methods stabilize at �φ = 0.012 × 0.25 rad. 
Still, we can see that the proposed HOSVD SECSI-based approach 
outperforms the CPD-GEVD technique in case receiving only one 
multipath signal. Furthermore, observe that when LOS and NLOS 
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Fig. 13. State-of-the-art techniques and proposed HOSVD SECSI-based approach with Ld = 2 for the 2nd generation of GPS with N = 245520, K = 30, and M = 8.

Fig. 14. State-of-the-art techniques and proposed HOSVD SECSI-based approach with Ld = 3 for the 2nd generation of GPS with N = 245520, K = 30, and M = 8.

Fig. 15. State-of-the-art techniques and proposed HOSVD SECSI-based approach with Ld = 2 for the 2nd generation of GPS with N = 245520, K = 30, and M = 8.
signals are highly correlated, the received signal tensor becomes 
rank deficient, which results in a poor time-delay estimation.

In Fig. 15 the simulation results for processing signals of the 
third generation of GPS for Ld = 2 are illustrated. Observe that the 
ideal case with known A and � is a reference to the smallest error 
in noisy scenarios, however, in practice, the A and � must be es-
timated. Again, we can observe that the DoA/KRF is sensitive with 
respect to the angle of arrival difference but the estimation error 
stabilizes for �φ = 0.005 × 0.25 rad. Moreover, the CPD-GEVD and 
the proposed HOSVD SECSI-based approach achieve a higher esti-
mation error than the DoA/KRF for �φ = 0 × 0.25 rad. Again, since 
DoA/KRF relies on angle of arrival estimation, it achieves a lower 
estimation error for small differences of the angle of arrival of the 
LOS and NLOS signal. In general, observe that the third generation 
GPS slightly improves the time-delay estimation which is due to 
the improved signal separation introduced by the TMBOC modula-
tion.

In Fig. 16 the simulations results for processing signals of the 
third generation of GPS for Ld = 3 are illustrated. Observe that 
the ideal case with known A and � obtain the smallest error in 
noisy scenarios, however, in real-world applications, the A and �
must be estimated. Note again, that the DoA/KRF is sensitive to the 
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Fig. 16. State-of-the-art techniques, proposed HOSVD SECSI-based approach with Ld = 3 for the 2nd generation of GPS with N = 245520, K = 30, and M = 8.

Fig. 17. State-of-the-art techniques, proposed HOSVD SECSI-based approach with Ld = 2 and model order estimate L̂d = 1 for the 2nd generation of GPS with N = 245520, 
K = 30, and M = 8.
difference of the angle of arrival of the LOS and NLOS signals. How-
ever, estimation error stabilizes at �φ = 0.017 × 0.25 rad. More-
over, the CPD-GEVD and the proposed HOSVD SECSI-based ap-
proach achieve a higher error than the DoA/KRF for �φ = 0 × 0.25
rad. One can observe that the proposed HOSVD SECSI-based ap-
proach achieves improved time-delay estimation results. In general, 
we can note that for the third generation GPS a lower estimation 
error can be achieved than for the second generation GPS. Even 
though the DoA/KRF relies on angle of arrival estimation, for Ld > 2
it achieves a higher time-delay estimation error than for a lower 
number of received signals.

Additionally, we performed simulations in which we assume an 
incorrect model order estimate L̂d = 1 for both the second and 
third generation GPS. In Fig. 17 simulation results for processing 
signals of the second GPS generation are depicted. We compare 
the previous simulation results for Ld = 2 to the simulation results 
for which we assume a model order estimate L̂d = 1 for Ld = 2. 
Observe that the ideal case with known A and � is a reference to 
the smallest error in noisy scenarios, however, in practice, the A
and � must be estimated. We can see that the HOSVD SECSI-based 
approach’s performance is equivalent to that of the CPD-GEVD 
when assuming L̂d = 1. Moreover, note that both CPD-GEVD and 
HOSVD SECSI-based approaches for Ld = 2 at �φ = 0.0025 × 0.25
have better performance than assuming a model order estimate 
L̂d = 1. Furthermore, when assuming an estimate of the model or-
der which is too low we effectively model the NLOS components 
as LOS signal. Therefore, by observing Fig. 17, we can notice that 
the NLOS components have a strong influence on time-delay esti-
mation.

In Fig. 18 simulation results for processing signals of the second 
generation of GPS are depicted. We compare the previous sim-
ulation results for Ld = 3 to the simulation results for which we 
assume a model order estimate L̂d = 1 for Ld = 3. Observe that the 
ideal case with known A and � obtain the smallest error in noisy 
scenarios, however, in realistic applications, the A and � must be 
estimated. Fig. 18 shows that both CPD-GEVD and HOSVD SECSI-
based methods for Ld = 3 at �φ = 0.012 ×0.25 have better perfor-
mance than assuming a model order estimate L̂d = 1. Furthermore, 
when assuming a lower model order, we model the NLOS com-
ponents as LOS signal. Therefore, by observing Fig. 18, we notice 
that the NLOS components have a strong influence on time-delay 
estimation.

In Fig. 19 simulation results for processing signals of the third 
generation of GPS are illustrated. We compare the previous simu-
lation results for Ld = 2 assuming a model order estimate L̂d = 1. 
Observe that the ideal case with known A and � is a reference to 
the smallest error in noisy scenarios, however, in practice, the A
and � must be estimated. Note that both CPD-GEVD and HOSVD 
SECSI-based approaches for Ld = 2 at �φ = 0.0025 × 0.25 achieve 
better performance than assuming a model order estimate L̂d = 1. 
Furthermore, since we assume a model order estimate which is 
too low, we effectively model the NLOS components as LOS signal. 
Similar to the above discussed results for the second generation 
GPS, by examining Fig. 19, we can note that the NLOS components 
have a strong impact on time-delay estimation.
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Fig. 18. State-of-the-art techniques, proposed HOSVD SECSI-based with Ld = 3, and model order estimate L̂d = 1 for the 2nd generation of GPS with N = 245520, K = 30, 
and M = 8.

Fig. 19. State-of-the-art techniques and proposed HOSVD SECSI-based approach with Ld = 2, and model order estimate L̂d = 1 for the 3rd generation with N = 245520, 
K = 30, and M = 8.

Fig. 20. State-of-the-art techniques and proposed HOSVD SECSI-based approach with Ld = 3, and model order estimate L̂d = 1 for the 3rd generation of GPS with N = 245520, 
K = 30, and M = 8.
In Fig. 20 simulation results for processing signals of the third 
generation of GPS for Ld = 3 assuming a model order estimate 
L̂d = 1 are shown. Note that the CPD-GEVD, the proposed HOSVD 
SECSI-based, and the HOOI SECSI-based approaches for correct 
model order Ld = 3 at �φ = 0.0075 × 0.25 achieve a better per-
formance than assuming a model order estimate L̂d = 1. Since we 
assume a model order estimate which is too low, we model the 
NLOS components as LOS signal. Thus, we can note that the NLOS 
components have a strong impact on time-delay estimation in case 
they are not resolved properly.

6. Computational complexity

In this section, the computational complexities of the state-of-
the-art HOSVD+FBA+ESPS, DoA/KRF, and CPD-GEVD as well as the 
proposed HOSVD SECSI-based approach are discussed.
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The computational complexity is given in terms of FLOP counts. 
For instance, the computational complexity of a matrix multipli-
cation between two complex matrices, A ∈ CM×N and B ∈ CN×L

is denoted as O(AB) = 2MN L [30]. We do not consider unfolding, 
and inverse-unfolding since these functions are about data repre-
sentation rather than operating on the data. Therefore, we ignore 
the computational cost related to unfolding and inverse-unfolding. 
In following subsections we derive the computational complexity 
of the HOSVD+FBA+ESPS, DoA/KRF, CPD-GEVD, and the proposed 
HOSVD SECSI-based approach.

6.1. Complexity of HOSVD+FBA+ESPS

To perform HOSVD+FBA+ESPS, we, firstly, compute FBA of the 
received tensor Y . The FBA pre-processing step results in the com-
plexity

O(FBA) = 2M2 K Q + 2(K Q )2M, (44)

next, we compute the ESPS which yields the complexity

O(ESPS) =
[

2M(2K Q )
]

Ls, (45)

afterwards we use the resulting tensor ZESPS to perform the 
HOSVD rank-one operation. Therefore, the HOSVD complexity is 
given as

O(HOSVD) =
[

4K 3 + I K (8K 2 + 10K )
]

+
[

4Q 3 + I Q (8Q 2 + 10Q )
]

+
[

4L3
S + I L S (8L2

S + 10LS)
]

+
[

4M3
S + IMS (8M2

S + 10M S)
]
,

(46)

where I K is the number of SVD power operations performed 
when using the first-mode unfolding of the tensor ZESPS, I Q is 
the number of SVD power operations performed when using the 
second-mode unfolding, IMS is the number of SVD power opera-
tions performed when using the third-mode unfolding, and I L S is 
the number of SVD power operations performed when using the 
fourth-mode unfolding.

To compute the vector qESPS results in

O(qESPS) = 4K Q LS M S + 4LS K Q M S

+ 4LS K Q M S + 4LS K Q M S .
(47)

Therefore, combining all the steps mentioned above, we can de-
fine the total computational complexity for the HOSVD+FBA+ESPS 
as

O(HOSVD+FBA+ESPS) = O(FBA) +O(ESPS)

+O(HOSVD) +O(qESPS).
(48)

6.2. Complexity of DoA/KRF

For DoA/KRF the first step is to perform the ESPRIT algorithm. 
The computational complexity of the ESPRIT algorithm can be 
given as

O(ESPRIT) = 2K Q M2 + 2K Q 2M

+ I(4K Q 2 + 5K Q + 4M2 + 5M)

+ 2
[

2(M − 1)L2
d

]
+ 5

3
(M − 1)3 + L3

d,

(49)

where I is the number of SVD power operations. The Khatri-Rao 
factorization computational complexity can be defined as
O(KRF) = 2Ld K Q 2 + 2Ld K 2 Q

+ Ld I(4K 2 + 5K + 4Q 2 + 5Q ).
(50)

Then, the DoA/KRF method normalizes the estimated factor ma-
trices, and computes the amplitudes. Therefore, the normalization 
and amplitude estimation has a computational complexity of

O(NORM+AMP) = Ld(K Q + K Q M) + 2L2
d K Q M

+ 5

3
L3

d + 2L2
d K Q M.

(51)

Finally, we can define the total computational complexity by 
summing the complexity for deriving the pseudo-inverse of the 
steering matrix, the least squares estimation, and the estimation 
of the factor matrices as

O(DoA/KRF) = O(ESPRIT) +O(KRF)

+O(NORM+AMP)

+ 2L2
d M + 5

3
L3

d + 2L2
d M

+ 2Ld M Q + 2Q + L3
d .

(52)

6.3. Complexity of CPD-GEVD

Similarly to the HOSVD+FBA+ESPS, the HOSVD step of the CPD-
GEVD has the same computational complexity as (46). In addition, 
we can derive computational complexity of the LSKRF as

O(LSKRF) = 2Ld M Q 2 + 2Ld M2 Q

+ Ld I(4M2 + 5M + 4Q 2 + 5Q ).
(53)

Thus, we can define the total computational complexity by 
summing the computational complexity of the above mentioned 
steps as

O(CPD-GEVD) = O(HOSVD) +O(LSKRF)

+O(NORM+AMP) + L3
d + 2K L2

d

+ 2Q M K Ld + 2Ld K Q + 4K M Q .

(54)

6.4. Complexity of HOSVD SECSI-based approach

Since we decided to utilize only the right-hand matrix of the 
third-mode unfolding to perform time-delay estimation, we only 
compute the computational complexity of the HOSVD SECSI-based 
approach for the first factor estimate. Similarly to the CPD-GEVD 
approach, the HOSVD low-rank approximation step of the proposed 
HOSVD SECSI-based approach has the same computational com-
plexity as (46). The computational complexity of the third-mode 
slice construction can be given as

O(3-MODE) = ML3
d . (55)

Next, we define the complexity of the conditional operation as

O(COND) = 4L3
d + I(8L2

d + 10Ld), (56)

where I is the number of SVD power operations. Then, we define 
the computational complexity of computing the right-hand matrix

O(RIGHT-HAND) = N L3
d, (57)

where N is the number of slices. Furthermore, we define the joint 
diagonalization computational complexity as:

O(JOINTDIAG) = J (4L2
d + 16L2

d + 10
Ld), (58)
3
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Table 1
Numerical example of the computational complexity.

Method Complexity Time

HOSVD+FBA+ESPS 2057120 + 7500I K + 250I Ls + 168IMs + 1078I Q 0.0087 s

DoA/KRF 25044I + 611545

3
0.0084 s

CPD-GEVD 258346 + 7500I K + 592IM + 1078I Q + 2505I 0.0044 s

SECSI 233413 + 7500I K + 592IM + 1078I Q + 2607I + 190 J + 27N 0.0092 s

Table 2
Advantages and disadvantages of the proposed HOSVD SECSI-based approach.

Advantages Disadvantages
Improved matrix decomposition Computationally more expensive
Improved performance for highly correlated signals More complex implementation
High-resolution time-delay estimation Sensitive to small difference of angle of arrivals
where J is the number of iterations. Moreover, the LSKRF has 
the same computational complexity as given in (53). Finally, we 
can derive the total computational complexity by combining the 
above mentioned steps with complexity of computing an inverse, 
a pseudo-inverse, and the estimation of the factor matrices as

O(SECSI) = O(HOSVD) +O(3-MODE) +O(LSKRF)

+O(COND) +O(RIGHT-HAND)

+O(JOINTDIAG) +O(NORM+AMP)

+ 10

3
L3

d + 6K L2
d + 2Ld K Q .

(59)

6.5. Numerical example

In Table 1 a numerical example is shown in which we con-
sider the simulation scenarios considered in this work. The dimen-
sions of post-correlation signal Y ∈CK×Q ×M are K = 30 epochs, 
Q = 11 taps of the correlator bank, and M = 8 antenna array el-
ements. Performing the ESPS step, we divide the antenna array 
into L S = 5 subarrays with M S = 4 elements each. Moreover, we 
consider the scenario with Ld = 2 impinging signals, one LOS and 
one NLOS signal. The computational time, in seconds, of each ap-
proach is given in the last column of Table 1 for a single MC 
run and considering a noiseless case. We can observe that the 
proposed HOSVD SECSI-based approach has the highest complex-
ity and computational time. However, the difference in computa-
tional complexity and computational time is rather small while the 
HOSVD SECSI-based approach provides the best performance of all 
assessed methods, especially in the case of highly correlated sig-
nals which is essential for safety-critical applications using GNSS.

7. Conclusion

In this work, we have proposed a novel HOSVD SECSI-based 
approach for high-resolution parameter estimation for GNSS. Sim-
ulation results for second and third generation of GPS show that 
the proposed HOSVD SECSI-based approach outperforms the ear-
lier proposed CPD-GEVD when LOS and NLOS signals are highly 
correlated. Additionally, we compared the proposed HOSVD SECSI-
based approach with the HOOI SECSI-based approach. Both com-
pression approaches have similar performance in both scenarios 
for Ld = 2 and Ld = 3. However, the HOSVD SECSI-based approach 
slightly outperforms the HOOI SECSI-based approach in case LOS 
and NLOS signals are highly correlated. In general, the performance 
of the third generation GPS is significantly better than the second 
generation GPS, which is due to superior multipath performance 
and a higher Gabor bandwidth of the third generation GPS sig-
nals. Moreover, when Ld = 3 and signals are highly correlated, e.g. 
0.01Tc ≤ �τ < 0.2Tc , the CPD-GEVD method presents a peak error 
of about 0.2 m while the proposed HOSVD SECSI-based technique 
presents an almost constant error of about 0.08 m for the sec-
ond generation GPS. Furthermore, when we utilize the L1C pilot 
signal, the HOSVD SECSI-based method notably outperforms the 
CPD-GEVD method while �τ < 0.1Tc .

Furthermore, we performed simulations with an antenna ar-
ray subjected to imperfections, with errors in the array response, 
considering Ld = 2 and Ld = 3 components. Both CPD-GEVD and 
proposed HOSVD SECSI-based, and HOOI SECSI-based approaches 
are robust against antenna array imperfections. Moreover, the CPD-
GEVD, HOSVD SECSI-based, and HOOI SECSI-based approaches pro-
duce similar performance compared to simulation results obtained 
from an antenna array without errors in the array response. Ad-
ditionally, in case Ld = 3, both proposed HOSVD SECSI-based and 
HOOI SECSI-based approaches present better performance than the 
CPD-GEVD. Besides, when Ld = 3, the HOSVD SECSI-based method 
presents a constant error of about 0.08 m while the CPD-GEVD 
presents a peak error of about 0.1 m for the third generation 
GPS. In addition, the HOSVD SECSI-based approach combined with 
the second generation GPS notably outperforms the CPD-GEVD 
method.

Furthermore, we presented simulation results considering a 
varying NLOS angle of arrival (AoA) with respect to the LOS sig-
nal angle of arrival. We have shown that the CPD-GEVD and the 
HOSVD SECSI-based approach have the best performance when 
LOS and NLOS signals arrive at close angles for Ld = 3. Moreover, 
when we consider the NLOS signal arriving at a close angle to 
the LOS signal, the HOSVD SECSI-based method marginally out-
performs the CPD-GEVD.

Moreover, we analyzed the computational complexity of the 
state-of-the-art methods and the proposed HOSVD SECSI-based 
approach. The HOSVD+FBA+ESPS, DoA/KRF, and CPD-GEVD meth-
ods have lower computational complexity and computational time 
compared to the proposed HOSVD SECSI-based approach. However, 
the proposed HOSVD SECSI-based approach yields better results 
when LOS and NLOS signals are highly correlated which is very 
important for GNSS safety-critical applications.

We have demonstrated that the proposed HOSVD SECSI-based 
approach achieves high-resolution parameter estimation, even in 
more realistic scenarios, e.g. in case the array response is only 
partially known and in case Ld > 2. In Table 2 we summarize the 
proposed HOSVD SECSI-based approach’s advantages and disadvan-
tages regarding the state-of-the-art methods.

Therefore, the cost-benefit of the HOSVD SECSI-based approach 
is maximum when applying the HOSVD SECSI-based approach 
in environments with highly correlated signals. Thus, the HOSVD 
SECSI-based approach is well suited for environments with sev-
eral NLOS components with short time-delay difference. On the 
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other hand, the state-of-the-art CPD-GEVD method is better suited 
for environments with fewer NLOS components and larger rela-
tive time-delay between LOS and NLOS components. However, the 
HOSVD SECSI-based approach seems very promising for safety-
critical GNSS applications for which several highly correlated NLOS 
signals are very likely and have to be mitigated reliably.

Finally, since the proposed HOSVD SECSI-based approach
showed better results in more demanding scenarios, one suggests 
improvements in the implementation of the HOSVD SECSI-based 
approach. Future research could include an assessment to combine 
the HOSVD SECSI-based approach with different diagonalization 
techniques, such as TEnsor DIAgonalization (TEDIA) [31] and Im-
proved DIagonalization using Equivalent Matrices-Non Symmetric 
(IDIEM-NS) algorithms [32,33]. Moreover, the literature assumes 
that the amount of NLOS components are known, however, in real-
world applications, we have to estimate the NLOS components 
before performing CPD. Therefore, to optimize performance, one 
could combine the present framework with tensor-based Model 
Order Selection (MOS) methods [34–36] and utilize the estimated 
model orders to switch between the HOSVD SECSI-based approach 
for L̂d > 2 and the CPD-GEVD approach for L̂d ≤ 2.
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Appendix A. Cubic spline interpolation function: derivation and 
algorithm

The cubic spline interpolation plays an important role to reduce 
the size of the correlator bank and, at the same time, allows to 
achieve a high accuracy in the estimation of the time-delay vector 
given the input vector

q =

⎡
⎢⎢⎢⎢⎢⎢⎣

q1
...

qq
...

qQ

⎤
⎥⎥⎥⎥⎥⎥⎦

. (A.1)

Furthermore, the cross-correlation function should exhibit certain 
behavior outside the interval [κ1, κQ ], the boundary condition. 
Since we utilize continuity as the boundary condition, we have

F ′′′
1 (κ2) = F ′′′

2 (κ2), (A.2)

F ′′′
Q −1(κ2) = F ′′′

Q −1(κ2). (A.3)

Therefore, for Q samples, we define the tuples (|q j |2, κ j) with 
j = 1, 2, . . . , Q , and thus, we obtain the Q − 1 polynomials

F j(τ ) = a j(τ − κ j)
3 + b j(τ − κ j)

2 + c j(τ − κ j) + d j, (A.4)

where κ j ≤ τ < κ j+1 are the time-delays of the correlators in the 
bank of correlators. Moreover, each polynomial must comply to a 
few conditions:
F j(κ j) = |q j|2, (A.5)

F j(κ j+1) = |q j+1|2, (A.6)

F ′
j(κ j+1) = P ′

j+1(κ j+1), (A.7)

F ′′
j (κ j+1) = P ′′

j+1(κ j+1). (A.8)

While the last two conditions guarantee that the interpolation 
is a smoothed function, the other conditions ensure that all sup-
porting points are connected. Therefore, we define F (τ ) as

F (τ ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

F1(τ ) for [κ1, κ2]
...

...

F j(τ ) for [κ j, κ j+1]
...

...

F Q −1(τ ) for [κQ −1, κQ ]

.

In order to compute the coefficients of the polynomial we use 
the conditions from (A.5), (A.6), (A.7), and (A.8). Therefore, the co-
efficient d j is defined by (A.5) and we obtain

d j = |q j|2 (A.9)

To obtain the three remaining coefficients we define the vector 
b as

b =
⎡
⎢⎣

b1
...

bQ −1

⎤
⎥⎦ .

Moreover, we define e j = κ j+1 − κ j , δ j = |q j+1|2 − |q j|2, thus, 
we obtain the matrix

O =

⎡
⎢⎢⎢⎢⎢⎣

e2 −e1 − e2 e1 0 . . . 0 0 0
e1 2(e1 + e2) e2 0 . . . 0 0 0
e0 e2 2(e2 + e3) e3 . . . 0 0 0

.
.
.

0 0 0 0 . . . eQ −3 2(eQ −3 + eQ −2) eQ −2

0 0 0 0 . . . 0 eQ −2 − e2
Q −1

eQ −2
2eQ −2 + 3eQ −1 + e2

Q −1
eQ −2

⎤
⎥⎥⎥⎥⎥⎦

and the vector

α =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
δ2
e2

− δ1
e1

δ3
e3

− δ2
e2

...
δQ −2
eQ −2

− δQ −3
eQ −3

δQ −1
eQ −1

− δQ −2
eQ −2

.

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Then, we formulate the equation

b = O−1α (A.10)

to solve for the coefficients b j . Next, a j is defined as

a j = b j+1 − b j

3e j
(A.11)

where the coefficient aQ −1 = aQ −2. Subsequently, we define the 
coefficient c j as

c j = δ j

e j
− c je j − e2

j a j . (A.12)
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Finally, after calculating the polynomials, we have a smooth 
function F (κ) based on the vector q. Therefore, to estimate the 
LOS time-delay we can search for the maximum of F (κ)

τ̂LOS = arg max
κ

F (κ). (A.13)
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