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Bistatic MIMO radar systems gather several advantages such as increased resilience to electronic 
countermeasures, unknown receiver location, higher identifiability of targets and direct application of 
several high resolution adaptive techniques. In this paper, we propose a tensor-based method for joint 
direction of departure (DoD) and direction of arrival (DoA) estimation in bistatic MIMO radar systems. 
By assuming that the transmit array is divided into two maximally overlapping subarrays, we initially 
model the cross-covariance matrix of the matched filters outputs as a Nested-PARAFAC decomposition of 
a fourth-order covariance tensor. Then, exploiting the structure of this decomposition, we first propose 
a two stage algorithm for joint DoD and DoA estimation of multiple targets based on double alternating 
least squares (DALS). In addition, for scenarios in which the number of receive antennas exceeds the 
number of targets, we propose a closed-form solution to the second stage of the proposed method based 
on the least squares Khatri-Rao factorization (LS-KRF) concept. Simulation results show that the proposed 
method offers a highly-accurate localization of multiple targets in real-world scenarios where the antenna 
elements at the transmit and receive arrays have positioning errors as well as less complexity compared 
to competing state-of-the-art tensor-based solutions.

© 2019 Elsevier Inc. All rights reserved.
1. Introduction

In recent years, research on target detection and localization 
techniques for multiple-input multiple-output (MIMO) radar sys-
tems has drawn great attention in the signal processing commu-
nity [1–3]. In contrast to conventional phased-array radars that 
emits coherent waveforms, MIMO radar systems simultaneously 
transmit orthogonal waveforms using multiple antennas, increas-
ing the performance of parameter estimation compared to previous 
ones [4]. Regarding the configuration of transmit and receive an-
tennas, MIMO radars are divided in statistical [5] and colocated 
[6] MIMO radars. The former assumes that transmit and receive 
antennas are widely spaced, while the latter assumes antennas 
closely spaced, resulting in monostatic [7] or bistatic [8] MIMO 
radar schemes. Throughout this paper, we focus on the bistatic 
MIMO radar case, where the direction of departure (DoD) and di-
rection of arrival (DoA) of the targets need to be jointly estimated.
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Many techniques to solve the multiple targets localization prob-
lem in MIMO radar are based on traditional eigenspace algorithms, 
such as multiple signal classification (MUSIC) [9,10] and estima-
tion of signal parameters via rotational invariance techniques (ES-
PRIT) [11,12]. However, MUSIC-based methods need a bidimen-
sional search in the spatial spectrum to find the DoDs and DoAs 
of the targets. In this case, the accuracy of the estimated parame-
ters is directly related to an increase in the computational cost. On 
the other hand, ESPRIT-based methods avoid the exhaustive peak 
search by exploiting the shift invariance property of the antenna 
array. However, this approach implies constraints on the geometry 
of the transmit and receive arrays, and a performance degradation 
is observed when the antenna elements have positioning errors. In 
[13], a direct-data tensor formulation based on the parallel factors 
(PARAFAC) decomposition [14,15] for joint DoD and DoD estima-
tion in MIMO radar has been proposed. However, this approach 
becomes prohibitive when a large number of snapshots are pro-
cessed at the receiver, motivating in this way, a tensor formulation 
based on second-order statistics which are long-term parameters 
that can be assumed to be constant over a larger time-scale. In ad-
dition, [13] also provides a performance analysis of tensor-based 
and matrix-based approaches, but it does not consider real-world 
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scenarios where calibration errors are present at the transmit and 
receive arrays.

Recently, other strategies have also been proposed in the liter-
ature addressing target detection in MIMO radar applications. In 
[16], based on the generalized likelihood ratio test (GLRT) prin-
ciple, the authors have derived F -test based detectors for target 
detection in passive multistatic radar scenarios. The authors of [17]
have used a fourth-order cumulants based approach to formulate 
a sparse signal recovery problem in which the DoA estimation can 
be obtained in monostatic MIMO radar in the presence of gain-
phase errors. Note that monostatic MIMO radar requires only the 
DoA estimation since the transmit and receive arrays are located 
closely, i.e., the DoD and DoA are equal. The work [18] explores the 
coprime array structure concept and its high number of degrees of 
freedom from the large virtual array aperture to achieve high reso-
lution DoA estimation of mixed coherent and uncorrelated targets. 
In contrast to the aforementioned works, [19] consider unknown 
mutual coupling and a PARAFAC modeling is linked to the problem 
of joint DoD and DoA estimation for bistatic MIMO radar systems.

In this paper, we propose a tensor-based method for joint DoD 
and DoA estimation in bistatic MIMO radar systems. By assuming 
that the transmit array is divided into two maximally overlapping 
subarrays, we show that the cross-correlation matrix of the re-
ceived signals after the matched filters can be modeled as a fourth-
order tensor following a Nested-PARAFAC tensor decomposition 
[20]. Exploiting the multilinear structure of this decomposition, a 
two stage double alternating least squares (DALS) estimator is for-
mulated from the inner and outer third-order PARAFAC parts of the 
Nested-PARAFAC model to solve the multi-target localization prob-
lem. In contrast to classical matrix-based and tensor-based ESPRIT 
versions [22,23], the proposed method does not impose any con-
straints on the geometry of the transmit and receive arrays. More-
over, it divides a high complexity fourth-order estimation problem 
into two third-order subproblems leading to a reduction in the 
processing time and complexity for parameter estimation when 
compared to state-of-the-art direct data [13] and covariance-based 
[24] solutions. Our simulation results also show that the proposed 
tensor-based receivers are capable of jointly estimating the spatial 
parameters of multiple targets with good accuracy even when the 
antenna arrays are vulnerable to calibration errors or have arbi-
trary geometries.

The Nested-PARAFAC decomposition has been successfully ap-
plied recently in the context of cooperative wireless communi-
cations systems. In [25] and [26], the authors proposed iterative 
and closed-form semi-blind receivers to jointly estimate the infor-
mation symbols and the individual channels associated with the 
different communication links in one-way two-hop amplify-and-
forward relaying schemes, respectively. Thereafter, [27] generalized 
this problem to the multihop relaying scenario by modeling the 
received signal at the destination as a generalized Nested-PARAFAC 
model. However, to the best of authors’ knowledge this is the first 
work in the literature that links the Nested-PARAFAC decompo-
sition to the target localization problem in bistatic MIMO radar 
systems.

The remainder of this paper is organized as follows. Section 2
provides a brief background on PARAFAC, Nested-PARAFAC and 
Tucker tensor decompositions. The material provided in this sec-
tion also provides useful notations and definitions to be exploited 
later for the development of the proposed methods. In Section 3, 
the basic signal model for a bistatic MIMO radar system is pre-
sented. In Section 4, the cross-covariance tensor of the matched 
filters outputs for two transmit subarrays is modeled as a Nested-
PARAFAC decomposition. Then, the two-stage tensor-based algo-
rithm for joint DoD and DoA estimation is formulated. Uniqueness 
issues of the proposed Nested-PARAFAC based estimator are dis-
cussed in Section 5. In Section 6, the computational complexities of 
proposed and competing state-of-the-art algorithms are discussed. 
Simulation results are provided in Section 7 and the paper is con-
cluded in Section 8.

Notation: Scalars are denoted by lower-case letters x, vectors 
as boldface lower-case letters x, matrices as boldface upper-case 
letters X and tensors as boldface calligraphic letters X . The super-
scripts {·}T, {·}∗ , {·}H and {·}† represent transpose, complex con-
jugate, conjugate transpose and pseudo-inverse operations. E{·} is 
the statistical expectation and ‖·‖F represents the Frobenius norm 
of a matrix or tensor. The operator X(i, :) denotes the i-th row of 
X ∈ C I× J while X(i : k, :), i < k, represents a submatrix formed 
by the i-th to j-th row of X . D i(X) denotes a diagonal matrix 
constructed from the i-th row of X . ◦ denotes the outer prod-
uct operator, ⊗ represents the Kronecker product and � is the 
Khatri-Rao product. The Khatri-Rao product between two matri-
ces X = [x1, . . . , x J

] ∈ C I× J and Y = [y1, . . . , y J

] ∈ CK× J corre-
sponds to a column-wise Kronecker product, i.e.:

X � Y = [x1 ⊗ y1, . . . , x J ⊗ y J

] ∈C I K× J . (1)

Throughout this paper, the operations involving tensors are consis-
tent with the definitions of [28].

2. Useful tensor decompositions

In order to facilitate the presentation of the proposed method, 
we first provide a brief overview on the PARAFAC, Nested-PARAFAC 
and Tucker tensor decompositions. These important models form 
the basis of our signal model and proposed tensor-based estimator 
that will be formulated in later sections of this paper.

2.1. PARAFAC decomposition

Using a third-order tensor formulation, the PARAlell FACtor 
Analysis (PARAFAC) decomposition [14,15] expresses a third-order 
tensor X ∈ C I1×I2×I3 as a sum of R third-order rank-one tensors, 
i.e.,

X =
R∑

r=1

a(1)
r ◦ a(2)

r ◦ a(3)
r , (2)

where R is known as the rank of the PARAFAC decomposition, i.e., 
is the minimum number of third-order rank-one tensors that are 
needed to reconstruct X exactly. The vector a(n)

r ∈ C In denotes 
the r-th column of the factor matrix A(n) =

[
a(n)

1 , · · · ,a(n)
R

]
C In×R

along the n-th mode or dimension (n = 1, 2, 3).
The PARAFAC decomposition (2) can be also represented in a 

more compact form by means of the n-mode product notation as 
follows [28]

X = I3,R ×1 A(1) ×2 A(2) ×3 A(3), (3)

where the operator ×n (n = 1, 2, 3) represents the n-mode prod-
uct, while I3,R denotes a third-order identity tensor of size R ×
R × R . The elements of I3,R are equal to 1 when all indices are 
equal, and 0 elsewhere.

The tensor X can also be written in three different ways using 
the “unfolding” concept, which consists in organizing its elements 
into a matrix form. In terms of the factor matrices A(1) ∈ C I1×R , 
A(2) ∈ C I2×R and A(3) ∈ C I3×R , the unfolding matrices of X , de-
fined as [X ](1) ∈C I1×I2 I3 , [X ](2) ∈C I2×I1 I3 and [X ](3) ∈C I3×I1 I2 , 
admit the following factorizations [28]

[X ](1) = A(1)
(

A(3) � A(2)
)T

, (4)
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[X ](2) = A(2)
(

A(3) � A(1)
)T

, (5)

[X ](3) = A(3)
(

A(2) � A(1)
)T

, (6)

where the operator � denotes the Khatri-Rao product (i.e., column-
wise Kronecker product).

2.2. Nested-PARAFAC decomposition

The Nested-PARAFAC decomposition introduced by [20] as-
sumes that the n-th factor matrix A(n) ∈ C In×R in (3) is itself 
an unfolding of an additional PARAFAC decomposition (see [20]
for further details). For simplicity, let A(1) ∈ C I1×R denote the 
1-mode unfolding of Y ∈ C J1× J2× J3 , i.e., A(1) = [Y](1) in which 
J1 = I1 and J2 J3 = R . From this assumption, we can define the 
Nested-PARAFAC decomposition of X in terms of the following 
two (linked) PARAFAC decompositions

X = I3,R ×1 [Y](1) ×2 A(2) ×3 A(3), (7)

Y = I3,Q ×1 B(1) ×2 B(2) ×3 B(3), (8)

where (7) is called outer PARAFAC part, while (8) is called inner 
PARAFAC part of rank Q [21]. B(1) ∈ C J1×Q , B(2) ∈ C J2×Q and 
B(3) ∈C J3×Q are the factor matrices of the inner PARAFAC part.

2.3. Fourth-order Tucker decomposition

The fourth-order Tucker decomposition factorizes X ∈
C I1×I2×I3×I4 as a multilinear transformation of a fourth-order core 
tensor G ∈ CR1×R2×R3×R4 by the factor matrices A(n) ∈ C In×Rn

along the tensor modes (n = 1, 2, 3, 4). The value Rn denotes the 
rank of the decomposition along the n-th mode (n = 1, 2, 3, 4), 
while the set (R1, R2, R3, R4) is called multilinear rank of X [29]. 
Using the n-mode product notation, the fourth-order Tucker de-
composition can be written as

X = G ×1 A(1) ×2 A(2) ×3 A(3) ×4 A(4). (9)

In general, the Tucker decomposition does not impose con-
straints on the structure of the core tensor G . On the other hand, 
the PARAFAC decomposition can be viewed as a special case of the 
Tucker decomposition in which G is an identity tensor and Rn = R
(n = 1, 2, 3, 4).

3. Signal model

We consider a narrowband bistatic MIMO radar system in 
which the transmit and receive arrays have M and N antenna 
elements, respectively. At the transmit side, each antenna ele-
ment emits one waveform. The M transmitted waveforms have 
identical bandwidth and center frequency but are temporally or-
thogonal. The waveform vector transmitted by the m-th array el-
ement within one repetition interval is denoted by sm ∈ C1×K , 
m = 1, . . . , M , where K is the number of samples per pulse pe-
riod and smsH

m = K . We also assume that P targets in the far-field 
of the transmit and receive arrays, with different Doppler frequen-
cies located at the same range bin of interest. The location of the 
p-th target, p = 1, . . . , P , is denoted by (φp, θp), where φp and θp

are the DoD and DoA with respect to the transmit and receive ar-
rays, respectively. The received signal X (l) ∈CN×K at the output of 
the receive array in the l-th pulse period, l = 1, . . . , L, from reflec-
tions of P targets is given by [11]
X (l) =
P∑

p=1

ar(θp)β
(l)
p aT

t (φp)

⎡
⎢⎣

s1
...

sM

⎤
⎥⎦ e j2π fDptl + N (l), (10)

l = 1, . . . , L

where β(l)
p denotes the complex-valued reflection coefficient of the 

p-th target assumed constant during a pulse period, fDp is the 
Doppler frequency of the p-th target, tl is the slow time index of 
the l-th pulse period and N (l) ∈ CN×K denotes the additive white 
Gaussian noise (AWGN) contribution.

The steering vectors of the transmit and receive arrays with 
respect to the p-th target, at(φp)CM×1 and ar(θp) ∈ CN×1, as-
sume arbitrary geometries, and are computed as functions of the 
angular parameters φp and θp , respectively. For instance, con-
sidering a linear array with positioning errors between the an-
tenna elements, the m-th and n-th entries of at(φp) and ar(θp)

are modeled as [at(φp)]m = e j 2π
λ

[(m−1)dt+αεm] sin φp and [ar(θp)]n =
e j 2π

λ
[(n−1)dr+αεn] sin θp , where λ denotes the wavelength of the 

transmitted signal, dt and dr are the inter-element spacing of the 
transmit and receive arrays, α denotes a positioning error factor, 
while εm and εn are zero mean real Gaussian random variables as-
sumed different for each value of m = 1, . . . , M and n = 1 . . . , N . 
In contrast to real-world scenarios in which positioning errors are 
present in both transmit and receive arrays, the ESPRIT-based al-
gorithms [22,23] assume antenna arrays that satisfy the shift in-
variance property and have good accuracy (only valid in the ideal 
case, when α → 0).

Due to the orthogonality of the transmitted waveforms, the 
received signal (10) can be matched to the m-th waveform sm , 
m = 1, . . . , M . The output of the matched filters w.r.t. the m-th 
transmitted waveform is given by

y(l)
m = 1

K
X (l)sH

m = Ar Dm (At)γ
(l) + w(l)

m ∈ CN×1, (11)

where At = [at(φ1), . . . ,at(φP )] ∈ CM×P denotes the transmit 
steering matrix, Ar = [ar(θ1), . . . ,ar(θP )] ∈ CN×P is the receive 

steering matrix, γ (l) =
[
β

(l)
1 e j2π fD1tl , . . . , β

(l)
P e j2π fDP tl

]T ∈ CP×1

and w(l)
m = 1

K N (l)sH
m ∈ CN×1 is the noise contribution at the 

matched filter output associated with the m-th transmitted wave-
form.

Our aim is to locate the P targets in the same range bin of 
interest by estimating their DoDs and DoAs. In the following, by 
starting from the output signals of the matched filters in (11), 
we formulate the proposed two-stage tensor-based method for the 
joint estimation of the spatial target parameters.

4. Proposed tensor-based method for joint DoD and DoA 
estimation

Let us consider that the transmit array is divided into two 
smaller subarrays. We assume maximally overlapping subarrays, 
i.e., the first subarray contains the first M − 1 antenna elements 
of the transmit array, while the second subarray contains its last 
M − 1 antenna elements. The received signal at the output of the 
matched filters associated with the first subarray is given by

z(l)
1 =

⎡
⎢⎢⎣

y(l)
1
...

y(l)
M−1

⎤
⎥⎥⎦=

⎡
⎢⎣

Ar D1 (At)γ (l)

...

Ar D M−1 (At)γ (l)

⎤
⎥⎦+

⎡
⎢⎢⎣

w(l)
1
...

w(l)
M−1

⎤
⎥⎥⎦

= (At,1 � Ar
)
γ (l) + w(l)

MF1 ∈C(M−1)N×1, (12)

where At,1 = [at,1(φ1), . . . ,at,1(φP )] ∈C(M−1)×P denotes the trans-
mit steering matrix of the first subarray. In a similar way, the 
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output signals associated with the second subarray can be writ-
ten as

z(l)
2 =

⎡
⎢⎢⎣

y(l)
2
...

y(l)
M

⎤
⎥⎥⎦=

⎡
⎢⎣

Ar D2 (At)γ (l)

...

Ar DM (At)γ (l)

⎤
⎥⎦+

⎡
⎢⎢⎣

w(l)
2
...

w(l)
M

⎤
⎥⎥⎦

= (At,2 � Ar
)
γ (l) + w(l)

MF2 ∈C(M−1)N×1, (13)

where At,2 = [at,2(φ1), . . . ,at,2(φP )] ∈C(M−1)×P denotes the trans-

mit steering matrix of the second subarray. The vector w(l)
MFi ∈

C(M−1)N×1 is the noise term at the matched filter output with 
respect to the i-th transmit subarray (i = 1, 2).

From (12) and (13), the cross-covariance matrix R ∈
C(M−1)N×(M−1)N between the subarrays output signals is given 
by

R = E
{

z(l)
2 z(l)H

1

}
, l = 1, . . . , L

= (At,2 � Ar
)

Rγ

(
At,1 � Ar

)H + R w , (14)

where Rγ = E
{
γ (l)γ (l)H

} ∈CP×P . The term R w = E
{

w(l)
MF2 w(l)H

MF1

}
∈C(M−1)N×(M−1)N denotes the unknown noise contribution.

Note that the cross-covariance matrix R in (14) can be viewed 
as a multimode unfolding of the following fourth-order cross-
covariance tensor R ∈CN×(M−1)×N×(M−1)

R =Rγ ×1 Ar ×2 At,2 ×3 A∗
r ×4 A∗

t,1 +Rw , (15)

where Rγ ∈ CP×P×P×P and Rw ∈ CN×(M−1)×N×(M−1) are ob-
tained by “tensorizing” Rγ and R w as fourth-order tensors of sizes 
P × P × P × P and N × (M − 1) × N × (M − 1), respectively. Indeed, 
the noiseless part of (15) satisfies a fourth-order Tucker decompo-
sition. By comparing (15) with (9), the following correspondences 
can be deduced

(
I1, I2, I3, I4, Rn=1,2,3,4

)↔ (N, (M − 1), N, (M − 1), P ) ,(
G, A(1), A(2), A(3), A(4)

)
↔ (

Rγ , Ar, At,2, A∗
r , A∗

t,1

)
.

The estimation of the targets’ spatial parameters (DoDs and 
DoAs) can be obtained using different approaches such as ESPRIT-
based algorithms [22,23], PARAFAC-based direct-data algorithms 
[13], and ALS-Tucker4 algorithms [24]. The first approach [22,
23] assumes perfect array calibration. Array imperfections in real-
world scenarios may severely degrade the estimation accuracy of 
these methods. In addition, although the direct-data algorithm of 
[13] provide good estimation accuracy by applying a PARAFAC-
based algorithm directly to the received data tensor, the computa-
tional complexity of the tensor-based estimator may be high when 
the data block size is large. In the ALS-Tucker4 algorithm pro-
posed in [24], five LS estimation steps are necessary to estimate 
the factor matrices and the core tensor from the cross-correlation 
tensor (15). However, this approach also has a high computational 
cost and may present slow convergence due the wide search space 
to alternately minimize a cost function with five unknown matri-
ces, represented by the core tensor and four factor matrices that 
model the covariance tensor. In the following, we formulate a new 
algorithm for joint DoD and DoA estimation that is based on a 
two-stage Nested-PARAFAC modeling approach. As will be clear in 
the sequel, the Nested-PARAFAC approach breaks down the com-
plex fourth-order tensor problem (15) into two smaller third-order 
tensor subproblems, without affecting the accuracy of the parame-
ter estimation.
4.1. Proposed nested-PARAFAC based estimator

The cross-covariance matrix R in (14) can now be viewed as 
an unfolding matrix of a third-order cross-covariance tensor R ∈
C(M−1)N×N×(M−1) expressed in n-mode product notation as

R = I3,P ×1 [A]T
(1) ×2 A∗

r ×3 A∗
t,1 +Rw , (16)

where Rw ∈ C(M−1)N×N×(M−1) is now a third-order cross-covari-
ance noise tensor. The factor matrix [A]T

(1) ∈ C(M−1)N×P in (16)
denotes the transpose of the 1-mode unfolding of the following 
third-order PARAFAC decomposition

A = I3,P ×1 RT
γ ×2 Ar ×3 At,2. (17)

The noiseless term of the cross-covariance tensor (16) corre-
sponds to the Nested-PARAFAC decomposition [20] of a fourth-
order tensor. By analogy with (7) and (8), we can deduce the 
following correspondences(
X , [Y](1) , A(2), A(3)

)
↔
(
R, [A]T

(1) , A∗
r , A∗

t,1

)
,︸ ︷︷ ︸

outer PARAFAC part(
Y, B(1), B(2), B(3)

)
↔
(
A, RT

γ , Ar, At,2

)
.︸ ︷︷ ︸

inner PARAFAC part

4.2. First ALS stage (trilinear ALS)

In accordance with (4), (5) and (6), the outer PARAFAC part 
(16) admits the following representations in terms of its 1-mode, 
2-mode and 3-mode unfolding matrices

[R](1) = [A]T
(1)

(
A∗

t,1 � A∗
r

)T + [Rw ](1) , (18)

[R](2) = A∗
r

(
A∗

t,1 � [A]T
(1)

)T + [Rw ](2) , (19)

[R](3) = A∗
t,1

(
A∗

r � [A]T
(1)

)T + [Rw ](3) . (20)

Assuming that the number of targets is known or has been pre-
viously estimated using, e.g., the methods proposed in [30,31], es-
timates of the factor matrices [A]T

(1) , A∗
r and A∗

t,1 can be obtained 
from the outer PARAFAC part using the alternating least squares 
(ALS) algorithm [32]. The first trilinear ALS stage of the proposed 
method consists of estimating the matrices of interest in an al-
ternating way from the unfolding matrices [R](n=1,2,3) by solving 
three linear LS problems from (18), (19) and (20), whose ana-

lytic solutions are given by ˆ[A]
T
(1) = [R](1)

[(
A∗

t,1 � A∗
r

)T]†
, Â

∗
r =

[R](2)

[(
A∗

t,1 � [A]T
(1)

)T
]†

and Â
∗
t,1 = [R](3)

[(
A∗

r � [A]T
(1)

)T
]†

, re-

spectively.
Each iteration of the first trilinear ALS stage contains three LS 

estimation steps to update ˆ[A]
T
(1) , Â

∗
r and Â

∗
t,1 in an iterative way. 

At each step, a given factor matrix is updated by fixing the other 
two to their estimates obtained at previous updating steps. This 
procedure is repeated until the convergence of the first stage. Con-
vergence of the first trilinear ALS stage at the i-th iteration is 
declared when |e(i) − e(i−1)| ≤ 10−6, where e(i) denotes the resid-
ual error at the i-th iteration defined as

e(i) =
∥∥∥R− R̂(i)

∥∥∥2

F
, (21)

where R̂(i) is the reconstructed version of the cross-covariance 
tensor obtained from the estimated factor matrices at the end of 
the i-th iteration.
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4.3. Second ALS stage (bilinear ALS)

After the convergence of the first (trilinear) ALS stage, a second 
(bilinear) ALS stage can be formulated to estimate the factor matri-
ces At,2 and Rγ from the outputs Âr and ˆ[A](1) of the first stage. 
Thanks to the Nested-PARAFAC structure of R, the estimated factor 
matrix ˆ[A](1) can be recast as a third-order PARAFAC decomposi-
tion in unfolded form. Thus, in a similar way, and assuming now 
that Âr is fixed in the second stage, the matrices of interest can be 
obtained from the unfolding matrices

[A](1) = RT
γ

(
At,2 � Ar

)T (22)

[A](3) = AT
t,2

(
Ar � RT

γ

)T
(23)

by solving two linear LS problems whose analytic solutions 

are given by R̂
T
γ = [A](1)

[(
At,2 � Ar

)T]†
and Ât,2 = [A](3) ×[(

Ar � RT
γ

)]†
, respectively. Note that, this second ALS stage has 

a faster convergence since it estimates only two factor matrices 
due to the knowledge of Ar obtained previously in the first ALS 
stage.

4.4. Estimation of DoD and DoA parameters

By exploiting the redundancy inserted by the maximally over-
lapping subarrays, a final estimate of the transmit steering matrix 
is computed from Ât,1 obtained in the trilinear ALS stage and from 
Ât,2 obtained in the bilinear ALS stage using the following relation:

Ât =
⎡
⎢⎣

Ât,1 (1, :)
1
2

[
Ât,1 (2 : M − 1, :) + Ât,2 (1 : M − 2, :)

]
Ât,2 (M − 1, :)

⎤
⎥⎦ . (24)

The final step of the proposed method is to estimate the DoDs 
and DoAs of P targets. For the p-th target, which corresponds to 
the p-th column of the estimated transmit and receive steering 
matrices, estimates of its angular parameters φ̂p and θ̂p can be ob-
tained from a one-dimensional peak search in the following spatial 
spectra [33]:

φ̂p = argmax
φp

∣∣∣aH
t (φp) · ât(φ̂p)

∣∣∣, (25)

θ̂p = argmax
θp

∣∣∣aH
r (θp) · âr(θ̂p)

∣∣∣, (26)

where at(φp) and ar(θp) are the known array monifolds of the 
transmit and receive arrays for a given angle pair (φp, θp), respec-
tively.

The proposed tensor-based double alternating least squares 
(DALS) algorithm for multi-target localization is summarized in Al-
gorithm 1.

4.5. Alternative closed-form solution to the second stage

When N ≥ P an estimate to At,2 can be obtained from the first 
stage output ˆ[A](1) in closed-form by means of the least squares 
Khatri-Rao factorization (LS-KRF) algorithm [34]. Multiplying both 
sides of ˆ[A]

T
(2) by the pseudo-inverse of Â

T
r obtained in the first 

step, the p-th column of the resulting matrix Ât,2 � R̂
T
γ denotes the 

vectorization operation of the rank-one matrix Ψ p = r∗
p ◦at,2(φp) ∈

CP×(M−1) , where rp ∈CP×1 is the p-th column of the covariance 
matrix R̂γ . Defining U pΣ p V H

p as the singular value decomposition 
Algorithm 1: Proposed DALS algorithm for joint DoD and DoA 
estimation.

• Trilinear ALS Stage:

(1.1) Set i = 0 and initialize randomly Ât,1(i=0) and Âr(i=0);
(1.2) i = i + 1;
(1.3) From [R](1) , obtain an LS estimate of [A](1):

ˆ[A]
T
(1)(i) = [R](1)

[(
Ât,1(i−1) � Âr(i−1)

)H
]†

;

(1.4) From [R](2) , obtain an LS estimate of A∗
r :

Â
∗
r(i) = [R](2)

[(
A∗

t,1(i−1) � ˆ[A]
T
(1)(i)

)T
]†

;

(1.5) From [R](3) , obtain an LS estimate of A∗
t,1:

Â
∗
t,1(i) = [R](3)

[(
A∗

r(i) � ˆ[A]
T
(1)(i)

)T
]†

;

(1.6) Repeat steps (1.2)-(1.5) until convergence.
• Bilinear ALS Stage:

(2.1) Obtain Â ∈CP×N×(M−1) by reshaping the estimated 1-mode unfolding
matrix ˆ[A](1)(i) obtained in the first stage as a third-order tensor in accordance 
with (17);
(2.2) Set j = 0 and initialize randomly R̂γ ( j=0) and Ât,2( j=0);
(2.3) j = j + 1;
(2.4) From ˆ[A](1) and Âr(i) , obtain an LS estimate of RT

γ :

R̂
T
γ ( j) = ˆ[A](1)

[(
Ât,2( j−1) � Âr(i)

)T
]†

;

(2.5) From ˆ[A](3) and Âr(i) , obtain an LS estimate of At,2:

Ât,2( j) = ˆ[A](3)

[(
Âr(i) � R̂

T
γ ( j)

)T
]†

;

(2.6) Repeat steps (2.3)-(2.5) until convergence.
• DoD and DoA Parameters Estimation:
(2.7) From Ât,1(i) and Ât,2( j) , obtain a final estimate of Ât using the relation (24);

(2.8) From the p-th column of Ât and Âr , find the
estimates of φ̂p and θ̂p (p = 1, . . . , P ) performing
the one-dimensional peak search in the spatial
spectrum (25) and (26), respectively

Algorithm 2: Alternative closed-form solution to the second 
stage of the proposed algorithm.

1. From the covariance tensor R in (16), obtain the
estimates of Â, Ât,1 and Âr using the first trilinear
ALS stage in Algorithm 1;

2. From [Â]T
(2)

·
(

Â
T
r

)† = Ât,2 � R̂
T
γ , obtain the

estimates of Ât,2 and R̂
T
γ using the LS-KRF

algorithm [34];
3. From Ât,1 and Ât,2 , obtain a final estimate of Ât

using the relation (24);
4. From the p-th column of Ât and Âr , find the

estimates of φ̂p and θ̂p (p = 1, . . . , P ) performing
the one-dimensional peak search in the spatial
spectrum (25) and (26), respectively.

(SVD) of Ψ p , estimates of r∗
p and at,2(φp), p = 1, . . . , P , can be 

obtained by truncating the SVD to a rank-one approximation as 
follows [34]:

r̂∗
p = √

σ1u1 and ât,2(φp) = √
σ1 v∗

1, (27)

where u1 ∈ CP×1 and v1 ∈ C(M−1)×1 are the first left and right 
singular vectors of U p and V p , respectively, and σ1 is the largest 
singular value. The estimates of the matrices Ât,2 and R̂γ are ob-
tained by repeating this procedure for p = 1, . . . , P .

Remark: Note that the LS-KRF and peak search steps can be 
computed independently for each column of the estimated matri-
ces. Thus, the estimates of DoDs and DoAs can be obtained in a 
parallel way if P processors are available, reducing the processing 
time by a factor of P . A version of the proposed tensor-based al-
gorithm using the closed-form LS-KRF solution in the second stage 
is summarized in Algorithm 2.
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5. Uniqueness issues

We assume that each factor matrix in the Nested-PARAFAC 
model (16) has full-rank, i.e., all targets are uncorrelated with each 
other and have different DoDs and DoAs. Based on this assump-
tion, and applying Kruskal’s condition [15] to the inner and outer 
PARAFAC tensors of the Nested-PARAFAC decomposition, we can 
deduce that the estimated matrices Ât and Âr are unique up to 
permutation and scaling of their columns if

min (N(M − 1), P )+min (N, P )+min (M − 1, P ) ≥ 2P +2 (28)

min (N, P ) + min (M − 1, P ) ≥ P + 2. (29)

The combination of conditions (28) and (29) yields the following 
two corollaries:

• If N ≥ P , then M ≥ 3 transmit antennas are necessary to 
uniquely recover the spatial parameters of P targets;

• If M − 1 ≥ P , then N ≥ 2 receive antennas are necessary to 
uniquely recover the spatial parameters of P targets.

Therefore, by satisfying the conditions (28) and (29), the esti-
mated matrices Ât and Âr satisfy the following relations:

Ât = AtΠΔ1 + N1 and Âr = ArΠΔ2 + N2, (30)

where Π denotes a permutation matrix common for all the es-
timated matrices, Δi (i = 1, 2) are diagonal scaling matrices and 
N i (i = 1, 2) represent the estimation error. According (30), since 
Ât and Âr share the same column permutation by means of the 
matrix Π , the proposed method provides automatically paired es-
timates of the targets’ DoDs and DoAs using (25) and (26), respec-
tively. Positioning errors can be measured as a function of the first 
antenna element (being the reference one), the first row of each 
matrix At and Ar is assumed to have unity entries. Hence, at the 
output of the first TALS stage, the scaling ambiguity in Ât,1 and Âr
can be removed from this a priori information. By its turn, the scal-
ing ambiguity affecting the estimate Ât,2 obtained in the second 
BALS stage can be removed from the second row of Ât,1 already 
estimated in the first stage.

6. Computational complexity

In the following, we evaluate the computational complexity of 
our proposed Nested-PARAFAC based estimator with respect to 
competing matrix-based and tensor-based algorithms proposed in 
the literature. The complexity of each algorithm in terms of float-
ing point operations (flops) at each iteration is summarized in 
Table 1. In these expressions, the number of flops refers to the 
dominant costs of the algorithms, which are the computations of 
the SVDs required to calculate pseudo-inverses at each iteration 
of the iterative tensor-based algorithms. According to [35], we as-
sume here that the computational cost to calculate the SVD of a 
matrix of size I1 × I2 is O (I1 · I2 · min(I1, I2)).

Table 1
Complexity Analysis of the Algorithms.

Algorithm Number of float operations

2D-ESPRIT in [36] LN M P + 2N M P 2 + 2P 3

Tensor-ESPRIT in [23] 2LN M P + 2N M P 2 + 2P 3

ALS-PARAFAC in [13] LM P 2 + LN P 2 + MN P 2

ALS-Tucker4 in [24] 2N(M − 1)2 P 2 + 2N2(M − 1)P 2 + N2(M − 1)2 P 4

Nested-PARAFAC
TALS (1st stage) N(M − 1)2 P 2 + N2(M − 1)P 2 + N(M − 1)P 2

BALS (2nd stage) N(M − 1)P 2 + N P 3

LS-KRF (2nd stage) (M − 1)P 2 + N P 2
As previously mentioned, the complexity of the ALS-PARAFAC 
algorithm is a function of the data block size L to be processed 
at the receiver. In Table 1, we can see that the first two terms 
of the ALS-Tucker4 algorithm has double the complexity than the 
first two terms in the TALS stage of the Nested-PARAFAC algo-
rithm, while the last term has quadratic complexity compared to 
the last term in the TALS stage. Moreover, the knowledge of Ar
in the BALS stage results in a faster convergence and lower com-
plexity estimation, in comparison with the TALS stage. Thus, the 
dominant part of the complexity of the Nested-PARAFAC refers to 
its TALS stage. This becomes more evident when the alternative 
closed-form solution based on the LS-KRF algorithm is used in 
the second stage. Based on this analysis, we can conclude that the 
ALS-Tucker4 is computationally more expansive than the proposed 
Nested-PARAFAC algorithm. This discussion will be reinforced by 
the numerical results of Section 7, showing that the proposed ap-
proach yields similar performance as [13] and [24] while being 
more computationally attractive. Compared to the 2D-ESPRIT and 
Tensor-ESPRIT techniques, all the iterative tensor-based algorithms 
in Table 1 are computationally more expansive since the first 
two ones are closed-form solutions with low complexity. However, 
ESPRIT-based algorithms have worse performance than the tensor-
based ALS-PARAFAC, ALS-Tucker4 and Nested-PARAFAC algorithms, 
especially in real-world scenarios in which the antenna elements 
at the transmit and receive arrays may be affected by calibration 
errors, as shown in our simulation results.

7. Simulation results

In this section, we evaluate the performance of the proposed 
Nested-PARAFAC estimator from computer simulations. We con-
sider M = 6 and N = 5 antennas at the transmit and receive 
arrays, respectively. The antenna arrays are assumed to be non-
uniform linear arrays (NULAs) with known positioning errors, i.e., 
the array manifolds are known. We assume K = 128 samples per 
pulse period, a pulse duration of 5 μs, and data block of size 
L = 100. Our simulated scene has three targets with Doppler fre-
quencies { fDp}3

p=1 = {300, 400, 400} Hz and reflection coefficients 
{|βp|}3

p=1 = 1, which are located at (φ1, θ1) = (30◦, 20◦), (φ2, θ2) =
(50◦, 40◦) and (φ3, θ3) = (70◦, 60◦). Our numerical results repre-
sent an average of 1000 independent Monte Carlo runs.

In Figs. 1 and 2, we show as figures of merit the total root mean 
square error (RMSE) of the estimated angles as a function of the 
positioning error factor α for two different signal-to-noise (SNR) 
values (0 dB and 30 dB, respectively). The total RMSE is defined 
as:

RMSE =

√√√√√E

⎧⎨
⎩

P∑
p=1

(φp − φ̂p)2 + (θp − θ̂p)2

⎫⎬
⎭, (31)

where φ̂p and θ̂p are the estimated DoD and DoA of the p-th tar-
get, respectively. We compare the estimation accuracy of the pro-
posed method with matrix-based 2D-ESPRIT [36], Tensor-ESPRIT 
[23] and the Crámer-Rao bound in [37]. We also include in our 
evaluation, the tensor-based competitors ALS-Tucker4 [24] and 
ALS-PARAFAC [13], which solve the same problem. We call atten-
tion that in the ALS-Tucker4 algorithm, the covariance matrix (14)
is interpreted as a multimode unfolding of a fourth-order Tucker 
decomposition, and a five-step ALS-based algorithm is proposed to 
estimate the DoDs and DoAs of the targets from (15). The ALS-
PARAFAC is a direct-data approach in which a trilinear ALS-based 
fitting algorithm is applied directly to received signal tensor (10), 
which is of size N × M × L. According to Figs. 1 and 2, the iterative 
ALS-based algorithms are robust to real-world scenarios with ar-
ray calibration errors and have no performance degradation when 
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Fig. 1. Total RMSE (deg) vs. positioning error factor (α) and SNR = 0 dB.

Fig. 2. Total RMSE (deg) vs. positioning error factor (α) and SNR = 30 dB.

the error factor α increases. On the other hand, the accuracy of 
matrix-based and tensor-based ESPRIT techniques is degraded due 
to the violation of the shift-invariance property that only holds in 
the ideal scenario with α → 0. Note that all tensor-based iterative 
algorithms have similar estimation accuracy. Thus, the best choice 
within the simulated tensor-based methods can be guided mainly 
by the computational complexity. This aspect is evaluated in our 
next experiment.

In Fig. 3, we evaluate the convergence rate of the iterative ALS-
based algorithms. We plot as a figure of merit the average number 
of iterations required for convergence as a function of SNR in dB. 
In this experiment, the fast convergence of the ALS-PARAFAC al-
gorithm does not expose its high computational cost per iteration 
when L is large, as shown in Table 1. Despite the same perfor-
mance in terms of RMSE, the proposed Nested-PARAFAC estimator 
requires less iterations than the ALS-Tucker4 one. Indeed, as dis-
cussed in Section 6, most of the processing burden of the Nested-
PARAFAC estimator is concentrated on its first TALS stage which 
corresponds to approximately 90% of the total number of itera-
tions. Fig. 3 together with the values in Table 1 reveal that the 
proposed Nested-PARAFAC algorithm is preferable than the ALS-
Tucker4 one in terms of computational complexity.
Fig. 3. Number of iterations for convergence vs. SNR (dB).

Fig. 4. Mean processing time (in seconds) vs. data block size.

Fig. 4 depicts the mean processing time (in seconds) as a func-
tion of the data block size L processed at the receiver. In this 
experiment, we set the SNR to 30 dB. In contrast to Fig. 3, we 
can observe more clearly here the dependence between the com-
putational complexity of the ALS-PARAFAC and the data block size. 
More specifically, for a reasonable value of L, the Nested-PARAFAC 
approach outperforms the ALS-PARAFAC one since the latter oper-
ates directly on the received data samples and thus has a higher 
computational complexity when L is large, as shown earlier in Ta-
ble 1. When compared to the matrix-based 2D-ESPRIT and Tensor-
ESPRIT algorithms, the Nested-PARAFAC approach has a higher 
computational complexity in accordance with Table 1. But the pro-
posed method is able to operate with high accuracy in scenarios 
with array calibration errors, as shown in Figs. 1 and 2. These nu-
merical results validate the merits of the proposed tensor-based 
approach compared to state-of-the-art matrix-based and tensor-
based ones.

8. Conclusion

We have proposed a Nested-PARAFAC based method for solving 
the multi-target localization problem in bistatic MIMO radar sys-
tems without imposing constraints on the geometry in the trans-



P.R.B. Gomes et al. / Digital Signal Processing 89 (2019) 40–48 47
mit and receive arrays. The proposed Nested-PARAFAC estimator 
offers the same performance as that of competing methods [13]
and [24], while being less computationally complex. At the same 
time, our solution is robust to positioning errors of the antennas, 
in contrast to competing 2D-ESPRIT and Tensor-ESPRIT techniques.
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